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PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 122, Number 4, December 1994

THE HANKEL TRANSFORMATION ON M;‘
AND ITS REPRESENTATION

E. L. KOH AND C. K. LI

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. The Hankel transformation was extended by Zemanian to certain
generalized functions of slow growth through a generalization of Parseval’s
equation as

1 (huf s 9) =S, hup)

where ¢, hyp € Hy, feH,',.

Later, Koh and Zemanian defined the generalized complex Hankel transfor-
mation on Jy = J;2, Ja,,u , where Jg, ,, is the testing function space which
contains the kernel function, /xyJu(xy). A transformation was defined di-
rectly as tpe application of a generalized function to the kernel function, i.e.,
for feJ,,

2 (hu YY) = {f(x), VXY Ju(xY)).

In this paper, we extend definition (2) to a larger space of generalized func-
tions. We first introduce the test function space M,,, which contains the
kernel function and show that H, C My, C Ja,, . We then form the count-
able union space My = US>, Mg, ,, whose dual M, has J, as a subspace.
Our main result is an inversion theorem stated as follows. ,

Let F(y) = (h)) = (f(x), VXVJu(x)), f € M, , where y is re-
stricted to the positive real axis. Let u > —% . Then, in the sense of conver-
gence in H ,

760 = lim [ OISy ux)dy.

This convergence gives a stronger result than the one obtained by Koh and
Zemanian (1968).

Secondly, we prove that every generalized function belonging to M; ,u can
be represented by a finite sum of derivatives of measurable functions. This
proof is analogous to the method employed in structure theorems for Schwartz
distributions (Edwards, 1965), and similar to one by Koh (1970).
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1086 E. L. KOH AND C. K. LI

1. INTRODUCTION
The conventional Hankel transformation is defined by

F(y) = hf = /0 " fx)VEF T (xy)dx,

where 0 < y < oo, u is a real number, and J, is the Bessel function of
the first kind and order . In 1966, Zemanian (see [4]) constructed a testing
function space H), in order to extend this transformation to certain generalized
functions.

For each real number u, a function ¢(x) is in H, if and only if it is
defined on 0 < x < o0, it is complex-valued and smooth, and for each pair of
nonnegative integers m and k,

Vo 1 (9) £ ,Sup Ix™(x~ ! D)F[x~#= 12 (x)]]

<X <00

exists (i.e., is finite). H, is a linear space. Also, each y,‘:, 1S @ seminorm on
H, . The topology of H, is that generated by {y,’:,’ Ko k=0
The Hankel transformation 4, is an automorphism on H, whenever u >

—1. The generalized functions in the dual H,', of H, act like distributions

of slow growth as x — oo. Moreover, H,', is the domain of the generalized
Hankel transformation A, , which is defined via (1). It follows that A, is an
automorphism on H,', . This procedure is reminiscent of Schwartz’s method of
extending the Fourier transformation to distributions of slow growth.

In 1968, Koh and Zemanian [1] developed an alternative approach to the
generalized Hankel transformation. For a real number ux and a positive real
number a, they constructed a testing function space J,,, as follows.

Let J,,, be a testing function space containing all ¢(x) which are defined
and smooth on 7 = (0, co) and for which

T;ct,a(¢) — sxléll)Ie—-axx—u—l/2(x—u—1/2Dx2x+le—p—1/2)k(¢)|
<o, k=0,1,2,....

They assign to J; , the topology generated by the countable multinorm
{20

kJa, : gontains the kernel \/xyJ,(xy) as a function on 0 < x < oo for each
fixed complex y in the strip Q = {y: |Imy| < a, y # 0 or a negative number}.
The Hankel transformation A, is now defined on the dual space J;, x Via (2).

It is proved in [1] that any generalized function that has a Hankel transform
according to (2) will also have a Hankel transform according to (1), and the two
transforms will agree.

The definition (2), while not as general as that of (1), is a more natural
extension of the classical transformation because the kernel appears explicitly
as a testing function. This leads to simpler manipulation for computational
purposes. This could not be done in (1) because the kernel is not a member of
H, , whatever be the value of y.

