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One of the main problems in the theory of generalized functions is the lack of definitions for products
and powers of distributions. Antosik, Mikusifiski and Sikorski in 1972 introduced a definition for a
product of distributions using a 8-sequence. However, 8 as a product of 8 with itself was shown not
to exist. Later, Koh and Li in 1992 chose a fixed §-sequence without compact support and used the
concept of the neutrix limit of van der Corput to define 8% and (8')* for some values of k [Koh, E.L.
and Li, C.K., 1992, On the distributions 8 and & )k . Mathematische Nachrichten, 157, 243-248]. To
extend the sequence approach from one-dimensional to m-dimensional, Li and Fisher [Li, C. K. and
Fisher, B. (1990). Examples of the neutrix product of distributions on R™. Rad. Mat., 6, 129-137.]
constructed a ‘useful’ 8-sequence 8, on R™ to deduce a non-commutative neutrix product r =% - A8
for any positive integer k between 1 and m — 1 inclusive. Their method of completing such a product
is totally based on the fact that A§, is computable. However, it seems impossible to deal with more
general products involving A8 along the same line because of difficulties in evaluating A!8,,, where
[ is a positive integer. The objective of this paper is to provide a modified §-sequence and define a
new ‘bridge’ distribution (d* /dr¥)8(x), which is used to compute AS. By applying the normalization
procedure of distribution x " given by Gel’fand and Shilov [Gel’fand, I. M. and Shilov, G. E. (1964).
Generalized Functions, Vol. 1. Academic Press.] and two identities of § distribution, we derive an
interesting distributional product (Zf’;l xi/ r®) - AlS (hence Vr—* - AlS as well).

Keywords: Pizetti’s formula; §-Sequences; Neutrix limit and distributions
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1. Introduction

Physicists have long been using the so-called singular functions such as §, although these
cannot be properly defined within the framework of classical function theory. In elementary
particle physics [see ref. 3], the expression 82 is used when calculating the transition rates of
certain particle interactions. Similarly, one finds in the scientific literature such mathematical
objects as log8 and +/8. Many attempts have been made to define multiplication of distri-
butions including the major works of Rosinger (Generalized Solutions of Nonlinear Partial
Differential Equations, North-Holland, 1987) and Columbeau (New Generalized Functions
and Multiplications of Distributions, North-Holland, Amsterdam, 1984) as well as Antosik,
Mikusiriski, Sikorski, Jones, and Fisher’s sequence methods.
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Let p(x) be a fixed infinitely differentiable function with the following properties:

»H p(x) =0,

(i) p(x) =0for|x| > 1,
@iii) p(x) = p(=x),
(iv) f_ll p(x)dx = 1.

The function §,(x) is defined by §,(x) =np(nx) for n=1,2,.... It follows that
{6,(x)} is a regular sequence of infinitely differentiable functions converging to the Dirac
delta-function §(x) in the distributional sense.

Now, let D be the testing function space of infinitely differentiable functions of a single
variable with compact support and let D’ be the space of distributions defined on D. Then if
f is an arbitrary distribution in D’, we define

Fn(x) = (f *8,)(x) = (f (1), 8u(x — 1)),

for n =1,2,.... It follows that {f,(x)} is a regular sequence of infinitely differentiable
functions converging to the distribution f(x) in D’.

The following definition for the non-commutative neutrix product f - g of two distributions
f and g in D’ was given by Fisher in ref. [4].

DEFINITION 1 Let f and g be distributions in D" and let g, = g * 8,. We say that the neutrix
product f - g of fand g exists and is equal to h if

N — lim (fgu, ¢) = (h. ¢)

for all functions ¢ in D, where N is the neutrix [see ref. 5] having domain N' = {1, 2, ...}
and range N”, the real numbers, with negligible functions that are finite linear sums of the
functions

I 'n, In'n A>0,r=1,2,...),

and all functions of n which converge to zero in the normal sense as n tends to infinity.

The product of Definition 1 is not symmetric and hence f - g # g - f in general.

Extending definitions of products from a one-dimensional space R to an m-dimensional
space R™ by using appropriate §-sequences has recently been an interesting topic in distri-
bution theory. The following work on the non-commutative neutrix product of distributions
on R™ can be found in refs. [1, 8].

