This article was downloaded by: [Brandon University GST]

On: 29 August 2013, At: 19:10

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Integral Transforms and Special
Intesgral Transforms Functions

ANG Specil Funciions Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/gitr20

@ Several results on the commutative

neutrix product of distributions

C.K.Li?

= % Department of Mathematics and Computer Science, Brandon
University, Brandon, Manitoba, Canada, R7A 6A9
Published online: 13 Aug 2007.

To cite this article: C. K. Li (2007) Several results on the commutative neutrix product
of distributions, Integral Transforms and Special Functions, 18:8, 559-568, DOI:
10.1080/10652460701366169

To link to this article: http://dx.doi.org/10.1080/10652460701366169

PLEASE SCROLL DOWN FOR ARTICLE

Taylor & Francis makes every effort to ensure the accuracy of all the information (the
“Content”) contained in the publications on our platform. However, Taylor & Francis,
our agents, and our licensors make no representations or warranties whatsoever as to
the accuracy, completeness, or suitability for any purpose of the Content. Any opinions
and views expressed in this publication are the opinions and views of the authors,

and are not the views of or endorsed by Taylor & Francis. The accuracy of the Content
should not be relied upon and should be independently verified with primary sources
of information. Taylor and Francis shall not be liable for any losses, actions, claims,
proceedings, demands, costs, expenses, damages, and other liabilities whatsoever or
howsoever caused arising directly or indirectly in connection with, in relation to or arising
out of the use of the Content.

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden. Terms &
Conditions of access and use can be found at http://www.tandfonline.com/page/terms-
and-conditions



http://www.tandfonline.com/loi/gitr20
http://www.tandfonline.com/action/showCitFormats?doi=10.1080/10652460701366169
http://dx.doi.org/10.1080/10652460701366169
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Brandon University GST] at 19:10 29 August 2013

Taylor & Francis Group

Integral Transforms and Special Functions Taylor & Francis
Vol. 18, No. 8, August 2007, 559-568

Several results on the commutative neutrix
product of distributions

C. K. Li*

Department of Mathematics and Computer Science, Brandon University, Brandon,
Manitoba, Canada R7A 6A9

(Received 11 August 2006)

Let H(x) denote Heaviside’s function. The goal of this paper is to evaluate the commutative neutrix
products fi (x) ¢ 87 (x)and f_(x) 0 8" (x) forr =0, 1,2, ..., where f(x) is only the r-th differen-
tiable on an open interval containing the origin and f (x) = H(x) f(x) and f_(x) = H(—x) f(x). We

also obtain the products (¥ (x)/x) ¢ 8(x), including a few examples as well as xlri(l/z) o x:rf(l/z).
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1. Introduction

One of the problems in distribution theory is the lack of definitions for products and powers, in
general. In physics (see e.g. [1], p. 141), one finds the need to evaluate 8> when calculating the
transition rates of certain particle interactions. Embacher, Griibl and Oberguggenberger [2]
studied the parameter products of distributions in several variables arising from the compu-
tations of the one-loop vacuum polarization of zero-mass QED, to avoid the occurrence of
renormalization ambiguities. In [3], a definition for product of distributions was given by delta
sequences. However, 87 as a product of § with itself was shown not to exist. Bremermann [4]
used the Cauchy representations of distributions with compact supports to define 4/8; and
log 8. Unfortunately, his definition did not carry over to /8 and log .

Now let D be the testing function space of infinitely differentiable functions of a single vari-
able with compact support, and let D’ be the space of distributions defined on D. The definition
of the product of a distribution and an infinitely differentiable function is the following (see
for example [5]).
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DEFINITION 1.1  Let f be a distribution in D' and let g be an infinitely differentiable function.
Then the product fg is defined by

(fg. ¢) = (f. g¢)

for all functions ¢ in D.

An extension of the product of a distribution and an infinitely differentiable function was
given by Fisher in [6].

DEFINITION 1.2 Let f and g be distributions in D’ for which, on the interval (a, b), f is the
k-th derivative of a locally summable function F in L (a, b) and g® is a locally summable
function in L9(a, b) with (1/p) + (1/q) = 1. Then the product fg = gf of fand g is defined
on the interval (a, b) by

k

k ; , .
fe=) (l.)(—l)l[Fg“)]M.

i=0

To further extend Definition 1.2, Fisher, with his collaborators [6—12], has actively used

Temples’ §-sequence §,(x) = np(nx) for n =1,2,..., where p(x) is a fixed infinitely
differentiable function on R with four properties:
1) px) =0,

(i) p(x) =0 for x| > 1,
(i) p(x) = p(—x),
(v) [1, p(x)dx = 1

and the concept of neutrix limit of van der Corput [13] (in order to abandon unwanted infinite
quantities from asymptotic expressions) to deduce numerous products, powers, convolutions
and compositions of distributions on R. One of Fisher’s definitions for the commutative product
of distributions was given as follows.

