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THE SEQUENTIAL APPROACH TO THE PRODUCT
OF DISTRIBUTION

C.K. LI
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ABSTRACT. It is well known that the sequential approach is one of the main tools of dealing
with product, power, and convolution of distribution (cf. Chen (1981), Colombeau (1985),
Jones (1973), and Rosinger (1987)). Antosik, Mikusinski, and Sikorski in 1972 introduced a
definition for a product of distributions using a delta sequence. However, 62 as a product
of 6 with itself was shown not to exist (see Antosik, Mikusinski, and Sikorski (1973)).
Later, Koh and Li (1992) chose a fixed 8-sequence without compact support and used
the concept of neutrix limit of van der Corput to define §% and (5’)¥ for some values
of k. To extend such an approach from one-dimensional space to m-dimensional, Li and
Fisher (1990) constructed a delta sequence, which is infinitely differentiable with respect
to X1,X2,...,Xm and 7, to deduce a non-commutative neutrix product of ¥ ~% and AS§. Li
(1999) also provided a modified §-sequence and defined a new distribution (d*/dr¥)&(x),
which is used to compute the more general product of »—% and A5, where [ > 1, by
applying the normalization procedure due to Gel’fand and Shilov (1964). We begin this
paper by distributionally normalizing Ar~k with the help of distribution x:". Then we
utilize several nice properties of the §-sequence by Li and Fisher (1990) and an identity of
§ distribution to derive the product Ar—* - § based on the results obtained by Li (2000),
and Li and Fisher (1990).

2000 Mathematics Subject Classification. 46F10.

1. The distribution Ar~*. We start letting = (x7 + - - - + x2,)'/2 and consider the
functional Ar—* (where A denotes the Laplacian) defined by

(A%, ) = (r*,A¢) = JR’" r*A¢p(x)dx, (1.1)

where k < m and ¢(x) € %9,,, the space of infinitely differentiable functions of the
variable x = (x1,X>,...,Xm) with compact support. Because ¥ is locally summable,
Ar~¥is a regular distribution.

By Green’s theorem for m > 3, it particularly follows from [5] that

1

- - 2-m _
(2—m)QmAr =0(x), (1.2)

where Q,, = 2t"/2/T(m/2) is the hypersurface area of the unit sphere imbedded in
Euclidean space of m-dimension.
A similar calculation for dimension m = 2 leads to the result

LAlmf:é(x). (1.3)
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On making substitution of spherical coordinates in (1.1), we come to

(Ar~*, @) =J:r‘k{J;ZIAd)(w)dw}rm‘ldr, (1.4)

where dw is the hypersurface element on the unit sphere. The integral appearing in
the above integrand can be written in the form

| At@do=ansapr, (1.5)

where Sa4(7) is the mean value of A¢ on the sphere of radius 7.
It could be proved by the well-known Pizetti’s formula in [4] that Sx¢ (¥) is infinitely
differentiable for » > 0, has bounded support, and that

1
(2k)!

1 r P b
Sap(r) = Ap(0)+ 5.8, (0% +-- -+ SEY k4.

(1.6)

B i Ak“d)(())TZk
-5 2kkim(m+2) - (m+2k-2)

Note that when k = 0, the first term of the above series is defined as A¢(0).
From (1.4) and (1.5), we obtain

(Ar 5, ) = Qm L rKmElS g (r)dr

1 )

=Qmj r’k*m’lSA(b(r)ererJ yemlg g rdr D)
0 1

é[] + 1.

It obviously follows that
I = Qmj rkmelg o (r)dr (1.8)
1

is well defined for any positive integer k.
In order to normalize I; for k > m, we need the following equation (see [6]):

n-1 j
R L (VN
(X[o,l]"l’) 7}; (G-DN=n+j) (1.9)

1 n , xnfl (n-1)
[ 2 e -0 -xp 0 - Zs () fax,

where n > 1.
Setting n = 1,2 in (1.9), we have
1
(xidio#) = | x b 00 - (0 Jax,
1 (1.10)
(X ®) = -6 () + | X Z[p(x) - b(0) - x (0)]dx,

respectively.
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Using (1.9), we normalize I, for k > m by

1
L= QmJ ykem=lg, o (r)dr
0

k-m S(l_l) 0
=Qm 2, (‘—1)v(fld<>+(m)—1+ )
o1 T I (1.11)

1
+Qu JO yokim-l [5A¢(r) —Sap(0) =S, 4 (0)

k-m
— —ﬁsg‘gw(m]m.

In particular for k = m, we obtain

1 )
(Ar~—™, ) = QmJ 77U Sag (1) = Sag(0) | dr +QmJ r1Sag(r)dr. (1.12)
0 1

2. The product » % - Al§. The following &-sequence was used by Fisher around
1969. Let p(x) be a fixed infinitely differentiable function defined on R with the fol-
lowing properties:

i) p(x) =0,

(ii)) p(x)=0for |x| =1,
(iii) p(x) =p(=x),
(iv) f,llp(x)dx =1.