Let o(s) be a fixed infinitely differentiable function defined on R™ = [0, 0o) having the
properties:

i) p(s) =0,
(i) p(s) =0fors > 1,
(iii) me S,(x)dx =1,

where 8, (x) = ¢,,n" p(n*r?) and c,, is the constant satisfying (iii).

It follows that {5,(x)} is a regular §-sequence of infinitely differentiable functions
converging to 8(x) in D,.
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DEFINITION 2 Let f and g be distributions in D, (an m-dimensional space of distributions)
and let

gn(x) = (g *8,)(x) = (g(x — 1), 8,(1)),

wheret = (1, ta, ..., ty). We say that the neutrix product f - g of f and g exists and is equal
tohif

N - nli)ngo(fgl’l’ ¢) = (hv ¢)7

where ¢ € D,, (an m-dimensional Schwartz space) and the N-limit is defined as mentioned
earlier.

With Definition 2, Li and Fisher [see also ref. 1] show that the non-commutative neutrix
product ¥ =% - A8 (A is the Laplacian) exists and

Ak+15
rt NS = , 4]
2k(k + 1)!(m +2)(m 4 4) - - - (m + 2k)
fork=1,2,..., [(m — 1)/2] (the greatest integer function) and
rl=2 A8 =0, )

fork=1,2,..., |m/2].

The following work on the commutative neutrix product of distributions on R can be found
in ref. [2].

Let p(s), for s € R, be a fixed infinitely differentiable function having the properties:

@ p(s) =0,
(i) p(s) =0for[s[ = I,
(i) p(s) = p(=s),
(iv) /ixlsl p(xHdx =1, xeR™
The property (iv) in the spherical coordinates is represented as
V) Q fy psDs™ 1 ds = 1,

where €2, is the surface area of the unit sphere in R™. Putting §.(x) = € p (le~'x|?), where
€ > 0, it follows that e-net {5.(x)} converges to the Dirac delta-function §(x).

DEFINITION 3 Let f and g be arbitrary distributions in D), and let

Je=f*6c, ge=gx0,

we say that the neutrix product f - g of f and g exists and is equal to h on the open domain
Q C R™ if the neutrix limit

1
N = lim 2 ((f- 8 9) + (g feu$)) = (h.9),

for all test functions ¢ with compact support contained in the domain 2, where N is the neutrix
having domain N' = R™, the positive numbers, and range N" = R, the real numbers, with
negligible functions that are linear sums of the functions

r

eI le, In'e,

for x> 0andr =1,2,..., and all functions of € which converge to zero as € tends to zero.
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Using Definition 3 and the normalization procedure of 1 (x)x%, Cheng and Li [2] prove that
the commutative neutrix product »~7 - § exists and

z(m,p,8) p=2,4,6,...

r?.85(x)=
x) 0 else,
where x € R™, and

B AP2§(x)
2R (p/D)lm(m +2) - (m+ p = 2)

z(m, p, 6)

In order to consider a more general product » % - A’§ for any positive integer, we need the
following modified §-sequence so that a new distribution d*/dr*8§(x) can be introduced. As
we will see, it plays an important role in section 4.

Again let p(s) be a fixed infinitely differentiable function defined on R™ = [0, c0) having
the properties:

i) p(s) =0,
@ii) p(s) =0fors > 1,
(iii) [ 82 (x) dx = 1,
where S,, (x) = Cyn™p(nr) is the modified §-sequence on R™ and C,, is the constant
satisfying (iii). ~ ~
It obviously follows that §,,(x) is not equal to §, (x) defined in Definition 2 and that §, (x) is

a §-sequence because of the three above mentioned conditions. The following definition will
be used to evaluate our general product in section 4.

DEFINITION 4 Let f and g be distributions in D' (m) and let
8n () = (g % 8)(x) = (g(x — 1), 8, (1)),

wheret = (t1, ta, ..., t,,). We say that the non-commutative neutrix product f - g of f and g
exists and is equal to h if

N - nll)rgo(fgﬂs ¢) = (hv ¢)7
where ¢ € D,,.

