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Abstract: For any Schwartz testing function ¢, the distribution (%) (12 — ¢2)
focused on the sphere O; of r =t in R" is defined by

(—1)F o\ .
(5(k)(r2 _t2)7 (z)) — W/Ot (2r8r> (¢r Q)dOt,

which is the solution of the wave equation with the initial conditions described
below in a space of odd dimension:

82
_ w)
u(z,0) =0,

(A u=20
ou(z,0)
ot

We apply the well-known Pizzetti’s formula

= (=D)k2rxF 15 ().

1 1
Sar) ~ 0(0) F SO o+ S O

B 0 Akgb(O)T%
B ;:()Qkk!n(n+2)~--(n+2k—2)

to derive an asymptotic expansion for the distribution §(*)(r? — ¢?) and obtain
an asymptotic product for X §() (r? — t?) based on the formula

INCOEEDY 2i<m+l>< " )V%%-vww.

m m+ 1
m-ti+l=k +

This product should have potential applications in seeking certain solutions for
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the differential equations involving the gradient operator V in distributional
sense.
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1. Introduction

The singular function §(z), which is widely used in physics and mathematics,
was introduced by Dirac in 1920 as follows:

(i) 0(z) =0 for = # 0,
(ii) 0(z) = oo for x =0, and

o0
(i) [ o) f(e)ds = £(0).
—0o0

It is clear to see that the above definition of d(x) contradicts with the in-
tegral theory in terms of Lebesgue sense, and hence it can not be properly
defined within the framework of classical function theory. In elementary par-
ticle physics, one finds the need to evaluate % when calculating the transition
rates of certain particle interactions [1]. Schwartz [2] established the theory of
distributions by treating singular functions as linearly continuous functionals
on the testing function space whose elements have compact support. Although
they are of great importance to quantum field theory as well as differential
equations, it is difficult to define products, convolutions, and compositions of
distributions in general. The sequential method ([3], [4], [5], [6], [7], [8], [9]
and [10]) and complex analysis approach ([11], [12] and [13]), including non-
standard analysis [14], have been the main tools in dealing with those non-linear
operations of distributions in the space D'(R"™) with many results. However,
little progress has been made towards obtaining asymptotic products for com-
plex distributional multiplications that cannot be carried out by any existing
methods. As outlined in the abstract, we will develop an asymptotic expansion
of the distribution §*)(r2 — t?) by Pizzetti’s formula and initiate a move to
obtaining an asymptotic product for X* §(*) (r? —2) that failed to be computed
by other techniques.

To make this paper as self-contained as possible, we start with the concept
of the gradient inner product of two functions and several theorems given in
[15].
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Let ¢(x) and ¥ (z) be infinitely differentiable functions of n variables. The
gradient inner product ¢ -1 is the operation satisfying the following properties:

(i) Vig -4 = (Vig)y;
(ii) ¢ - Vig = ¢(VIg);
I : 9o
(ii)) V/¢ - Viy = Z} gg%—ﬁw,

where V = 0/0x1 + - - - + 0/0x,, is the gradient operator and j =0,1,2,---
Let X =Y 2; and A = 9%/023 + --- + 9*/02% . Then it follows from a
simple calculation that

¢ - = Py

VX - ¢=ng;

VX V¢ =Ve;

V2X2.V2¢ = 2V2¢;

ViX® .- Vi = slVig;

Ng-p) = D(oY) = Ap -+ ¢- Ap+2Ve - Vi,

AV -Vip) =VAG- Vi) 4+ Vo - VAY +2V3¢ - V3.
for s=0,1,---.

