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SEVERAL PRODUCTS OF DISTRIBUTIONS ON
MANIFOLDS

C. K. L&

Abstract. The problem of defining products of distributions on man-
ifolds, particularly un the ones of lower dimension, has been a serious
challenge since Gel’fand introduced special types of generalized functions,
which are needed in quantum field. In this paper, we start with Pizetti’s
formula and an introduction on differential forms and distributions defined
on manifolds, and then apply Pizetti’s formula and a recursive structure of
N (X'¢(x)) to compute the asymptotic product X'5(r—1). Furthermore,
we study the product

8'”“6(131, L Py)

J(Br,--- ) T o

on smooth manifolds of lower dimension, which extends a few results ob-
tained earlier. Several generalized functions, such as §(QPi, - ,QPx)
and §(Q1Py,- - ,QrPx), are derived based on the transformation of dif-
ferential form w.
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1. Pizetti’s formula and differential forms

The simplest example of a generalized function concentrated on a manifold
of dimension less than n is one defined by

(f. &) = /S f(2)é()do,

where S is the given manifold, do is the induced measure on S, f(z) is a fixed
function, and ¢ € D(R™).

As an example, let us consider the distribution 6(r —a), where 72 = """ | 2
and a > 0. The equation r — a = 0 defines the sphere O, of radius a. We have

(6(r —a), ¢) = /O 6dO,.

where dO, is the Euclidean element on the sphere r — a = 0.
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To make this paper as self-contained as possible, we begin to state Pizetti’s
formula and briefly introduce differential forms in the following, which are ex-
tremely helpful in defining distributions on manifolds in an invariant way. Please
refer to reference [I] for detail.

Assume do is the Euclidean area on the unit sphere Q (= O;)in R", and
Sy (r) is the mean value of ¢(x) € D(R™) on the sphere of radius r, defined by

Se(r) = Qin/gqb(ra)do’

where Q,, = 272 /T(%) is the hypersurface area of Q. We can write out an
asymptotic expression for Sg(r)(see [1I] ), namely

1 1
Se(r) ~ ¢(0)+asg(oyu...+m5;2k>(0)rzk+“_

0o Ak¢(0)r2k
- A is the Laplaci
kzﬂ2kk!n(n+2)...(n+2k_2) ( 1S the apaman)

which is the well-known Pizetti’s formula and it plays an important role in the
work of Li, Aguirre and Fisher [2-10].

Remark: Pizetti’s formula is not a convergent series for ¢ € D(R™) from the
counterexample below.

B exp{—ﬁ} ifo<r<l,
o(@) = { 0 otherwise.

Clearly, ¢(z) € D(R") and Sy(r) # 0 for 0 < r < 1, but the series in the
formula is identically equal to zero. Obviously, S¢(r) — 0 as r — 0. However,
it converges in spaces of analytic functions from the reference [I].

A differential form of kth degree on an n-dimensional manifold with coordi-
nates x1, T2, - , Ty, iS an expression of the form

E Qiyig-iy (x)d‘rlldxlz T dxika

where the sum is taken over all possible combinations of &k indices. The coef-
ficients a;,i,...i, (x) are assumed to be infinitely differentiable functions of the
coordinates. Two forms of degree k are considered equal if they are transformed
into each other when products of differentials are transposed according to the
anti-commutation rule

dacidxj = —d.l?jdl‘i
and all similar terms are collected.