2. The distributions r* and p(x)x}

Letr = (xl2 +--- 4 xi)l/ 2 and consider the functional r* [see ref. 7] defined by
= [ rFema, 3
where Re A > —m and ¢ (x) € D,,. Because the derivative
i(rA ¢) = /r)‘ Inr ¢(x)dx
o

exists, the functional 7* is an analytic function of A for Re A > —m.
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For Re A < —m, we should use the following identity (4) to define its analytic continuation.
For Re A > 0, we could deduce

A = (0 +2)(0 + m)r?

simply by calculating the left-hand side, where A is the Laplacian operator. By iteration, we
find for any integer k that

k,+2k
N A*r

rt = . @
A+2)---A+200A4+m)--- (A +m+2k —-2)

On making substitution of spherical coordinates in equation (3), we come to

r*, ¢) =/wrk{/ ¢(rw)dw}rm—1dr, 3)
0 r=1

where dw is the hypersurface element on the unit sphere. The integral appearing in the previous
integrand can be written in the form

/ ¢(rw) do = €2, S4(r), (6)
r=1

where 2, is the hypersurface area of the unit sphere imbedded in Euclidean space of m
dimensions, and Sy is the mean value of ¢ on the sphere of radius r.

It was proved in ref. [7] that S4(r) is infinitely differentiable for r > 0, has bounded
support and

Sp(r) = ¢(0) + arr* + axr* + - - - + ar®* + o(r*),

for any positive integer k. From equations (5) and (6), we obtain
oo
. ¢) = Qu f LSy () dr,
0

which indicates the application of €,,x with 4 = A +m — 1 to the testing function S, (r).
Using the following Laurent series for x} about A = —k

I o VA €3

_k _k DRI
= g R TR

we could show that the residue of (+*, ¢(x)) at A = —m — 2k for non-negative integer k is
given by

(6., Sy()) _ ()
(2k)! EeY ST

On the other hand, the residue of the function 7 of equation (4) for the same value of X is

m

Qi A*8(x)
2kkm(m 4+ 2) - - (m + 2k — 2)

[ref. 7]. Therefore, we get

(2k)!A% ¢ (0)
2kklm(m +2) - - (m + 2k —2)

S$R(0) =
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This result can be used to write out the Taylor’s series for S, (), namely,

! 1
Sp(r) =¢(0) + ES(;)’(O)r2 o —— ;)210(0)},21( .

(2k)!
B S Akqb(O)er
_;2kk!m(m+2)---(m+2k—2)’

which is the well-known Pizetti’s formula.
Let 14(x) be an infinitely differentiable function on R having properties:

(i) wpx) =0,
(ii) n(0) #0,
(iii) p(x) =0 forx > 1.

Let ¢ (x) be a testing function. Then, the functional

1
(WCOxh, ) = /0 Cox b (x) dx.

is regular for Re A > —1. It can be extended to the domainReA > —n — 1 (A # —1, =2,...)
by analytic continuation as shown by Gel’fand and Shilov [ref. 2]:

¢* DO (Br-1)

1 n
Aoy — * =
(n(x)x%, @) —/0 pOx* g de =3 k= DI+ k)

k=1

1 xnfl
+ f () [¢(x> —¢0) —x¢'(0) — - — —¢<"1><0>} dx,
0 (n—1)!

by applying the mean value theorem with 0 < 6;_; < 1 for 1 < k < n. This means that the
generalized function /L(x)xi is well defined for A = —1, =2, .. ..
We thus normalize the value of the functional (/Jc(x)xj\r, ¢) at —n by

n—1

_ ¢ D) (Br—1) /1 _
(nx)x", ¢) = ——————+ | ul)x™"
* ;(k—l)!(—n+k) 0

n—1

X [qb(x) —¢0) —x¢'(0) —--- — m

¢<"—‘>(0)] dx. (7)

3. The distribution d*/dr*s(x)
As §,(x) = C,n" p(nr), we obtain
k ~

@) = Cun" 0 ar), ®)

where k is any positive integer.
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dk _(dk
(m(s(x), ¢(x)) =N — lim (WSn(X), ¢(x))

=N — lim C,n"** f p® (nr)¢ (x) dx

n—o0

We define

2N — lim 1.

n—00

On changing to spherical polar coordinates and then making the substitution ¢t = nr, we
arrive at

1/n
I = C,,,n'"+kg2m/ p(k)(nr)rm_lS¢(r) dr
0

! t
= CQOnk/ p® @) m1 S, (-) dr,
0 n

where Sy (r) is defined in equation (6).
By Taylor’s formula, we obtain

k+1

)

k=1 ¢() (k) (k+1)
S0 . S,7(0) S or
Yo, 5o sten

Spr)=>"

~ ! k! (k + 1!

where 0 <0 < 1.
Hence,

k—1 (J)
N ()
[ =CnQ § : 20 T ke f/ p® O™ At + Cp
0

Cn 2, ot
4 / p(k) (t)[m+ksg<+l) (_) dr
n 0 n

é11-1-124-13,

S5 (0)
k!