Lemma 1.1. Let ¢(x) and ¢(z) be infinitely differentiable functions. Then
fork=0,1,2,--

Aoy = S 2@'(7””)( " )quﬁ-vww 1)

- m m + 1
m~+i+l=k

Theorem 1.2. Let ¢(x) € C°°(R"™). Then the distributional product ¢(x)
and A*§(x) exists and

o(x) ko(x) = Y 2@'(-1)@'(7””)( K )vm%(ovaa(@ (2)

m~+ti+l=k m m+1
fork=0,1,2,---.
It follows from Theorem 1.2 that

Xo(z) =0,
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XAd(x) =—2Vi(x),

XNA%(z) = —4VAS(z),
XAR5(2) = 26V AR5 (),
X2A6(x) = 2nd(z),

X2AF§(x) = 2nk AP (2) + 22k (k — 1) VAR 26(x),
X3N6(x) =0,
X3Ak5(x) = —12nk(k — 1)VAF25(2) — 28k(k — 1)(k — 2)V3AF36(x),

for k=0,1,2,---.
On the other hand, we can directly use an induction to show that

AF(X¢) = 2kVAF 1o + X NEg

which also claims that XAF§(z) = —2kVA*~15(x) in the above. It is obviously
true for kK = 0. Assume it holds for the case of k > 0, that is

AF(X¢) = 2tV A g+ X AR .
Therefor,

AFFLXp) = AN (X @) = AREVAF g + X AFg)
= 2kV ARG + A(X AP )
=2(k +1)VAFg + X AR,

Similarly, we can get

AF(X20(x))| = 2nkAFLe(0) + 22k(k — 1)VZAR24(0),

=0

which claims
X2AFS(2) = 2nk AR5 () + 22k (k — 1)V2AR25(2).

However, it seems very difficult or impossible to write out an explicit formula
of the general product X5AF§(z), for any positive integer s, by a direct compu-
tation [16]. We shall employ Theorem 1.2 to give a complete proof of Theorem
1.3 to show readers a way of computing the gradient inner products, although
it can be found in [15]. This product plays an important role in obtaining an
asymptotic product for X* 5% (72 — ¢2) in the next section.
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Theorem 1.3. The distributional product X*A*§(x) exists and

25 k! vf: nd Vo2 AR YIS (1)
52— s 1 )i(s — 2))!
XSAk(;(.T) _ Jj=0
251! & I Vo2 AR () if s is odd
— sl ; 22.7.]‘(k—3—|—.])'(3—2j)' 1I § 1S O .

if s is even,

where ATP = 0 for any positive integer p and k,s = 0,1, 2,

Proof. Assume ¢(x) = X*® and s is even. By Theorem 1.2,

o)) = Y 2i(—1)i<m“)< K )vm%(oyvm’a(x).

, m m+ 1
m~+i+l=k

Note that all non-zero terms in the above sum require 2m + ¢ = s. So,
o(2) AF3(x)
k — k
— 28 _1 S
() (2 )7
2372(_1 ( _5+2> ( >Vs 2A¢( ) stQAkferlé(x)_i_

95-4(_1)5 ( —s+4
.2.0:1)0 (Z;;) (k 4§ 1) VONS24(0) - VOAK/25(z).

6(0) - VP AF 05 (x) +

( >VS 4A2¢(0) . VS_4Ak_S+25(m) +

Clearly we have by the gradient inner product

VE(0) - VEAF 35 (x) = sIVEAF565 (),
VE2A0(0) - VI 2AR=5HL5 (1) = nsI V2 AR FL5(2),

VOAS24(0) - VOAF3/25(2) = n/2sIVOAR=5/25(x).
Therefore,

() A6 (x)
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= QSﬁvsAk—sé(x) +
2 1(k — STfij!!(s —2)! VERARTS S (2) +
2
28_42!(k _ Sn+k2!.)s!!(s 0 VETAAR=S 25 () 4
o s/2L1g)
’ (3/2)7@, —'S'/Q)!O! VOAk—s/25(x)

5/2 jx75—25 Nk—s+]

225 j1(k — 5+ 5)!(s — 25)!"

J=0

The case that s is odd follows similarly. This completes the proof of the theorem.

Theorem 1.4. Let f(z) € C*(R). Then the distributional product
f(X)A*§(x) exists and

fX)aks@) = zi(—l)i<m+l>< b >nmf<2m+i>(0)vwa(x).

m-+i+l=k m m+1
for k=0,1,2,---.