This rule implies that if a term in a differential form has two differentials
with the same index, it must be zero. It can be used to write any differential
form into canonical form, in which the indices in each term appear in increasing
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order. Clearly, the anti-commutation rule holds for any differential forms of first
degree. Indeed, let a =" a;j(z)dz; and B = ) by(x)dxy; then

af = Za] x)dz;dxy = Zaj z)drrdr; = —PBo.
Let us find how differential forms transform under an infinitely differentiable
change of coordinates given by x; = x;(a}, x5, -+ ,z.). We have
ozx;
dr; = 3 fdx;
=1 9%
and

ox; ox;

— P ke ooooda!

g Ay ..ip A4, - - - dxy, = E E R 9 dxj, ---dzj, .
J1 Jk

i1 <<l 1< <l J

In the sum we have obtained, the terms in which the same differential occurs
twice will vanish. Different terms containing the same combination of differen-
tials can be combined using the anti-commutation rule, which holds also for the
dz;. Then it follows that for j; < ja < --- < ji, the coefficient of dz’, ---dzj,
is multiplied by the Jacobian

D (xll Tiy = xlk)
S
ZZ:]1 sz Ly,
We thus arrive at

_ ’ N
E Qiy i ATiy -+ - dxy,, = E aj, .. dw; - -dy

1< <ip J1<<Jk

CL/- iy, = E D “ 12 tk Qjyngy
J1 )k x] "If e gl 1 k
1

i< <ig Tk

where

The exterior derivative of a differential form
o= Z Gy i ATy -+ - dT4,
is defined as the (k 4 1)st degree differential form
da= 3" (Z aag U g ) dw;, -~ dag,,
irin \ i Li

which, of course, can be simplified by using the anti-commutation rule. Let a(x)
be a scalar function. Then

alglcZ
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It is easily shown that according to the anti-commutation rule, any differential

form « satisfies the equation
dda = 0.

Let us assume that

o = E ail...ikdxil d(Elk

and the claim holds since

(92041'1.4.% (CL‘) - 82(11-1...1-,9 (SL’)

8@-8@ 833.7- 8%,

and the anti-commutation rule

dl‘idl‘j = —dxjdxi.

Let o be a differential form of degree n — 1 defined on some bounded n-
dimensional region G with a piecewise smooth boundary I We assume an
orientation of G corresponding to the positive direction of the normal to T

Then

[ o= [a

which is called the Gauss-Ostrogradskii formula.

As an example, consider a second degree form « given below in three dimen-

sions
o = ar1drodrs + asdrsdry + asdxidrs

and its exterior derivative is

Oay Oas + %)dl‘ldl‘gd.ﬁg,

do= (5 * o0, om

so that the Gauss-Ostrogradskii formula turns to be

0 0 0
/ ardradxs + asdrsdry + asdxidrs = / (ﬂ + gaz + ﬂ)dxldxgd.’lﬁg
r q Ory  Oxg  Oxs
which is seen in calculus.
We consider a manifold S given by P(x1,x9, - ,z,) = 0, where P is an

infinitely differentiable function such that

gradpz{ap oP ap}#o

Oxy’ Oz’ Oz,

on S, which therefore has no singular points.

The differential form w is defined by

dP -w = dv
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where dv = dx1 - - - dx,,, and dP is the differential form of P. Note that if P(x)
is the Euclidean distance of x from the P = 0 surface, the differential form w
on S coincides with the Fuclidean element of area do on S.

Since gradP # 0 on S, there exists j (1 < j < n) such that 9P/dz; # 0. We

may introduce a local coordinate system wuq,us, -, u, to be
(1) U =21, ,u; = P(x), - Uy = Ty,
Then

o(0)=[2C)] - o7

dl‘l te dxj_lda:j+1 s dIn

and thus we may set

w = (—1)74_1

We naturally define the characteristic function 6(P) for the region P > 0 as
(0(P), é(x)) = ¢(x)dz
P>0
where ¢ € D(R™), and the generalized function §(P) by
(0(P), ¢(x)) = G
P=0

Kanwal [12] studied certain distributions defined on the surface X(¢) and their
extensions to the whole space. The basic distribution concentrated on 3(t) is
the Dirac delta function, whose action on a test function ¢(z,t) is given by

_ [ :C /E , Sanas@ar

where dS(z) is the surface element. Observe the special treatment of time in
the above integral. The integration with respect to the space variables is surface
integration while that with respect to time is ordinary integration.