/ (k)(t)th—k—l dr
0

respectively.
It obviously follows from k — j > 1 that

N — lim I, =0.

n—o0
Putting
M = sup HS;"“)(r)’: re R+},

we see that

Cp S !
|I3] < M/ lp® @) dt — 0,
n 0

asn — oQ.
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Integrating by parts, we have

1 1
(%@«/p®UWHFHU=QJﬁm+w—4xm+k—2yumaJ%/'mnw”m
0 0

==Dfm+k—-=Dm+k—=2)---m. 9)
Hence, it follows from equation (9) that

Ik m 4k —1 k—2)-.
N lim=p= "D mtk=Dm+k=2) " 5®0).

n—>00 k!

Using Pizetti’s formula, we get

(2D)!A!$(0) .
® I if k =21
Sy (0) = 2MMmim +2)---(m +20—2)
0 ifk=2—-1,
wherel =1,2,....
Therefore, we have reached
201
2T d(x)=0
d? (m+1Dm+3)---(m+20-1)
W5()() = ST A'8(x). (10)
In particular,
d a2 m+1 a4 m+Hm+3) ,
—d3(x)=0 —d6(x)=—"—"A4 —5(x) = ———— A5 (x).
™ (x) a2 (x) > (x) 0 () 3 ()

4. The main results

In this section, we utilize the distribution d* /dr*8(x) obtained in previous section as a ‘bridge’
to derive a distributional product (3", x;/r*) - A’S. To proceed, we would like to present
the following lemmas, which will be used to simplify our main result.

LEMMA 1

DA (nig) =20k + DV (2') + (in) Ag, (11)

i=1 i=1

fork > 0.
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Proof We use an inductive method to prove the lemma. It is obviously true for k = 0.
Assuming k = 1, we have

d
A (xip) = do—Dp+ X A%,

simply by calculating the left-hand side. Hence,

Y A2(xig) = 4V(A) + (Z x,-) A,

i=1 i=1

By the hypothesis, equation (11) holds for the case of k — 1, that is,

D Afwig) = 2kV (8 1) + (Zx,) £

i=1 i=1

Hence, it follows that

S A ) = A Afig) = A !2W<Ak—'¢) + (Z xi) Akd)}

i=1 i=1 i=1

=2kV(A'P) + ) Alxin'g)
i=1

=2%kV(a*e) + ) {Z%A"fﬁ + xiA"“¢}
i=1 i

= 2kV(A'¢) +2V (A ¢) + (Z x,-> Al

i=1

=2k + HV(A*p) + (Z x,-) AR,

i=1

This completes the proof of Lemma 1. Note that this Lemma still holds when k = —1, i.e.,
we have

i=1 i=1

Y Akxig) = 2kV(AF 1) + (in) N
fork > 0. |

LEMMA 2

Z(xiaka) = —2kV(A*18), (12)

i=1

where k > 0.
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Proof Obviously Y 7", x; A8 =" (x;6 =0 for k = 0. Applying equation (11) with
k > 0, we have

(i(ximx ¢> = (6, i A"(x,«m)
i=1

i=1
= (5, [2kV(A’<—‘¢) + (Z xi) A’%j)})
i=1

= 2kV(A*¢(0))
= (=2kV(AF18), ¢).

Therefore, we have reached our conclusion in Lemma 2. ]

THEOREM  The non-commutative neutrix product (Zl'."zl x;i/ rk) - A'8 exists. Furthermore

= —I
D oxi/r ) Als = —— V(A1)
P 210+ k—=Dim +20) ---(m+ 21+ 2k - 2)
and
(Zx,-/rzk_l) CALS = 0,
i=1
where k and | are positive integers.