The function 6, (x) is defined by 6,,(x) = np(nx) for n = 1,2,.... It follows that
{0n(x)} is a regular sequence of infinitely differentiable functions converging to the
Dirac delta-function 6 (x).

Now let 9 be the space of infinitely differentiable functions of a single variable with
compact support and let %" be the space of distributions defined on %. Then if f is
an arbitrary distribution in %', we define

Sn(x) = (f*6,)(x) = (f(t),0n(x—1)) (2.1)

forn =1,2,.... It follows that { f,,(x)} is a regular sequence of infinitely differentiable
functions converging to the distribution f(x) in %’.

The following definition for the non-commutative neutrix product f - g of two dis-
tributions f and g in %" was given by Fisher in [1].

DEFINITION 2.1. Let f and g be distributions in %’ and let g,, = g * §,,. We say that
the neutrix product f - g of f and g exists and is equal to h if

N-1im (£gn, @) = (h, ) 2.2)

for all functions ¢ in %, where N is the neutrix (see [9]) having domain N’ = {1,2,...}
and range N, the real numbers, with negligible functions that are finite linear sums
of the functions

r-1

n n" 'n, In"n A>0,r=1,2,...) (2.3)
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and all functions of n which converge to zero in the normal sense as n tends to
infinity.

With Definition 2.1, a lot of products of distributions have been computed by Fisher
and Al-Sirehy (see [1, 2]), such as

Ao _ I 1T csc(1rA)
xﬁ-x =y 1x§-x+" T 2(r—1)!

-, (=D
(r—1)!

§r-b (x),

(x+i0)N - (x +i0) ™" = x 5TV (x) = (x+i0)", (2.4)

|X|A ) |x|7/\72r - x72r’

for a noninteger A and v =1, 2,....

REMARK 2.2. The product of Definition 2.1 is not symmetric and hence f-g +g- f
in general. Furthermore, it is nonassociative since

(x1x)0(x)=1-8(x)=6(x)#0=x"1-0=x"1(x-6(x)). (2.5)

In order to give a definition for a neutrix product f - g of two distributions in %,,,
the space of distributions defined %,,. We may attempt to define a 6-sequence in %,,
by simply putting (see [3])

On (X1, Xm) = 6n(x1) -+ 0n(xm), (2.6)

where 6, is defined as above. However, this definition is very difficult to use for distri-
butions in %;,, which are functions of . We therefore consider the following approach
(see [8]).
Let p(s) be a fixed infinitely differentiable function defined on R* = [0, o) having
the following properties:
@) p(s) =0,
(ii)) p(s)=0fors =1,
(i) [gm On(x)dx =1,
where 6, (x) = c,yn™p(n?r?) and ¢, is the constant satisfying (iii).
It follows that {6, (x)} is a regular 6-sequence of infinitely differentiable functions
converging to 6 (x) in %y;,,.

DEFINITION 2.3. Let f and g be distributions in %;,, and let
In(x) = (g% 6n)(x) = (g(x—1),0u(1)), (2.7)

where t = (t1,t2,...,t,). We say that the neutrix product f - g of f and g exists and
is equal to h if

N-lim (fgn, ) = (h, ), (2.8)

where ¢ € 9, and the N-limit is defined as above.
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By Definition 2.3, Li and Fisher [6, 8] showed that the noncommutative neutrix prod-
uct ¥ % . Al§ exists and

1
2k Als _ l+k
T A S i m e 2 (ma 21 2) - ma 2l k-2 2.9
ri=2k Al =0
where k and [ are nonnegative integers.
It immediately follows from [ = 0,1 that
Sk s L) ’
ri2k.s =0,
1+k
r K AS = o ' L7790 :
2k(k+1)!(m+2)(m+4)---(m+2k) (2.11)
ri-2k A8 =0.

3. Main results. The following two lemmas will play an important role in obtaining
the product Ar—*.§ as well as others.

LEMMA 3.1. Let D; = 0/0x;. Then for k = 0,

AK(xiDip) =2kLkP + > xiDi(LKP), (3.1)
i=1

Mz

~.
Il
—

where ¢p € Dyy,.
PROOF. We use an inductive method to show the lemma. It is obviously true for
k = 0. Assuming k = 1, we have
aZ
A(XiDi¢) :2W¢>+xiDi(A¢) (3.2)
i

simply by calculating the left-hand side. As for the sum,

A(xiDidp) =2A8¢ + > xiDi(A). (3.3)
i=1

Mz

-
Il
—

By the inductive hypothesis, equation (3.1) holds for the case of k—1, that is,

2. AN (xiDig) = 2(k=1) A T+ D xiDi(AF ). (34)

i=1 i=1
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Hence, it follows that

S AK D) = AS AL (D) - af2te-nakig S xiDi(ak ‘o]
i=1 i=1 i=1
=2(k-1)A%p + i A(xiDi(AK 1))
i=1
L 02

=2(k- I)Ak¢+2{ % ZM L+ x;D; (AK cl))} (3.5)

=2(k-1)akp+2A%p+ z x;Di(A*P)
i=1

=2kAkp + le AkP).

i=1

This completes the proof of Lemma 3.1. O
LEMMA 3.2.
m
> Di(x;ak8) = —2kaks, (3.6)
i=1
where k = 0.