In this paper, we define a new testing function space M, , between H),
and J; ,, namely H, C M, , C J;,,, whereby M, , still contains the kernel
function. Since J, LCM, 4 » definition (2) is thus extended to a larger class of
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THE HANKEL TRANSFORMATION ON M,: 1087

generalized functions. We obtain many properties of M, , and the countable
union M, = U2, My, . An inversion theorem and a representation for M, u
are our main results.

By a smooth function, we mean a function that possesses continuous ordinary
derivatives of all orders at all points of its domain. The notation {f, ¢) denotes
the number assigned to a member ¢ of some testing function space by a member
f of the dual space.

D(I) denotes the space of smooth functions that have compact support on
I. We equip D(I) with the usual topology. Its dual D'(I) is the space of
Schwartz distributions on 7.

E(I) denotes the space of smooth functions on 7. Its dual E’(I) is the
space of distributions with compact support on I .

The following theorem given in [4] will be used subsequently.

Theorem 1.1. If f(x) € L;(0, 0o), if f(x) is of bounded variation in a neigh-
bourhood of the point x = xo > 0, if u > —%, and if F(y) is defined as the
conventional Hankel transformation, then

3f (0 +0) + f(x0— 0)] = b7 F = /0 " F ) EgJu(xoy)dy.

Note that when u > —% , the conventional inverse Hankel transformation
h;‘ is defined by precisely the same formula as is the direct Hankel transfor-
mation h, ; in symbols, h, = h;!.

2. THE TESTING FUNCTION SPACES M, , AND M,

Let a €I and u € R. We define M, , as the space of testing functions
@(x) which are defined and smooth on 0 < x < oo, taking its value in C, and
for which

Vmk(9) = suple”x"(x "I DY x4 g (x)| <00, m,k=0,1,2,....
X

We assign to M, , the topology generated by the countable multinorm {y;‘:,”‘;c} .
M,,, is a Hausdorff space since y:,”’(‘) is a norm.

The following properties will be inferred.

(i) Let u > —}. For a fixed complex number y belonging to the strip
Q={y:|Imy|<a, y#0 or a negative number },

am
W(VXJ’J#(X)’)) € Mg,
Indeed, it is easily verified that (see [1])
am

gym (VXVI9) = 3 aj(Wy "5 VXY Sum(x9)

j=0

where the a;(u) are constants depending on ux only.
Considering

(x~IDY*ex=#=12x0 /3y, j(xy) = VI(x " D)kx W=D g, _i(xy)
= (= 1)kpk+l2x==ith) g e (xp)
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1088 E. L. KOH AND C. K. LI

and

. 1
—(u—Jj+k) . ~
(xy) Ju—j+i(Xy) 2—j+kT(u—j+ k + 1)

= Ol(xy)_(ﬂ_j"‘k)_l/zex'Imyl] as x — oo,

as x — 0*

it follows that _
Yo i (X VXY Ty (X)) < 00.

Therefore
am da . )
Yok [m(vxylu(xy))} <Y laj(w)l - [y b (VXY Ty j(x9)) < 0
Jj=1

for a fixed y € Q.

(ii) The differential operator N, £ x#+1/2Dx=#=1/2 is continuous from M, ,
into M, ,.; . Indeed
Vet (Nu@) = 7o b1 (9):
Note : It is impossible for us to define N,jl on My ,41.

The differential operator M, A x-#=12Dxk+1/2 is continuous from M, ,,|
into M, ,. Indeed,

yoh (M) < 20+ k + 119555 (0) + 735 ksr (9)-
(iii) Multipliers in M, ,. Define

0= {G(x) € C§°|3C, € I for each integer v > 0, 3 integer n,, such that

)

For arbitrary 6 € O and ¢ € M, ,, we have

k -1 n\Ww
(DY x"120p = 3" (’;) B DR (14 xm)(x DY a2
v=0

so that
ye b (09) < E( )C 55— (@) + Yorts ko, (O]

v=0
(iv) M, , is complete. The proof is very similar to Lemma 5.2.2 on page
131 in [4].
(v) H,C M, , forall u€ R, a€I. And the topology of H, is stronger
than that induced on it by M, ,. Indeed, e=#* <1 on (0, o0) and y (¢) <

Our space M, , is a subspace of J, , and has a stronger topology than that
induced on it by J; .
To see M, , C J,,,, we note that

k
3) x7H12SkY =3 " bix¥ (x T DY x 129
J=0
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THE HANKEL TRANSFORMATION ON M, 1089

where S, = x~#~1/2Dx2#+1Dx~#-1/2  and the constants b; depend on u only.
It follows that

k
ORI HANCY
=0

for any ¢ € M, ,. This implies our assertion.