According to Kanwal, the relation between §(P) and §(X) is given as

) o) = | 6040y

5(%)
0(P)=——=.
(P) |grad P
Another way of introducing the distribution 6(P) is used by DeJager [13];

which implies
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Similarly, its higher derivatives can be defined as

1
SM(P) = lim =[6* V(P +¢) -6 D(P), k=1,2,---.

c—0 ¢
It follows from DelJager [13] that

(6(P), 6(z) = lim~ o(z)ydS(z)

=0 ¢ Jo<p<e

1 dS(z)
= 1 —_ .
20 ¢ P=0 o) |grad P|

dS(x)
P=0 (=) |grad P|

which coincides with the Kanwal’s result.
It was proven in [I] that

96(P) P
8xj - 8;vj

5(P).

We shall first add the following identity, which has never appeared so far, ac-
cording to the author’s knowledge

9(P) _
Indeed,
o6(P 0
0D () = ~(0(P), o))
Since ¢ = ¢(z1,x2, - ,x;(P), - ,xp) by the substitution of ([I), we come to
o Po(x) 1 [ 90() 1
~(P). 550 = ~0(P), ) = . s
On the other hand,
(0(P), ¢(x)) = (z)w.
P=0

Let us assume that P > 0 defines a bounded region. Then we may apply the
Gauss-Ostrogradskii formula to the above integral over this region and to the
differential form of degree n — 1 in the integrand. We also use the fact that P
increases into the interior of the region to derive

(2)w = — /P A0

P=0
and d¢(z) 1 o 0 Ip(x) 1
_0p(x) 1 9 (Pivgy = 29\
d(¢(z)w) = o, %dl‘ + Cﬁazj ( P )dx oz %d%
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which implies

. oP
>0 ax] ox;

0 1
(x)w = —/ o) —5dx.
P=0 P
Hence the identity holds on any bounded region.

If P > 0 does not define a bounded region, we replace it by its intersection
Gr with a sufficiently large ball |z| < R outside of which ¢(x) is known to
vanish. Let I'p be the boundary of Gg, we have

. (2)w = —/G () aide.

R al‘j 789:]'

Now, since ¢(z) vanishes outside of |z| < R, we arrive at

9¢
Tw = — —dx,
o= [ 55

which completes the proof.

It is well known that in one dimension every functional concentrated on a
point is a linear combination of the delta function and its derivatives. For n > 1,
we have a similar role played by generalized functions, §(P), &'(P),---, 6 (P)
(the derivatives of §(P) with respect to the argument P), which we shall define
based on the differential forms wy(¢) given by

wo(¢) =¢ w,
dwo(¢) = dP - w1(9),

where d denotes the exterior derivative. Now we are able to define
6OP). 0= (-1 [ o)

for k=0,1,2,---, since the above integral over the P = 0 surface of any of the
wi(¢) is uniquely determined by P(z). Furthermore, we define the generalized
function 9§(P)/OP as

(550(P), ) = - /P . 220

We shall show that
——4§(P) =4 (P).
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In fact,

9 96 o6
(a56(P), 6) = - /P:O = /P:o wo(55)

On the other hand,

/ 0
@GP0 == [ o)== [ SH (g ey da
= = J

Since ¢ = ¢(x1, 22, -+ ,z;(P), -+ ,x,) and IP/Ox; is not a function of P, we
imply

) 99
éfg(éiizigf)dxl"'dxj_1d$j+1"'d$n = 8};Z;x_d$1~'~d$j_1d$j+1'-'dxn
J J
0
= )

by choosing the coordinates u; = x;, and u; = P. Under these coordinates

* ¢

wi(¢) = W(iap/axj

)dm1~-~dxj_1dxj+1-~-dxn.

This completes the proof.

Similarly, we can obtain

0
(k) (py — §k+1) - .
3 0N(P) =14 (P) fork=1,2,---.