Proof. 1t easily follows from Theorem 1.2.
We define Sy(r) as the mean value of ¢(x) € D(R™) on the sphere of radius
r by

Solr) = - /Q o(2)d02

where Q,, = 27T%/F(%) is the surface area of unit sphere » = 1 and df2 is the
hypersurface element on it. We can write out an asymptotic expression for
Sg(r) (see [17]), namely

1 1 1
So(r) ~ ¢(0) + 5 SHO)* + -+ + —(%)!sfk)(c))r% g
N AFG(0)r2*
B szk!n(n+2)---(n+2k—2)

k=0

which is the well-known Pizzetti’s formula and it plays an important role in the
work of Li, Aguirre and Fisher ([8], [9] [10], [18], [19], [20] and [16]). Recently,
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it served as a foundation of building the gravity formula on the algebra (see

[21]).

Remark 1. Pizzetti’s formula is not a convergent series for ¢ € D(R")
from the counterexample below.

L 1Y ifo 1
qb(ac):{ exp{ T2(17T2)} ifo<r<l,

0 otherwise.

Clearly, ¢(x) € D(R"™) and Sg(r) # 0 for 0 < r < 1, but the series in the
formula is identically equal to zero. Obviously, Sg(r) — 0 as » — 0. However,
it converges in the space of analytic functions from reference [22].

Using a slightly different approach from one presented in [22], we will show
that the distribution u = §*) (r2 — 2) is the solution of the wave equation with
the initial conditions, given below, in a space of odd dimension for some value k.
Following our method, we will derive an asymptotic expansion for §*) (12 — t2)
in terms of A7§(z) to obtain an asymptotic product for X*6() (2 — ¢2) .

62
A _—— =
(A= g =0
u(z,0) = 0, 8“5;’0) — (—1)F2rk 6 ().
It follows from Gel’fand [22] that
d oP
2 sEpy= Z_sk+)(p
5 P) = o (P)
P§(P) =0,

P& (P) + P§(P)
P§"(P)+26'(P) =

where P is a regular manifold. Therefore,

(2 — 12) §k+2) (2 —12) = —(k + 2)5(k+1)(7,2 _ ). (3)
Clearly,

0

8—%5%) (r? — %) = 22;00 D (r2 — #2),
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2
%5“’) (r? — %) = 20T (2 — £2) 4 4226 K H2) (72 — 42).

J
So that
noo92

% = 2n(5(k+1)(7‘2 — %) +4(r* - t2)(5(k+2) (r? —t?) + 4t25+2) (r? — 1)

4
j=1 J

= (2n —4(k +2))6F TV (12 — %) + 4262 (2 —¢2),

using equation (3).
Similarly,
62

ﬁd(l@) (,r,2 o t2) _ _25(k+1) (T2 o t2) + 4t25(k+2) (T2 o t2),
J

which implies

2
AR (12 — 2) — %5%) (r2 —t?) = (2n — 4k — 6)6*F TV (12 — ¢2),
J

This disappears when k = (n — 3)/2, so that if n is odd and k = (n — 3)/2, the
distribution 6% (r2 — #2) is a solution of the wave equation

82

(A= @)U:

0.

In particular, §(r?—t?) is a solution of the above equation if n = 3. Furthermore,
we note that

(00" =), ¢) = (_21)k /Q [<2réj9r>k (¢r™)

which implies that the integrand for n = 2k + 3 becomes

k
<2r68r> (or**h).

Each application of the operator r~'9/dr reduces the power of r by two. After
k such operations on ¢r2*T1 we obtain a sum each of which contains r at least.
We now set r =t and allow t to approach zero, getting

0,

r=t

lim 6 (r? — ¢2) = 0.
t—0
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To show that it satisfies the second initial condition we have

(k) (.2 _ 42
94 (gt t*) _ —2t(5(k+1)(7"2 —t2),
which yields when applied to ¢
1 k o k+1
21! 2) /Q [<2rar> (pr#* Ty dQ. (4)
r=t

On the other hand,
§ \ kL 1 o \ Kt
(5r) G =g [ (55) @

2ror

Obviously,
o \ktl - B 5 \J o \ ki oot
<2r6r> (S (r)r )= ]Zo ( J > <27‘87‘) Sa(r) <2r6r> " '