Note that H, is a proper subset of M, ,. Indeed, \/XVJ,(xy) € M,,, as
was already shown in (i), but /xyJ,(xy) ¢ H, since it is not of rapid descent.
Also, M, , is a proper subset of J; ,. In fact, we define

eax R X 2 l ,
¢1(x)={smooth 1/2<x<1,
0, 0<x<1/2.
Let ¢ = x**1/2p,(x), then ¢(x) € J,,,. By equation (3) we have

k
e—axx—u—l/zsllf(p — Z bje—axej(x—lD)k+jx—u—l/2¢.
Jj=0
When x > 1

k
e~ x~128kg =3 " bje~ @ x (x 1 DYk e,
Jj=0
It is easily verified that
(x—lD)k+jeax — C(k , j)x—(2k+2j)+1aeax 4ot ak+jx—k—jeax ,

where C(k, j) is a constant dependingon k, j.
It follows that 7;°#(¢) < 0o, but y{’{ (@) > SUPxe(1, o0) le ™% X% | = 0.
(vi)If a>b >0, then M, , C M, , and the topology of M, , is stronger
than that induced on it by M, ,. This follows immediately from the inequality

Vi (9) < Vo (9) forp e M, ,.

(vii) D(I) C M,,, and the topology of D(I) is stronger than that induced
onit by M, ,. By the way, we point out that D(I) is not dense in M, ,.

(viii) For every choice of 4 and a, M, , C E(I). Moreover, it is dense in
E(I) because D(I) is dense in E(I).

(ix) For each f € M; u » there exist a pair of nonnegative integers mo, ko
and a positive constant C such that for ¢ € M, ,

Kfsol<C max ¥ (p).

0<m<my

We turn now to the definition of a certain countable-union space M, (for
short M)) that arises from the M, , spaces. Our subsequent discussion takes
on a simpler form when the space M, is used in place of the M, , spaces. Let
{a,}32, be a monotonically increasing sequence of pcsitive numbers tending to
o. Here 0 = oo is allowed. By virtue of note (vi), {M,, ,}2, is a sequence
of Fréchet spaces such that M, , C M,, , C ---, and such that the topology
of M,, , is stronger than that induced onitby M,,,, ,. Let M, , (= M,) =
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1090 E.L. KOH AND C.K. LI

Uo2; M,, . denote the countable-union space generated by the above sequence
of spaces. Thus, a sequence {¢,}32, convergesin M, to ¢ iff for some fixed
v, On, 9EM,, , and ¢, — ¢ in M,, ,.

We assign to M; the usual weak convergence concept. Accordingly, a se-

quence {f,}32, converges in M, if there exists an f € M, such that, for
every ¢ € M,
I(f;/s ¢)_<f’ ¢)|—’0 as vV — o0.

The following lemmas are immediate.
Lemma 2.1. For any fixed complex number y belongingto Q ={y:|Imy| <o,
y # 0 or a negative number}

6m
oy VAV u(xy) €My, m=0,1,2,....

Lemma 2.2. For every choice of ¢ > 0, H, C M, and convergence in H,
implies convergence in M, .

3. THE GENERALIZED HANKEL TRANSFORMATION ON M;‘

Let u > -% . In view of (vi), to every f € M; u there exists a unique real
number o, possibly o, = oo such that f € M,;’” if b<os and f ¢ M,',,”
if b > as. Therefore, f € M,', e We define the uth order Hankel transform
h.f as the application of f to the kernel /XyJ,(xy); ie.,

F(y) = (hf)) = (f(x), VXV Iu(xp))

where y € Q; = {y: |Imy| < gy, y # 0 or a negative number} . The strip Qf
will be called the region of definition for F(y).
The following results given in [5] will be needed.

Lemma 3.1. Let a be a fixed positive number. For all y in the strip Q =
{y:|Imy| < a, y #0 or a negative number}, for 0 < x < oo, and for p > -1,

le™ (xy) T x™ Ju(xy)| < Ay,
where A, is a constant with respect to x and y .