We now prove the following recurrence relations, identities between 6(P) and
its derivatives:

PsM(P) + ks*~D(P) =0

The first of these is obvious, since the integral of P¢ over the P = 0 surface
clearly vanishes. We now take the derivative with respect to P to get

PS§'(P)+6(P) =0

as well as the rest similarly.
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2. The product X'5(r — 1)

Let X = > | ;. We shall use a recursion and Pizetti’s formula to derive
the asymptotic product X'§(r — 1) for any integer I > 1, which is not possible
to obtain along the differential form approach, since X is clearly not a function
of r.

Setting 1 (z) = X'¢(x) and obviously 1 (z) € D(R™). We naturally have
(X5 =1). (@) = (31 = 1. X'o(@) = [ Xo(a
= /71 Y(z)do = Q,Sy(1).
It follows from Pizetti’s formula and ¢ (0) = 0¢(0) = 0 that

AT (0)
2 jln(n+2)---(n+2j—2)

(X'6(r —1), ~Q, Z

In order to calculate X'§(r — 1), we need to express AJ9(0) in terms of a finite
combination of ¢ and its derivatives at = 0. First, we claim for j > 0 that

2) NIFU(Xg) = 2(j + VAT G+ X AT
where V = 9/0x1 + - -+ + 0/0x,.

We use an inductive method to prove it. It is obviously true for j = 0.
Assume j = 1, we have

0 Ap + x;A\*¢
&ri

NP (29) =
simply by calculating the left-hand side. Hence
AY(Xp) = AVAG + XN
By hypothesis, it holds for the case of j — 1, that is
N(Xp) =2V Lo+ XN,
Hence it follows that

N X @) = AN (X¢) = A2jVAI T )+ X NI )
=2jVAI§+ A(XDN ) =2(j + 1)VAI§ + XA g,

Clearly, we have from equation (2) that
(3) A (X ()], = 27VAITI9(0) = =2j (AT Vi (2), ¢(x))

for j > 1.
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Next, we are going to calculate Aj(XQ(;S(x)){z:O based on AY(X¢(z)). In-
deed,

A (X?¢(x)) = A (X X p(2)) = 2]VAITHX ¢(x)) + X AT (X (2)).
By simple calculation,
V(X¢(2)) = né(z) + XV(z).

Hence it follows that

A (X2¢(x))|,_o = 20 A7 71(0) + 2] A7 TH X V(2))], -
Using equation (), we obtain

AITHXV(@))],_ = 207 — VLI T24(0).

Thus,

A (XP¢(x))|,_o = 200 D771 (0) +2%5(j — 1) V2AI724(0).

In order to construct a recursion of computing A7 (X'¢(z)), we need to search
for a pattern, and continue on

N (XP(x)) = A (XX?¢(x)) = 2] VA TH(X?¢(2)) + XA (X2¢(x)).

Similarly,
V(X?¢(x)) = 2nX d(z) + X*V().
Therefore,
N (XPp(x))|,_, = 2I077 (20X ¢(x) + X*Vo(2))|,_,
= i NN (X ()|, _, + 2507 H(XPV(2))] -
Since,

NN X(x))],_, =20 —1)VA"?¢(0) and
NTHXEV ()|, = 2n( — DATT2VH(0) +22(j — 1)(j — 2)VZ AT 24(0).
Finally, we arrive at

N(XP¢@)],_, = 2°nj(j —1)VAI2$(0) + 2°nj(j — 1) A >V (0)
+ 2%5(j —1)(j —2)VPAT?¢(0).
In general,

N (X'¢(2)) = D (XX (x)) = 25 VATHX T o ()) + X AT (X' o(x)).

Clearly,
V(X' o(x) =n(l — 1) X' ?¢(x) + X' 7' Ve(x).
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Hence,

N (X)), _y = 2507 (n(l = )X 2g(x) + X'V (2))|
= 2nj(l — 1)N'—1(Xl—2¢(x))y + 2j AN XTIV o(x)

=0
N oo

This is obviously dependent on the two previous terms of

NTHX!2)| _, and  ATTHX!Tg)

z=0"

and forms a recursion for computing A7 (X'¢(x)), although the author is unable
to write out the explicit formula at this moment.