Let f be an arbitrary distribution in D', we define

Ju(x) = (f *8,)(x) = (f(1), 8 (x — 1))

for n =1,2,.... It follows that {f,(x)} is a regular sequence of infinitely differentiable
functions converging to the distribution f(x) in D'.

DEFINITION 1.3 Let f and g be distributions in D' and let f, = f %8, and g, = g * 8,. We
say that the commutative neutrix product f - g of f and g exists and is equal to h if

N — lim (fugn. ¢) = (h, $)

for all functions ¢ in D, where N is the neutrix (see [13]) having domain N' = {1,2, ...} and
range the real numbers, with negligible functions that are finite linear sums of the functions

I 'n, In"n A>0,r=1,2,..)
and all functions of n that converge to zero in the normal sense as n tends to infinity.

Recently, Fisher, Ozcag and Giilen [14] employed the above definition to imply the following
theorem.
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THEOREM 1.1 Let f be a function, which is infinitely differentiable on an open inter-
val containing the origin and let f,(x) = H(x) f(x) and f_(x) = H(—x) f(x). Then, the
commutative neutrix products f(x) - 8 (x) and f_(x) - 8" (x) exist and

<;>f("k)(0)8<k> ),

r

fr0) 8000 = fox) 80w =)

k=0

(=1t
2

wherer =0,1,2,....

We begin to compute the commutative neutrix products f(x) ¢ 8 (x) and f_(x) ¢ & (x)
under the weaker condition that f is only the r-th differentiable with a new definition. Then
we obtain several interesting corollaries. Furthermore, we derive the commutative product
(¥ (x)/x) © 8(x), as well as the product x;r_(l/z) and x_" 172,

2. New results

Let §,,(x) = np(nx) be defined as in the introduction. We use the following definition for the
commutative neutrix product of a single variable (see [15]).

DEFINITION 2.1  Let f and g be distributions in D' and let f, = f %8, and g, = g * &,. We
say that the commutative neutrix product f ¢ g of f and g exists and is equal to h if

1
N = lm 2{(fs8. ®) + (f&n #)} = (1. ¢)

for all functions ¢ in D. If the normal limit exists, then it is simply called the commutative
product.

THEOREM 2.1  Definition 2.1 extends Definitions 1.1 and 1.2.

Proof Let gbe a C*™ function. Obviously, g,¢ has an uniform support and converges to g¢
in D. For any f in D', we imply that

1
(Fog.9) =N = lim ~{(f,8.9) + (fg1. 9))

1
=N = lim ~{(f,. 89) + (/. 80} = (. 89). o

To see Definition 2.1 is an extension of Definition 1.2, we let f and g be functions given in
Definition 1.2. Then we have
e (k—i)

lim (fg,, ¢) = lim (f,g.¢) = (Z () (D [Fe"]", ¢)

n—o00 n—o00 ‘oo 1
by Theorem 2 in [8]. This completes the proof.

At this moment, it is not quite clear if Definition 2.1 is equivalent to Definition 1.3, although

both define the commutative neutrix products. In fact,

1
N = lim Z{(fug.#) + (fgn. @) = N = lim (f,8,. )

1
=N = lim S {(fu(s = 8) + 8u(f = ). ).

One can neither prove the above being zero nor non-zero by a counter example. The author
welcomes and appreciates any discussion from interested readers.
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However, we are able to claim that the two definitions are different if we remove the
neutrix limits from both. Indeed, we have §'(x) ¢ §'(x) = 0 on subspace Dy(R) = {¢(x) €
D(R) | ¢(0) = 0} because

(8,(x)8'(x), p(x)) = —(8,(x)$ (x))'|x=0
= —(5,(0)¢(0) +8,(0)¢'(0)) =0

for all n. But it is impractical to compute the product §'(x) - §’(x) without recourse to neutrix
limit, since (8;,(x)8/ (x), ¢ (x)) diverges.

THEOREM 2.2 Let f and g be distributions in D' and suppose that the commutative neutrix
products f o g and f' o g exist. Then the commutative neutrix product f < g’ exists and

(fog)=fog+fog.
Proof The result follows immediately from Definition 2.1. |

THEOREM 2.3 Let f be a function which is the r-th differentiable on an open interval contain-
ing the origin. Then the commutative neutrix products fi(x) o 8" (x) and f_(x) ¢ 8" (x)
exist and

r

fr(0)080() = f-(0) 080 =)

k=0

1+
2

(;) FrP 8 ),

wherer =0,1,2,....