Proof From equation (10), we have

AI(S _ 211' d21 s
= (m+1)(m+3)---(m+20—1)dr? x)
21
= f(m, l)d 58(x),

where f(m, ) is the constant depending on m and [.
‘We note that Z;"Zl x,-/r" is a locally summable function on R™ for k =1,2,...,m. It
follows from Definition 4 and equation (8) for any testing function  that

(in/r") A8, ) = fom. 1) ((Zx:/r ) g wﬂ)
i=1

=N — lim Zf(m l)/ " 215 (O)x; ¥ (x) dx

=N — lim Zf(m l)Cmn'"Jrzlf r Ko (nr)g; (x) dx

n—o00

=N— lim I,

n—oo



Downloaded by [Brandon University GST] at 07:44 31 August 2013

Approach for distributional products on R™ 149

where ¢; = x;v. Making the two substitutions as before, we obtain

1/n
f(m, 1)Cppn™ / r" o@D () Sy, (r) dr
0

i=1 0 n

Using Taylor’s formula, we obtain

2l+k—1 S(]) (O) S;?l-‘rk) (O) Sé)?l+k+l) (9[7)

S 2l+k
0 () = jZ:(:) i T Q@+ k+ D!

2l+k+1

where 0 < 6; < 1.
Following similar techniques of section 3, we can prove

m (2H—k)( 0) |
N _ 2l4+m—1 _(2])
N~ lim I = ;f(m, —(zz o CQO/o t 0@ (1) dt.

Applying equation (9) with k = 2[, we get

1
Cn / P2y de = (m 4+ 21 — 1)(m 421 —2)---m
0

It follows from the previous equation that

(2l+k)()
N — lim I—Zf(m I o k)'( m+2l—)m+20—2)---m

n—00

o 2Nm 42— D(m + 2 — QI+
T (m+D(m+3)-- (m+2l—1)(21+k)‘ Z o (O

Using Pizetti’s formula, we have

Q21 + 2k)!
24k + k) lm(m +2) - (m + 21 + 2k — 2)

Sgl+2k71)(0) -0

S((;l+2k) (0) — Al+k¢i (O)

By Lemma 2, we have

i=1 i=1

> aei0) = (inw"a, 1/») = (=20 + V(A 18), y),

and the result follows fork = 1,2, ..., m.
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We now turn our attention to the product (Z;":l Xi/ rk) . A!§ for k > m + 1. Note that, in
this case, the functional ) " | x;/ rk is not locally summable. We assume k = m + ¢ + 1 for
g =0,1,2,...and apply the regularization in equation (7) to I of equation (13) to deduce

T 8y 0 6, )

— Q 2l+k i ST —
1 Z;ﬂmJ%h,m > Gk =W

j=1

= [ k=1 ! 1 @

+ Z/ P (£)em k= [S(,),. <;) — 84,(0) —- - gl S, (0)] (=h)
i=1 70
=5+ D,
respectively.
Clearly,
N — lim I] =0.

n—oo

Applying Taylor’s theorem, we obtain

1

m 1 +
14
_ 2+k Q1) ¢4y ;m—k—1 sa+D oy 4 ...
= gl fm,DCpQpun /0 P ()t I:n‘l“( T Sy (0) +

tq+21+m tq+21+m+1

(g+21+m)
+ (g 120 )l ® 0) +

0;t
% S(;q+2l+m+1) <t_):| dr,
! n

where 0 < 6; < 1.
Similarly, we can prove

nq+2[+m+l(q+21+m+l)!

mmm&m%”m®f
N-— lim I, = ’ @D ()2 tm=1 d
LEDY G+ 20 +m)! Lo

i=1

mfm, 1) ST0) !
- Z f 2 chm/ 0@ ()rH =1 gy
. Q1+ k)! )

m lS(ZH—k)
:Z%(m-ﬁ-Zl—l)(m—}-Zl—Z)---m

This implies our assertion fork =m + 1,m + 2, .. ..
Obviously, we have the following

ii As— V(A*S)
s p2% C 25Tk m +2)(m 4+ 4) - - (m+ 2k)

m X;

(Z ,y<—1> 88=0

i=1

by setting [ = 1 in the theorem. |

From our result, we can easily derive the product V=% - Al§ where V.= """ | 8/0x;. The
author leaves this for interested readers.
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