In particular, we have

NIV ()
Xo(r—1) ~ = sz nn+2)---(n+2j)

Q,A0(z) N 0, V35(x)
2n+2)  n(n+2)

nA35 ) + 25 V2AITL(x)
AL Z 'nn—|—2 c(n+2j)

X25(r — 1) ~ Q,0(x) +

3. The product f(P,--- ,P@W

We now turn our attention to new generalized functions associated with
manifolds S of lower dimension defined by k equations of the form

Pl(l'la"' 7xn) :07 PZ(zla"' 7xn) :07 7Pk(x1>"' 7xn) = 0.
where k is in general greater than one. Following [1], we shall make the two
assumptions:
(i) The P; are infinitely differentiable functions.

(ii) The Pi(zq,--- ,x,) = n; hypersurfaces (¢ = 1,2,--- k) form a lattice
such that in the neighborhood of every point of S there exists a local coordinate
system in which w; = P;j(x1, -+ ,2,) for ¢ = 1,2,--- /k and the remaining
Uk41, Uy can be chosen so that the Jacobian D(7) > 0.

Consider the element of volume in R"
dv =dxq---dx,

a differential form of degree n, and let us write it as the product of the first-
degree differential forms dP; - - - dP, with an additional differential form w of
degree n — k; i.e.

dv = dP1 cee dew.
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It was proven in [1] that such w exists, but can not be unique, and

dP, ---dP, = Z D<P1P2 P{C)dl'il"'dxik-

11 <<l ! 2 *

We define the generalized function 6(Py,--- , Py) by the equation

(6(Pr.-- Py, ¢>:/S¢>w.

It can be easily shown that this definition is independent of the particular choice
of w.

Let us denote wy,... o(¢) = ¢w. Then we define the differential form wn o.... o(®)
(whose integral over S will give 9§(Py,---,Py)/0P;) as follows. We take the
exterior derivative of the differential form of degree n—1, dPs - - - dPywo.... 0(¢),
and write it in the form

d(dPs - - dPywy.... o(¢)) = dP1 - - - dPywi0,... 0().
We choose the local coordinate system in which the u; = P; for i = 1,--- |k,

and denote ¢((E1(U17 e ,Un), e 7xn(u1a o ,’U,n)) by (g(ulv o ,Un) = ¢(u)7 we
then obtain

wo,... 0(¢) = ¢w = D (Z) dugy1 - duy,
dPy - dPywy,... o(¢)wo,... o(d) = ¢D (Z) duy - - - duy,
d(dP2 - deWO,--- 70(¢)(4}0’... 7()(¢)) = aim |:¢~)D (i):| duy - - - duy,,

which implies

w1,0,-- _’0((25) 9 |:Q£D <i):| duk+1 s dun

= 67,111
Any of the k indices of wy,... o(¢) can be changed from zero to one in the same
way.

In general, assuming that we know wa, ... o, (¢), we may raise its jth index by
multiplying on the left by all the dP; with i # j, taking the exterior derivative,
and writing

d(dPy ---dPj_1dPji1 - - dPywa, ... .y, (@)
= (—1)jdp1 R dewal,‘.. 1,0l a e, o (d))

This defines the wa, ... o, (¢) for any nonnegative integral indices.
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Obviously, if wp. ... o(¢) is not unique, neither are the wq, ... o, (¢). We now
8'”"5(1:’1,--- ,P1)

aPTL.opP Tk where |a| = a1 + -+ ax, by

define the generalized function

ol§(Py, -+, Py) el
(pergpms = (D [ vy cul0)

which is independent of the choice of wq, ... q,

Theorem 1. Let f(u1,---ug) be an infinitely differentiable function of k vari-

le
ables. Then the product f(Py,--- ,PQW exists and
1 9

olels(Py, -+, b o
f(Plv"'vpk) 8P1a1‘ apak Z Z | =

Jj1=0 k=0

<a1> (ak) glel—1il #(0 O)am(pl, o Py)
J1 Jk au?l_j1~-~8uz"_j"‘ o apljl...apgk ’

Before going into the proof, we would like to give the following products, if
f(P,--+, Py) = P;, by Theorem 1.