Proof For any ¢ € D, we use integration by parts repeatedly
()7 (x) % 8,(x)), ¢ (x))
= / 87 (x) f (x)¢ (x)dx

0

= f)p)8"V(x)

- /0 (f ()P ()80 (x)dx
0
= — (008! " (0) = (fF()p(x))8! > (x)
0

+ / (f () (x))"8 2 (x)dx
0
= —£(0)p(0)87 " (0) — (f(0)¢(0))'8~2(0)
- / (f () (x))"8 2 (x)dx
0

= —£(0)p(0)8! " (0) + (£ (0)¢(0))'872(0) + - - -
+(=1) /O (f ()P (x)) 8, (x)dx.
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It follows that
N — nlirgo(f+(X)(5(r) (x) * 8,(x)), ¢(x))

1
= 5(—1)’(f<0>¢<0)><'>

r

1 r
— _(_1\ (r—k) (k)
= 2( D ;?:o <k)f 0)¢*(0)

006 dx = !
/0 (x)dx = 3
On the other hand, we have

((fr(x) % 8,(x))87 (x), p(x))

by noting that

= (5(’)(16), /OO H(@) f(1)8,(x — 1)ds ¢(X)>

o0 (r)
— -1y ( /0 F(O8u(x — t)dr¢(x>)

r

=D (Z) / T P08 (=1d 69 0.
k=0 0

x=0

Making the substitution u = —¢, we arrive at
o0 0 (r—k) 0

lim F(@®)8U ™ (=t)dt = lim f(=w)s" = @ydu = 0

n—oo J n—oo J_ . 2
due to

0 1
S,(x)dx = —.
s

It follows that

1 r
Jim (£ (0 % 8,087 (1), 6 (1) = S (=1 ) (,Z)f“—“(ow(“(oy
k=0

Adding the above two terms clearly gives us

r

PR o o Ll £ WA
fr@) 08V =3 ———( )£ 080w,

2
k=0
To obtain the product f_(x) ¢ §"(x), note that

r

(Hx) f(=x)) 08V x) =" <r>ff‘k(0>6’<(x>

—_—

k:OZ k

and replace x by —x to get

r

Feoy DN e e
fr@ed =3 ——(, ) Po®w

k=0 2

by using 8% (x) = (=1)k6® (—x) fork = 0, 1, ..., r. This completes the proof.

563
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COROLLARY 2.1 Let f be a function, which is the r-th differentiable on an open interval
containing the origin. Then the commutative neutrix product f(x) o 87 (x) exists and

f) o8 =) (=1 (;)f“—“ 08 (x),
k=0

wherer =0,1,2,....

COROLLARY 2.2 H(x) 08" (x) = H(—x) ¢ 8V (x) = (1/2)6"(x) for any non-negative
integer r.

COROLLARY 2.3 82(x) = 8(x) ¢ 8(x) = 0.

Proof From Corollary 2.2, we have H (x) ¢ §(x) = 6(x)/2 and differentiating both sides by
Theorem 2.2 we get

S(x)o8(x)+ H(x)o 8 (x) = %8,()6),

which shows that §2(x) = 8§(x) ¢ 8(x) = 0.
Similarly, we can derive §(x) ¢ §'(x) = 8’(x) © §(x) = 0 by noting that

8'(x)08(x) +8(x) 08 (x)=0. u
THEOREM 2.4 The commutative product (1/x) ¢ 6(x) exists and

1<><3 ——18/()
; ()C)— z X).

Proof By the mean value theorem, we get

<%8n(x)7 ¢(.X)> _ /OO 8,,(.X)¢(X) - 8/1(_x)¢(_x)dx
0

X

_ /oo 8,,(x)¢(x) — ¢(—X)dx _ 9@~ ¢(—§)’
0 X 2t

where 0 < ¢ < 1/n.
It follows that

(1 — lim 2©) — 20D
lim (;8,,()6), ¢(x)> o gl—rR) 2t

n—00

= ¢'(0).

_*(Sn(x)z —,Sn(x—t)
X t

1
((— * Sn(X)) 5(x), ¢>(x))
X
1
= (S(x), ()—C * Sn(x)> ¢(x)>

— (;’ 5n(—t)> ¢ (0) = /Ooo Mdtqﬁ(()) =0.

On the other hand, we have

and

t

By Definition 2.1, we complete the proof. ]
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COROLLARY 2.4 The commutative product (W (x)/x) ¢ 8(x) exists and

wi") o 8(x )——mw )+ ¥ (0)8(x).

Proof Clearly we have
) _ Iﬁ(O)

X

+ ¥ (5x),

where 0 < ¢ < 1 and ¥/(¢x) is continuous. Hence,

wi) 08(x) = — vo )5( )+ ¥ (gx) 08 (x )——M(S( ) + ¥ (0)8(x),

by Theorem 2.4 and Corollary 2.1. |

In particular, we obtain the following products from Corollary 2.4.

