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infinitely differentiable function, based on the formula of A™(¢v), and hence we are able
to characterize the distributions focused on spheres, which can be written as the sums of
multiplet layers in the Gel'fand sense.
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1. Introduction

The sequential method [1] and the complex analysis approach [2], including non-standard analysis [3], have been the
main tools used for dealing with products, powers and convolutions of distributions, such as 82, which is needed when
calculating the transition rates of certain particle interactions in physics [4]. Fisher (see [5-10], for example) has actively
used the Jones §-sequence §,(x) = np(nx) forn = 1,2, ..., where p(x) is a fixed infinitely differentiable function on R
with the following properties:

(i) p(x) = 0,

(ii) p(x) = Ofor |x| = 1,
(i) p(x) = p(=x),
(iv) 1, p)dx =1,
and the concept of the neutrix limit of van der Corput [11] to deduce numerous products, powers, convolutions, and
compositions of distributions on R since 1969. The technique of neglecting appropriately defined infinite quantities and
the resulting finite value extracted from the divergent integral is usually referred to as the Hadamard finite part. In fact,
Fisher’s method of computation can be regarded as a particular application of the neutrix calculus. This is a general principle
for the discarding of unwanted infinite quantities from asymptotic expansions and has been exploited in the context of
distributions by Fisher in connection with the problem of distributional multiplication, convolution and composition. To
extend such an approach from the one-dimensional case to the n-dimensional case, Li et al. [12-15] constructed several
workable §-sequences on R" for non-commutative neutrix products such as r=* - V§ as well as r =% - A'§, where A denotes
the Laplacian. Aguirre [16] used the Laurent series expansion of r* and derived a more general product r =% - V(A!$) by
calculating the residue of r*. His approach represents another interesting example of using complex analysis to obtain
products of distributions on R".
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The problem of defining products of distributions on a manifold (the unit sphere is a particular example) has been a
serious challenge since Gel'fand [17] introduced generalized functions of special types, such as Pj\r and 8® (P), where

PP, ) = (D" | wu@).
P=0
Li [18] studied the products f (P)§%® (P) and f (P, Q)8(PQ) on regular manifolds along the differential form line. Furthermore,
he used the delta sequence and the convolution given for P = 0 to derive an invariant theorem, that powerfully converts
the products of distributions on manifolds into well defined products of a single variable. Several examples, including the
products of P} (x) and 6 ®(P(x)), are presented using the invariant theorem. Aguirre [19] employed the Taylor expansion of
the distribution 8~ (m?+P) and gave a meaning to the product § ¥~V (m? +P) -8~ (m?+P). In [20], Li obtained a regular
product f(r) - % (r — 1) on £2 (=0;), as well as computing several new products related to 8 (x) on even-dimension spaces
by a complex analysis method. Recently, Li [21] applied Pizetti’s formula and a recursive structure of A (X'¢(x)) to compute
the product X'§(r — 1). As outlined in the abstract, the goal of this work is to attempt to obtain a generalized product of

d(xq, ..., x)8® (r — a), where ¢ is an infinitely differentiable function, based on the following formula:
; [ k . )
pgyy= Y 2’<m+ >< ‘ )VlAmqsv'Alw.
mtiti=k m m+1

This enables us to expand every functional f of the form
. ¢) = / a > g(x)D¢(x)do
=g
as an infinite expansion in the distributional sense.
2. Pizetti’s formula

We let D(R") be the Schwartz space of the testing functions with bounded support in R" and let r? = Z?:l x,-z. The
distribution § (r — a) concentrated on the sphere O, with r — a = 0 is defined as

6@ —a),¢)= [ ¢do

0q
where do is the Euclidean element on the spherer —a = 0.
We define S, (r) as the mean value of ¢(x) € D(R") on the sphere of radius r by

1
Sp(r) = — / ¢(ro)do
¢ -Qn 2
where §2,, = 27 3 /T (%) is the area of the unit sphere £2 (=0,). We can write out an asymptotic expression for Sy (1), namely

1 1
Sp(r) ~ ¢(0) + is(;(oy2 4ot wsgm(o)rzk 4.

o0 A* ¢ (0)r2
= Z ¢©) (A is the Laplacian)

2kkn(n +2)--- (n+ 2k —2)

which is the well-known Pizetti formula and it plays an important role in the work of Li et al. [ 12,22-24]. Recently, it served
as a foundation for building the gravity formula for the algebra (see [25]).