Hence equation (4) becomes

k+1—j
9 > F2k+1

H-1)kQ, % (k ; 1) (27'6:97">j 5(r) (27"87“

J=0 r=t
and let ¢ approach zero, we get
e 2k + Dl e (2k+ 1N
(=1) Wﬁn&ﬁ(o) =(-1) WQ,@(O)
since only the first term in the sum with j = 0 survives. Clearly,
s oa btz
— _ s

I = U(3)  D(E8) 2k +1)!

so that we finally come to

) (2 42
00 (gt t ) 3 _ (—1)k27rk+1(5(l‘),

which completes our proof.
Remark 2. It is clear to see that the distributional product
(r* = £2) 6EF (1% — £7) = —(k + 2)6* D (r? - ¢)

plays a key role in obtaining the solution of the wave equation with the initial

conditions.
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2. An Asymptotic Product

For a testing function ¢ € D(R"™), the distribution 6(r — ¢) is defined by

(5~ 1), 6) = 7 [ oo

It follows from reference [15] that

e tEARS(2
S(r—t) ~2m2t lzz%k'r )), (5)

which is equivalent to the well-known Pizzetti’s formula. In particular, we
obtain an asymptotic expression

= ARz
5(r—1) ~ 272 Zz%k;'r sy (6)

From equation (5), we can write out

S(r—t) ~ Qut"16(x) + L thA(S(x) + MA%@;) 4o
2n An(2n +4)
orBn-1+2k
PRRT(E +h) o)+
It follows from reference [12] that
Q, 60 () N QW AF(2)T(3)
o IS =—n-2kT
(2k)! T ORRPT(E + k)
which implies
22K T (2 + k)
k _ 2 (2k)
B4o(w) = iy 00) @
So that
1§: 25 on
Ir—t) ~ Q" —'5 ()
— (2k)!
n+1 n+
= Q)+ s )+ s ) 4
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Note that 6(r) = d(x), since

(0(r), ¢(x)) = 55(0) = ¢(0) = (6(x), p(x)).

It follows from Theorem 1.2 and equation (7) that

$(x) 649 (r)

_ (2R)'T(3) i i(m+l k i Am i nl

~ 9% RIT (2 i_ %) mHZ_HkQ (—1) ( m ) <m+l>v A"p(0) - VIA ().
for any ¢(z) € C*°(R") and k=0,1,2,---.

In particular, we have for kK = 0 that

¢(x)6(r) = ¢(0)d(x).

Assume that n is even and k < (n — 2)/2. Then

k
0 Fn—2+2j
2ror

1 .
:?(n—2+2‘]’)(n—2—|—2j—2)...(n_2+2j_2k+2)rn72+2]72k

for any nonnegative integer k. If k = 0, we define

(n—2+2j)(n—2+2j—2)--(n+2j—2k) = 1.

Clearly,
—1)k d \"
@B (2 —1?), ) = (2) /Q[(%ar) (or" 2| dQ
r=t
~FQ, (0 \F _
- ( ; <2r8r> (Sp(r)r" )
r=t
From
Solr) ~ ¢<0>+%S;;<o>r2+---+@sgmowu---
o DT $(0)r%
N j;)zjj!n(n+2)---(n+2j—2)’
we get

(5(k) (TQ - t2)7 ¢)
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(—1)FQu 2720 XL (0 — 24 25) -+ (n+ 25 — 2k) %

J
which implies
_1\k n—2—2k o N . 25
(2 _ 2y o D Ot G 0 2 2)) - (n 42—

2k+1 = 2jlnn+2)---(n+2j—2)

In particular, we have for n > 2

Q" & 29 NI §(z
(5(7”2 —t2) ~ Z - 'n( ( )