Lemma 3.2 (Boundedness of F(y)). F(y) is bounded on any cut strip {y: |Imy]|
<ay<a<oay, y#0 ora negative number} according to

IF)] < [y 2 Pa(lyl)
where P,(|y|) is a polynomial depending only on a.

Lemma 3.3 (Analyticity of F(y)). F(y) is an analytic function in Q = {y :
|Imy| <a<ays, y#0 ora negative number} and

0
D,F() = (1), VAT ).
Theorem 3.1. Let f€ M,, p € H,, and p> —%. Then

(FO), ETIx9)) 0()) = <f<x), / ” \/:—cwﬂ(xy>¢(y>dy> . yel
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THE HANKEL TRANSFORMATION ON M,i 1091

Proof. Since (f(x), /xyJu(xy)) is of slow growth as y — oo by Lemma 3.2,
and is Lebesgue integrable on 0 < y < Y for Y € (0, o0) by Lemma 3.3, we
can write

4 ({(f(x), VXyLu(xp)), 0(»)) = /ooo<f(X), VXY, Ju(xy))o(y)dy

since ¢ € H, .
Our theorem will be proven when we show that -

/0 T, VAo () dy = <f<x>, /0 ~ ¢(ywx—y1ﬂ(xy>dy> .

Consider the Riemann sum

) w2 (v )< @, \/—71,,(xu§)>.

This sum converges to the integral fo e(Y){(f(x), \/_ J,,(xy))dy for the
integrand is continuous on 0 < y < Y. Moreover, since (p(y) is of rapid
descent while (f(x), /XyJ,(xy)) is bounded by a polynomial in |y|, the last
integral converges to the right-hand side of (4) as ¥ — .

On the other hand, we are able to write (5) as

(6) <f(x),%g¢ (vx) VLo, (xv§)>

and show that, as m and then Y — oo, (6) converges to

<f(x), I ¢(y>m1u<xy>dy> .

Indeed, by taking the operator (x~!D)kx~#~1/2 under the integral and the sum-
mation signs, we have

(7)
Y { /0 ' PWIWXYJu(xy)dy — % é¢ (1%) \/;;;Ju (xV%> }}
=sup |e” %

Y
sup m { /0 () (= 1)kpk+12x=wshk) g (xy)dy

Y m Y x Y u+2k+1/2 Y —(u+k) Y
e m) () ) ()]

Because of the factor e~**x™ and the boundedness of (xy)~®+9J, ; (xy)
on 0 < xy < oo, given an & > 0, there exists an X such that for all x > X,
the quantity under the supremum sign is less than ¢ for every m. Now, on
0<x <X, 0<y<Y, the expression @(y)y*+2k+1/2(xy)=r+k] , (xy)is
uniformly continuous, hence the Riemann sum on the right-hand s1de of (7)
converges to the mtegral uniformly on 0 < x < X as m — oco. Thus, (6)

converges to (f(x), fo o)Xy Ju(xy)dy)as m — .
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1092 E. L. KOH AND C. K. LI

Finally, we show that [,° ¢(y)yXyJu(xy)dy — Oas Y — oo in M, . This
is because of the following inequalities:

exn (= D x s [ ¢<y)\/fwu(xy>dy‘

- ’ /Y ¢<y)e-‘"‘x"'<—1)"yﬂ“"“/z(xy)-<"+k>J”+k(xy>dy‘

<A, [ o] dy — o,
Y

The last inequality is due to Lemma 3.1.

Inversion and uniqueness. We now state an inversion theorem for our general-
ized Hankel transformation.

Theorem 3.2. Let F(y) = (f(x), Xy Ju(xy)), f€M,, y€I. Let p>—}.
Then, in the sense of convergence in H,,
r
16) = Jim [ F)VEPIxy)dy.
Proof. Let ¢(x) € H,, we wish to show that
r
([ Fowmmnndy. o)

tends to (f(x), ¢(x)) as r — oo. Since F(y) is smooth and /XyJ,(xy) is
bounded on 0 < xy < oo, it follows that fo’ F(y)y/XyJ,(xy)dy is continuous
and bounded with respect to x. Hence we have

WLy, 00 = [ [ FOWEFL(xp)dye(x)dx.
0 0 0

By Fubini’s theorem we can change the order of integration and obtain

[ o) [ Fo)vavsxrayax
0 0

- /0 "), ETI)) /0 "~ p()VET T (xy)dxdy.