To the authors’ knowledge, Pizetti’s formula has not been proved as a convergent series for ¢ € D (R") since it appeared
in [26]. Now we are going to show that it does converge by using the Fourier transform and the following formula which
can be found in [27]:

k=0

ixcos@xv Sin2v 0do. (-1)

-1 T
]V(X):W(V-f—;)/(; e

The Fourier transform of 8 (r — a) is defined as
FO@rr—a) = (8 —a), ™) = f e ®?dx.
0Oq
In spherical coordinates (r = |x| = a, p = |o| and 6 is the angle between the x and o vectors) this becomes

F(8(r —a)) = / el®0 030 =1 ¢in"~2 949 dew

T
— anilgn—l eiap cosf Sinn72 9(‘19,
0
where dw is the element of area on the unit sphere in the (n — 1)-dimensional subspace orthogonal to p.
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It is known that the integral on the right-hand side can be expressed in terms of Bessel function by Eq. (1), so we
obtain

NiF(3(r — @) = a"' 2, 1(@p)' 2", 5 (ap)

1 _1
= Qn—laznpl Zn]%(nfz)(ap)
where

21—%71
Ny, = ———— and
r*)r(;)
o k +2k
(=D*(z/2)*
o=y ST
KT (n+k+1)
Therefore,
00 k (ap 2k
n (=D (%)
FOr—a)=2r2a" 1y ——~27_
k; kI (5 + k)
in Z'(R") = F(D'(RY)).
Using the identity in [17]
F(AR8(x1, ..., %)) = (=) p?*
we arrive at

azk

AR, ). 2
2240 (2 + k) ta g @)

o0
S(r—a)=2mw2a""! Z
k=0

Remark 1. The above formula (2) was first obtained by Aguirre and Marinelli in [24] under the condition of Pizetti’s formula
being a convergent series in the Schwartz space.
It follows from Ref. [16] that
2,620 (r) L 2088, x) T (B)
———— =TreS— ol = Pre—
(2k)! 24Kk12k T (3 4 k)

which implies

22Kk (& 4k
ARS (e, ... %) = ¢8(Zk)(r). (3)
' (3)
Hence
2m2a " &K 50 ()

r) = @

8(r—a) =
Since
BT —a),¢)= | ¢do= a”’l/ ¢(ro)do,
Oq 2
we come to

1
So(N) = —55 00 —a).9)

n
1 220" SH S (r
( ")

a2, \ (3 & 2!
_ i 62 0). 9) a0 _ i $529(0) o
e (2k)! s (2k)!

where
@' (3)
22k (5 + k)

from Eq. (3). This completes the proof of Pizetti's formula as a convergent series in the Schwartz space.

sq(bzk) (0) = (8(2k) ), ¢) — Ak ¢(0)
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3. The generalized products on spheres

Following the Aguirre approach, we apply the Fourier transform and the following formula:
-1 k ak
/ 9 —apar= "1 / —(¢r"do
Oa a

to derive an expansion of 8 (r — a), which will be used to study the generalized product of ¢ (x) and 8 (r — a) on spheres
in R" later on.
The Fourier transform of §® (r — a) is defined as

FOP @ —a) =P —a), ™) = / 8O (r — a)e'™dx.
Oq

Employing the spherical coordinates of the previous section, we come to

T ak
= (eirp cos 6 rn—l)

ok sin" 2 6do.

FOP @ —a) = (=12,

r=a

It follows from Eq. (1) that

- 1 n 8’( n
27 ar (" ) P o (r2)ua(rp))

ark

b4 ak .
3 — / 7(elrp cosanfl) sin”72 0do.
r 0

r=a r=a

Therefore,

n ak n
FOO @ —a) = (—1)k23x5 pl™ W(r?]nz;z(l’p))

r=a
Since
Cz+1)

z(z—l)~--(z—k+1):m,

we can directly compute the factor 2 ark (r Z_]n 2 (rp))|r=q to obtain

20" p3 T & (= 1Yp¥ (n + 2j)a?

5 — — - ifk<n-—1,
22 S 20 (5 +)) F(n+2 — k)
ar ak (r ]n 2 (T,O)) . = Zan—]—kp%—l i (_1)jp2jr(n + Zj)aZj ko1
28 G 2 () T2 ’
- 2
where [x] represents the ceiling number of x; for example [3.5] = 4. This implies
00 1V 2 N 2]
K 11—k (=1Yp?I'(n+2j)a .
(—D¥*2mr 24" 222]'!1"(E+')F(n+2'—k) ifk<n-—1,
FOO(r —a) = o o
- - n > —1Ypdr 2j)a?
(=Dk2g2g" 17k Z 4,( 3:'0 - (n+ J)‘? ifk>n—1.
=it 29518 (5 +j) F(n+2j — k)
- 2
Again using the identity in [17]
F(N 8(x1, .., xa)) = (= 1Y p”
we come to
N8(xy, ..., %) (n+ 2))a¥ .
(—Dk2m gt 17k . . ifk<n-—1,
50 ) Z 29 (3 +j) F(n+2j — k)
r—a) = 00 . i
AJS yees X)) 2j)a¥
(~Dk2ria ) ®1 - )P 2)aT