PROOF. Applying (3.1), we have

(i (i AKS) </>) (6,—§Ak(xiDiqb))

= (5 {ZkAk¢+le qb)}) 3.7)

i=1

= —2kA*$p(0)
= (=2kA%5,¢).
Therefore, we have reached our conclusion in Lemma 3.2. O

THEOREM 3.3. The noncommutative neutrix product Av =% - § exists. Furthermore,

_ k(2k+2-m)
2k . § — k+1
ar o 2k (k + 1)!m("m+2)---(m+2k)A % (3.8)

Ari=.§ =0,

where k is any positive integer.

PROOF. We note that ¥ is a locally summable function on R™ for k = 1,2,...,
m — 1. With Definition 2.3, we naturally consider

I=(Ar7%-8,,¢) = (r %, A(5nd))

§

= (r % A8,P)+(r % 6,200) + z “* D;5,D;p) (3.9)

=L+ +13.
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Clearly,
(r'%-A8,¢) =N-limIy = N-lim (%, Adn )
and using (2.11), we obtain
(Ak+15 d))
2k(k+D)!(m+2)(m+4)---(m+2k)’
(r'=2k.A8,9) =0

(r26.06,¢) =

which indeed hold for any positive integer k.
It follows from [6, 8] that

g (0)
N-limI, = N-lim (r *,8,A¢) = 22
n—oo Nn—o k'
and applying Pizetti’s formula, we have
Ak+15
1 —2k _
N}Lll'lolo(r ,611A¢) <2kk|m(m+2)(m+2k—2),¢)’

N-lim (r'=%%,6, Ap) = (0,¢),
which are again true for any positive integer k.
Putting @; = x;D;¢, we deduce that
1/n

I3 = 4Cmn™ 20 ZJ rm k1o’ (n2r?)S,. (rydr

and by Taylor’s formula, we obtain

k+1 S((pll)(o) i S(k+2)(0) rio (k+3) C ) k+3

Sy, (r) = z

= kron " T

where 0 < C < 1. Hence

I3 = 4cmQmnm+2 > S 20
i=1j=0

m .1/n
+4CQOnm+ZZJ0 ym- k- lp’(nZ,r.Z)

m k+1 c(Jj)
Sg/ (0) rl/n .
( )J rm k=l (n2 )l dr

Sl(l’l<1+2) (0) k+2 dr
(k+2)!

m .1/n
+4CQOnm+22J0 ym- k- lp’(nZ,rZ) 3

=0 +I;+1;,
respectively. Employing the substitution t = nr, we get

m k+1
Sy (0
e QS S k2 % )J pmeik1 7 (12) dit

i=1j=0

SWICL+3) (€r) k3 dy
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(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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whence
N-limI; =0
n—oo
as for ks2)
m +
7 Sllfi (O) ’
12 = 4CQO Z W o tm+1p (tz)dt

i=1

integrating by parts, we have
1 1
4chmJ " (12)dt = 2chmJ t"™dp(t%)
0 0
1
= —ZCQO-mJ tmLp(e?)dt
0

= —ZmJ on(x)dx = —-2m.
RM

Hence m S((pk+2)(0) om o

r_ i — +

- Zmi:zl (k+2)! ~ (k+2)!: ZS% -
Putting

M = supﬂSf,,kf?‘)(r)‘ reRtand1<i< m},
we obtain

|I§|s4chmn(k+3)'J t™2 | p"(t?2) |dt — 0 asn — oo

Hence it follows from above that

. g k+2)
N-lim[s = I = k+2)'zS ©)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

which can be extended to the case k > m by utilizing the normalization procedure of

u(x)xﬁ (see [7]) and (1.11) in Section 1.
On using Pizetti’s formula and Lemma 3.2, we come to

kr2) —2m 3, ARy (0)

(2k+2) g T2k (ke D)im(m+2) - - - (m+2k)

2m 3" (Di(xi A%H15), )

T2k (k+ Dim(m+2) - - - (m+2k)
—4m(k+1)(AK1S, )

T2k l(k+ D)im(m+2) - - (m+2k)

by substituting y; = x;D;¢ back and obviously

2m (2k+1)
T (k+1)! 1)! zs% 0) =

Therefore Theorem 3.3 follows from (3.11), (3.13), (3.25), and (3.26).

(3.25)

(3.26)
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In particular for k = 1,2, we have the following:

4-m

-2 . = — 2 — =
Ar~=-6 4m(m+2)A 0, Ar 6 =0,
6 ) 1 (3.27)
-4 . = -m 3 —_ =
Ar7T-o 12m(m+2)(m+4)A 5, Ar3 =0,
where m is the dimension. O
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