Pié;’,;(Plf"7Pk)+§(P17"'7Pk):O,

Bdg:‘T) Pi(Ph' P)+m6(m Y (P17 7Pk‘):0a

which were obtained in [1].

Proof.  Making the substitution (without loss of generality) u; = P; for
t=1,---  k, and denoting
(lg(u) = q’g(ula e aun) = ¢($1(U1, e 7u’n)7 e 7xn(u17 e 7un))7

we come to

olels(Py,--- | Py) olelg(Py,--- | Py)
(f(Plvvpk) 8Pa1~--8PO"“ ) )_ 8P1al_ 8Po¢k 7f(P17 vpk)¢)

|l )
\al/ o 8 [f(u1, ,uk)¢D(u>:| dugyr - - - duy,

o o

J1=0 Jrk=0
S — U s dugy,
oul' -+ QulF ki

&1 ’C la|= 3]
= (= \al al) ( ) 0 _£(0.---.0) -
- 0 (Jl ouf’ ]1-~-8uz"“_“ f(0,--,0)

J1=

151
: 9 D) | dugsr - - - duy,
8u{1~ -Oulk U

e 8
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Using the identity

9lil - [z . @\jl(g(p By
— 4D dugosy - duy = (—1)l P B
/53“?“'%?& {(b (UH e = GO o g ¥

we complete the proof of Theorem 1. O

To end this section, we would like to mention that Aguirre studied the fol-

lowing product
oI5(Py, -, Py)
OP{M - QP 7

which is a special case of Theorem 1 if f(Py,---,Py) = Pll1 e P,i’“.

i "
P P

4. The generalized function 6(Q1 P, -+, QrFx)

Assuming that @ is a nonvanishing function and P is a manifold of dimension
n — 1, we have for any m > 0 that

(4) st (@QP) = Q="M (P).
This is a powerful formula which can be used to derive some products, such as
X!5(r? — 1), since
1
5(r2—1) = §§(r —1).
We are interested in extending equation () to smooth manifolds of lower dimen-

sion. First of all, we would like to see how the differential form w and functional
0(Py,- -+, Pg) change while making the substitution

k
W(x) = Z i () Py(z).
i=1

Here the «;;(x) are assumed to be infinitely differentiable functions and the
matrix they form is assumed nonsingular. The defining equations for the initial
differential form w and for the new one & are

dP;---dPyw =dv=dWi---dWyw
= (Z OéildPi) s (Z Oéidei)L:J.

By expanding the terms in parentheses and using the anti-commutation rule
dP;dP; = —dP;dP;, we write det ||a;;||dP; - - - dP, © = dv, which implies

1

= —w.
det [|cvi; ]|

Hence

¢

OWh,-- s Wi), ) = (6(Pr, -+, Pi), m)‘
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Let us find the generalized function 6(QPy, - ,QPy) , where Q # 0. By the
substitution Wy = QPy, - -, W), = QP, we arrive at det ||a;;|| = Q7%(z). This
indicates

(5) 5(QPy1,--- ,QPy) = Q% (2)d(Py,--- , Pp).

In particular, we obtain for £ = 1 that 6(QP;) = Q~16(P;), which coincides
with equation () for m = 0.

It follows that
5(m)(Qp17... QP = Q*(Hm)(x)g(m)(ph o Py

by differentiating both sides of equation (&) m times with respect to some P;.
Similarly,

1
(@b, QuPy) = mﬂph”' , Pr.)
where the @; are nonzero and infinitely differentiable functions. Let |a| =
ay + -+ ag, then

1

SN QP QrPy) = a7 0 (Pry - Py).
Qlfer. Q!
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