=it 2910 (5 +j) F'(n+2j — k)
In particular, we have for k = 0

8(r—a) =2m2d" —— N1, ..., %)

5 22T (3 +1)

which coincides with Eq. (2) in Section 2.
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It follows from Eq. (3) that

(_1)k2n%an—1—k ) 5(2])(r)1"(n+2j)a21

r(2
S(k)(r _ a) _ (2)

r(3)

(—1),{27'[%(1“717’(

j=r I<—r21+1 1

ifk<n-—1,

= CH'rn+2j—k

X, §YPr)rn+2)a¥
QN (n+ 2 — k)

ifk >n—1.

Remark 2. The above expansions of 8 (r — a) were initially investigated by Aguirre in [28], where he derived several
implicit expressions without the cases k < n — 1 and k > n — 1, but with certain additional conditions on the Gamma
function, such as I'(n) = oo ifn < 0.

Clearly, we get from k = 0
i & 8H M)
r@i;) = @t

which is the same result as was obtained in Section 2.
In order to study the generalized product of an infinitely differentiable function ¢ (x) and § % (r —a), we need the following
important lemma.

§(r—a) =

Lemma 3.1. Let ¢(x) and y (x) be infinitely differentiable functions. Then for k =0, 1,2, ...,

i l k . .
sron= 3 2" (L) vaneviaty @)
m+i+I=k m m+1
where V. = 9/0x1 + - - - + 0/0x, is the gradient operator.

Proof. We use induction to prove the formula. Assume that k = 0; it is clearly true since both sides are equal to ¢ 1. Suppose
it holds for some integer k > 0 and we need to consider the k 4+ 1 case. Obviously,

AkH _ i(m+ 1) ( k > Vi AT $Vi Al
(o¥) m+§i+l=k2 ( m m+ A( ¢ V)
and

A(vl AM ¢VI Alw) — Vi Am+1 ¢Vl Al'(/f + Vi AM ¢vl AH_l w + 2Vi+l A™ ¢Vi+l Alw

(1>

Lh+L+1

by simple calculation.
Replacing m + 1 by m, we calculate

: l k . l ! . .
> 21(m+>< 3 )11: )3 2,<m+>< k >V1Am+l¢valw
mtitl=k m m+1 mtitl=k m m+1

Am—=1+1 k . .
= 2! ViAT pVIA Y.
Z ( m—1 )(m—1+l> ¢ v

m-+i+l=k+1

Similarly,
p(m+1 k iAm i Al
E 2 VAT OV ATy
m m+1

(m+1 k
2 (") ()=
M=k m m+1 miti=k

: -1 k ; .
= Z 2'<m+ >< ‘ )v'A"'qsv'A’w.
mAi+l=k+1 m m+1—1
As for I,

3 zf<m+l>< ,:_l)13= 3 2i+1<m+1)< Ijrl)vi“A’"dﬁi“A’W
m m m m

m+i+l=k m+i+l=k

_ i(m+l k iam i Al
= Y 2( . )(m_H)VA dViAly.

m+i+l=k+1
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By direct calculation,

m—141 k N m4+1—1 k n m+1 k _(m+ k+1
m—1 m—1+1 m m+i—1 m m+1) U m m+1)"
This completes the proof of the lemma. O

Theorem 3.1. Let ¢(xq, ..., X,) € C*(R"). Then the generalized product ¢(x1, ..., x,) and A*S(xq, ..., xy) exists and

Pt x) DS x) = 21‘(—1)"("'“) <mlj_l>ViAmq)(O)ViA’(S(xl,...,xn).

M=k m

Proof. Clearly, ¢ (X)y (x) € D(R") if ¥ (x) € D(R") and ¢ (x) € C*°(R"). Hence
@1, x) AR, o Xa), Y, X)) = (A8, %), P, XY (K X))
m+ k ; )
= Z 2'< +>( )V’Aqu(O,...,O)V'A’x/J(O,...,O).
mtiti=k m m+1
The result follows from
VIANY(0,...,0) = (=1)(V A SR, -, %), Y1, - X))
By Eq. (3), we come to
@K!r (3) Co(mEN (ko .
X1, .. x)8 () = ——— 2/ 2i(=1) VIAT$O)VIA S(xy, ..., xp).
22Kk (3 + k) HH;:,{ m m+1
In particular, we have the following products by Theorem 3.1:
X8(X1,...,%,) =0,
XAS(X1, ..., Xn) = —2nVE(X1, ..., Xp),
XA28(x1, ..., %) = —4nVAS(Xq, ..., %),
X2A8(x1, ..., Xy) = 208(X1, ..., Xn)

where X = Y 1x =x +X + -+ + Xp.
Furthermore, we have the following generalized products from Theorem 3.1:

LX) NS, ... %) T (n + 2j)a¥

(o]
(1 andarik Y P
p 29U (5 44) I'(n+2j — k)

= (-Df2r gk i r(n+2j)a”

22U (5 +) T (42— k)
. m+1 i . .
x Y 2=y ( + ) ( ! > VAT )V Al S(x1, ... Xn)
mitl=j m m+1
® ifk<n-—1,
R PR B ) MG ) 2j)a”
iy 2910 (5 +j) F'(n+2j — k)

= (—1)f2r 3"k i I (n+2j)a”
=% 29518 (5 +j) F(n+2j — k)
=

. m+1 i . .
x Y 2= ( N ) ( ! ) VIAT GOV Al S(xi, .., Xn)
mtiti=j m m+1
ifk>n—1. O
4. The characterization of multiplet layers
We consider a manifold S given by P(x1, x5, ..., X,) = 0, where P is an infinitely differentiable function such that
dP oP oP oP 40
radP={ —, —,..., —
& 0x1 0Xp 00Xy,

on S, which therefore has no singular points.
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Take two functions P(x) and Q (x) such that the P = 0 and Q = 0 hypersurfaces have no singular points. We now assume
that these surfaces fail to intersect and that the PQ = 0 surface also has no singular points. We have the following theorem
from [18].

Theorem 4.1. Let f be an infinitely differentiable function of two variables. Then the product f (P, Q)5(PQ) exists and

0, P,0
fP,Q)8(PQ) = I QQ)5(P) +f( P )S(Q)-

In particular, we get

P§(PQ) = 8(Q) and Q8(PQ) = §(P),
8(PQ) = Q'8(P) +P718(Q).

If Q is non-vanishing function, we obtain §(PQ) = Q ~'8(P) from Q8(PQ) = &(P). Then taking the derivative with respect to P
gives

Q8'(PQ) =Q'8'(P) implying §'(PQ) = Q*8'(P).
In a similar way, we have for any k > 0 and Q # O that
8(k) (PQ) — Q_(k+l)8(k) (P),

which appeared in [18].

We can easily obtain an infinite expansion for 8 ((r — a)Q) since Q ~**+V is an infinitely differentiable function from the
previous result.

According to Gel'fand, a functional of the form u(x)8*="(P), or

/ (08D (P) = / Ot (1),
P=0

is called a k-fold layer or distribution on the P = 0 hypersurface, where

ok é
(,()k((P) = m (ap/axj> dX] o de_]de+1 e dxn.

In particular, a singlet or simple layer (k = 1) is given by

(LGOS(P). ) = f o= f 0o(u)

while a doublet or double layer (k = 2) is given by

(WS'(P), §) = f 01 ().
0

The function 14(x) in these expressions is called the density of the corresponding layer.

The definition that we have given would not be consistent if it were to depend on the form in which the P = 0 equation is
written. It is found, however, that the statement that some functional f is a k-fold layer is independent of the form of this equation,
and that if it is transformed from P = 0 to a(x)P = 0, where a(x) is some non-vanishing function, only the expression for p(x)
will change. This can be seen from the following:

p@)8* D (@P) = p®)a@)$* P (P) = n ()8 D (P).

It is well-known that in one dimension every functional concentrated on a point is a linear combination of the delta function and
its derivatives. For n > 1, we have a similar role played by generalized functions, 8(P), 8’ (P), . .., 8 (P) (the derivatives of §(P)
with respect to the argument P). We wish to show that every functional f of the form

. ¢) = f Y g(x)Dp(x)do
P=0 j

can be written as the sum of multiplet layers. From the above, we may use any convenient form to specify the P = 0 surface. Let
us assume that we have written it in a way that P(x) is the distance from x to the surface, so that the associated differential form
coincides with the Euclidean element of area of do. Then

. ¢ = / D g@D¢w = / o (Zaj(X)Uqb(X))
P=0 F 0 j
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(52, 3 aDise) = > (-1 (DasP), ¢)
J

D EW D S as®e), ¢ ) = (D b0s® P,
j k k

where

be(®) = Y (= 1Vap(®).

]

Hence

f=Y bxs®P).
k

In particular, if P = r — a we can obtain the product of b(x)§® (r — a) since b(x) € C®(R") from the previous section.
Therefore, we could write out an infinite series for such an f in the distributional sense. O
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