Set ®(y) = [;° ¢(x)\/XyJu(xy)dx . Then ®(y) € H, since u > —1.
By Theorem 3.1, the right-hand side of (8) can be written as

<f(x), / " RTTu(x) / ” ¢(x>\/x—yJ”<xy>dxdy> .
Now, we wish to show
Li(x) = /0 V() /0 " p(x)/EJu(xy)dxdy

converges in M, to ¢(¢) as r — co.
By the last part of the proof of Theorem 3.1, we get

r o0
tim [ Ln0mdy = [ VR en@0)dy = o(x).
The last equality is due to Theorem 1.1.

(8)

As a result of the inversion theorem, we have the following theorem.
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THE HANKEL TRANSFORMATION ON M;, 1093
Theorem 3.3. Let F(y) = h,f = G(y) = hy,g for y € I, then f = g in the
sense of equality in H,.

Now, we come to prove a characterization theorem for the generalized func-
tionin M, ,

Theorem 3.4. A functional f is in M",’ u If and only if there exist bounded
measurable functions g, y(x) defined on I, for m = 0,1,2,...,my and
k=0,1,2,..., ko, where my and ky are nonnegative integers depending on
f, and such that

my, ko 1 k
© ¢>=< > x(-pl) {e—“"xm(—D)gm,k(x)},w(x)>

m=0,k=0
Jorevery p e M, .

Proof. Let f e M;, . - By using the property (ix), there exist a pair of nonneg-
ative integers myg, ko, and a positive constant C such that for ¢ € M, ,

fel<C Omax Y k(9)=C n}ca);o sup|e axxm(x~1 DYk x—#-1/2¢),
0<m<m0 O<_m<mo

Since ¢ € M,,, , there exists C,, x > 0 such that

sup |e~*x™*2(x "1 D)kx~#=12¢p| < C,,  for fixed a and u.
x€l

It follows that
lim e—9* m(x—lD)k —u—l/2¢ 0;

X—00

hence
X
e‘“"x'”(x“D)"x“‘"/2¢=/ D,{e“”t'”(t"D)"t““l/2¢(t)}dt.

From
D{e~tm(¢7' DYt~ g (1)}
= D,{e_attm}(t_lD)kt_”_l/2¢(t) + e—attm+l(t—lD)k+lt—p—l/2¢(t)
and the fact that ¢ € M, ,, it follows that

/0 Dy (e~ im (1 DYt 12 (1)} d1

= [ID{e®t™ (7' DY*t ™ 29(t)}HILy(0, 00)
is finite, where ||-||1,(0,0) denotes the norm on the space L;(0, co). Then we
have

(10)  [{f,¢o)l<C oJax | IDi{e™ 2™ (£ DY*t=#=29(1)} |40, o0)-
0<m<mo

Define an injective map Fy: M, , — Fi1M, , by

QY — (Dt{e_attm(t_lD)kt_”_l/2¢(t)}) ’ s l’ <.. 5 Mo,

m=0
k=0,1,..., k.
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1094 E. L. KOH AND C. K. LI

FiM, , is endowed with the topology induced on it by the product space
Ay kg = (L1(0, 00))mo+Diko+1)

Define F,: FiM,,, — C by Fip — (f, ¢). By virtue of (10), F, is a
continuous linear mapping.
~ By applying the Hahn-Banach theorem, F, can be extended to A, k-
Therefore, since A:no, k, 15 isomorphic to (Loo(0, co))ko+Dimotl) (see Treves
[6]), there exist (ko + 1)(mo + 1) bounded measurable functions g, x(x)(m =
0,1,2,...,mp, k=0,1,2,..., ko), such that

mo , ko
B(Fp)=(f,9) = Z (&m.k(x), De{e™®*x™(x "1 D)k x—+1/2p})
m=0,k=0
my , ko 1 k
= < 2, X (-D;) {x"e=(~D)gm x(x)}, ¢>.
m=0,k=0

On the other hand, we assume f is defined by (8). Obviously f is linear.
Let 9, — 0 in M, ,, then Dy{e~%*x™(x~'D)kx—#-1/2¢,} converges to 0 in
L(0, c0). This completes the proof.
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