2t p= n+2)---(n+2j—2)
Q"1 Q"1 Q"3
T R sl GO s R CO R
1
by the previous calculation. Similarly,
502 — ) Q" S (n—242)) 9 A(x)
" 4 ZYjlnn+2)-(n+2)-2)
Qn(n —2)tn4 Q,t" 2 Qut™ 5
= ——————(x) - ——Ad(x) — =——A%

for even n > 4, and

512 — 12) Ot~ Gi n—2+2] )(n + 25 — 4) % AI§(x)
8 = Jiln(n+2)---(n+2j —2)
4)¢n 0 Qn(n — 2)tn—*
_ (- )én ) 5(z) + (n 16) AS(z) + - |

for even n > 6.
Next, we assume that k£ > (n —2)/2 and n is still even. Then

59 (12 2) ~ (—1)kQ, tn—2-2k i (n—2+2§)-(n+2j —2k)t¥

j
o+ T 1) (mta 2 0w

j: 2k72n+2

by following the above calculation.
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In particular for kK = 1 and n = 2, we have

LMt N 25t AI(x)

§'(r? —1?) - ,
4 LL2 12425
7j=1
= ——Ad(x) — ——N*6(x) —---
and for £k =2 and n = 2, we get
Qo™ X 25(27 — 2) tP NI ()
5 (r2 —42) ~ 2 ‘
(r ) ] Z 2 j12.4....2j
= ZA 28 A
ci o(z) + 683 S(z) +

In summary, we come to

Theorem 2.1. The following asymptotic expansions hold in a space of
even dimension and for k < (n —2)/2,

§®) (r2 — %)

(—DPQu" 22 (=24 2)) - (n+2j — 2k) Y
~ ok+1 2 jiln(n+2)-- (n+2j—2 L7o(x),
= Yjln(n+ ) (n+25 —2)

and for k > (n —2)/2
5" (r? — )

—1)kQ 2% & —2425)--- 2j — 2k) 1Y .
D SR A RUUR DL
25+ 2jlnn+2)---(n+2j—2)

- 2k— 2
j=2k=rt

Note that the case that n is odd can follow similarly and we leave it to
interested readers.

Remark 3. Aguirre and Marinelli [23] investigated the series expansion of
5(k) (r? —t2) using Pizzetti’s formula and the Gamma functions. However, their
expansion may involve I'(x) for x < 0 if k is large, which is undefined in the
normal sense.

Theorem 2.2. The asymptotic products X*6™") (r2 — t?) exists in a space
of even dimension n and for k < (n —2)/2 and s is even,

X55k) (r? — %)
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(—D)FQutn 2720 XL (0 — 24+ 25) - (n+ 25 — 2k) %
o+ —~ 2 jln(n+2)- - (n+2j—2)

X3 AI5(x)

_(—1)kQ,sltnm22k i § n—2+42j5) - (n+2j —2k)t%
B 2k—s+1 29 n(n+2)-(n+2j—2)

7=0 =0
nivs—2i&j—s+i5( )
2%41(j — s+ 1)!(s — 20)!

and for k > (n —2)/2 and s is odd,

X550 (r? — ¢2)
(—1)kQ,tn—2-2k i (n—2+25)(n+2j—2k)t¥
2k+1 2 ln(n+2)---(n+2j—2)

XSAI§(x)

(LRI, st & % (n—2+2) (n+2j — 2k) %
N Qk—s+1 2in(n+2)---(n+2j —2)

- 2k— 2 4=
j= 2n+ =0

nivs—2i&j—s+i5(x)
22§1(5 — s +14)!(s — 2i)!

Proof. It easily follows from Theorems 2.1 and 1.3.
In particular, we have

Xo(r* —t?) ~ L V5( ) — MVA(S(QT) — for even n > 2
2n(2n +4) ’ v -7
n—2 n
X6 (r* — %) ~ Qn Vo(z) + {at () + -+, foreven n> 4.

4

To end this paper, we must add that the asymptotic product X*6®*) (r? —t2)
should have potential applications in seeking certain solutions for the differen-
tial equations involving the gradient operator V in distributional sense. For
example, we know that

0
—5(r% — %) = 220" (r* — t*
8x] ( ) J ( )
which implies V§(r? —t2) = 2X ' (r2—t2). This product, of course, can be solved
approximately using Theorem 2.2. Generally speaking, the factor V*§(r? — t2)
will produce many terms containing the products X*6) (12 —#2) for some values
of i and j, which may appear in certain types of differential equations.
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