L ob() = 38
X x)——2 *

sin x

o 8(x) = 8(x)

COoS X

0 8(x) = —%5’@)

X

e 1,
—0d8(x) =—=8x)+6x).
X 2

—r—(1/2) —r—(1/2)

THEOREM 2.5 The commutative product x_, and x_ exists and

L L 1
x; 1/2) o =r=0/2) _ (2(2))7’7 5@ (x),

wherer =0,1,2,....

Proof Using

o 2 a a
X U N (T R
1-3----Q2r—1)dx" dx”
—r=(1/2) ( D d" —ap) , o4 cam,
- = (=1
o 3 @ —part e

we have

a/m
UL I SN UL 80 = clf (t —x)"V28(r)dr  and
X

TV s, = (D e (P w0l = (—1)’(:1/ x—n"1280ndr.
—(1/n)



Downloaded by [Brandon University GST] at 19:10 29 August 2013

566 C.K Li

By Definition 2.1, we need to compute

7 %{(x;rf(l/Z)’ G 4 506 () + 22, Y 4 5,30 ()

1

(I + D).

2( 1+ 1)
Consider each term separately,

L= Y % 8,)¢0(x0)

r

A\ A (1/n) ‘ .
=iy ( ) / x~2 / (t —x)~ V284D (1)dr ¢~ (x)dx
i—0 J 0 X
J
r 1/n) _ t )
— C12 Z (;) /(; 8£r+j)(l)dt[) x*(1/2) (r — x)7(1/2)¢(rfj)(x)dx and
j=0

L= 6P w808 (0)
T\ O ' ——
c%Z()/ 5,5’+f>(t)dz/ x” WA — x)" D (—1)y T =D (—x)dx.
: J 0 0
j=0

Adding /; and I, to get,

62 r r (1/n) ) t
] = El ( ) / 8,(lr+j)(t)dt/ x_(l/z)(t _ x)_(l/z)
im0 M/ Jo 0

X (") + (=D (—x))dx.

By Taylor series,

¢ () + (=) (=)
Jj+r—1

— Z %[¢(1‘7j+i)(0)+(—1)r+j+i¢(r7j+i)(0)]xi
i=0 '

2¢(2r)(0) Jj+r 2r+1) 2r+1) r+j+1
mx m[‘ﬁ (nx) — ¢ (=nx)]x ,

where 0 < n < 1. Integrating by parts, we come to conclude
(1/n) 2r)
/ (S(r+j)(f)df /1 x—(]/Z)(t _ x)—(l/z) 2¢ (0)xj+rdx
0 " 0 (J+n!
2¢(2r) (0) (1/n)
ORI/

: 1
— (_1)(r+])ﬂ(r+j+ 5’

. . 11
5(l‘+j) Ot dr i —, =
n (1) Blr+Jj+ )

1
_ (2r)
2) »7(0)

by using

t
f XD ()12 gy = 40 g (r fi+ ! l)
2°2)”
0
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where S is the Beta function. Similarly, we can derive that

2T\ ‘

lim - . 5(r+])(t)dt x—(1/2)(t _ x)—(1/2)'
2 n

n—00 = i) Jo 0

m[d’(zr*”(nx) — ¢ (=)l dx = 0.

On the other hand, we see that
(1/n) o
/ st ()t dr = 0,
0

if (r + j + i) is even and positive. This implies that

2y (1/n) . '
-1 Z < ) / Sr(lr-‘r./)(t)dt/ x—(1/2)(t _ x)—(1/2).
2 J/ Jo 0

j=0
JjHr—1 1
D B0 + (~ DY) dx = 0.
i=0

By the following identity in [16]

. (r , 11 1 1
l;:(j)(—l)fﬁ(wrwrz,z)=ﬁ<r+§,r+§),

we obtain

—r—1/2) _ _—r—(1/2) C% — (r r+j) L R P
Xy o x_ = i (=D"’°p r+itss 57 (x)

2 4
j=0
2 r
_ S gy T D seny = ED'T ey
= 2( 1)/3<r+2,r+2>5 x) = 2(2r)!5 (x)

due to the fact that

11\ T +1/2) o
ﬁ(r+§’r+§>_ el @

Remark 1 This result is obviously identical with one obtained by Fisher in [12]. It is
interesting to point out that both (x;rf(l/z), (x:r7(1/2) *8,)¢p(x)) and (x:rf(l/z), (x;rf(l/z) *
8,)¢ (x)) are divergent in the normal sense n — o0, but the addition is convergent.
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