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ABSTRACT. Current studies on products of analytic functionals have been
based on applying convolution products in D’ and the Fourier exchange
formula. There are very few results directly computed from the ultra-
distribution space Z’. The goal of this paper is to introduce a definition
for the product of analytic functionals and construct a new multiplier
space F(Np) for §(™)(s) in a one or multiple dimension space, where
N may contain functions without compact support. Several examples
of the products are presented using the Cauchy integral formula and the
multiplier space, including the fractional derivative of the delta function
5@ (s) for a > 0.

1. Introduction

Physicists have long been using the singular function §(z), although it can
not be properly defined within the structure of classical function theory. In ele-
mentary particle physics, one finds the need to evaluate §2 when calculating the
transition rates of certain particle interactions [15]. Schwartz [24] established
the theory of distributions by treating singular functions as linearly continuous
functionals on the testing function space whose elements have compact support.
Although they are of great importance to quantum field theory, it is difficult to
define products, convolutions and compositions of distributions in general. The
sequential method [6]-[14], [17], [19]-[23] and complex analysis approach [1]-[5],
[7], [16]-[21], including non-standard analysis [18], have been the main tools in
dealing with those non-linear operations of distributions in the Schwartz space
D’ with many results. However, little progress has been made towards obtain-
ing products of analytic functionals in Z’ (or Z(R™)) directly without using
convolution results in D’ (or D'(R™)) and the Fourier transform as a bridge.
As outlined in the abstract, we will work on the space Z’ and initiate a move
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towards computing the product of analytic functionals without the help of the
exchange formula.

To make this paper as self-contained as possible, we state Paley-Wiener-
Schwartz theorem in the following, which will be used a couple of times through-
out the article.

Theorem 1.1. An entire function f(s) on C™ is the Fourier transform of
distribution A(x) with compact support if and only if for all s € C™,

[f(s)] < CeP el (1 4 [s)

for some constants C,q and b. The distribution \(x) will in fact be supported
in the closed ball of center zero and radius b.

2. Analytic functionals in Z’

Let D be the space of infinitely differentiable functions with compact support
and let D’ be the space of distributions defined on D. We say a sequence
d1(x), p2(x), ..., ¢du(x),. .. of test functions converges to zero in D if all of these
functions vanish outside a certain fixed bounded region K, which is independent
of v, and converge uniformly to zero (in the usual sense) together with their
derivatives of any order.

As in [16], we define the Fourier transform of a function ¢ in D by

Y(s) = F(¢)(s) = ¢(s) = /_00 o(x)e™* d.

Here s = o +i7 is a complex variable and it is well known that ¢ (s) is an entire
analytic function with the following property for ¢ =0,1,2, ...

(1) |59 (s)| < Cet el

for some constants C,; and a depending on 1(s). The set of all entire analytic
functions with property (1) is indeed the space

Z=F[D)={¢ | 36 €D and F(¢) =}.

The definition of convergence in Z can be carried over from D. That is, a
sequence of functions v, (s) converges to zero in Z if the sequence of their
inverse images ¢, (s) converges to zero in D. In other words, the sequence
1, (s) converges to zero in Z if for each function in this sequence we have

594, (5)] < Cyeltm !

with Cy and a independent of v, and if the functions converge to zero uniformly
on every interval of the (real) o axis.

The Fourier transform f of a distribution f in D’ is an ultradistribution in
Z', i.e., a linear and continuous functional on Z. It is defined by Parseval’s
equation

(f, ¢) =27/, ¢).
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Clearly we have
Z'=FD)={F(f) | feD}.

The exchange formula is the equality

F(f+g9)=F(f)-F(g).
It was proven in [25] that the exchange formula holds for all convolution prod-

ucts of distributions f and g, provided f and g both have compact support.
We shall call a functional g on Z analytic if it can be written in the form

(9, ¥) = / a(s)u(s) ds,

where ¢(s) is a function and I" is some contour in the complex plane C. Thus,
the delta function given by (§(s — so), ¥(s)) = ©(sg), where sy € C, is an
analytic functional, since

’lﬂ(So) — L ﬂ ds,

2mi Jr s — So

where I' is any contour enclosing sy in counterclockwise. We denote

Y S

Similarly, we have
(myg_ gy J_(ZD™mE
62 (s — s0) {27ri(s — 5)m 17 :

Following the standard notation we let £’ be the space of distributions with
compact support. Obviously, we have D C &’ C D' and Z = F(D) C F(&') C
F(D) =2
Define a multiplier space of Z’ as
M ={h(s) | hisentire and |h(s)| < Ce?l™sl(1 4 |s])?}

for some b, ¢ and C. By Paley-Wiener-Schwartz theorem stated in the intro-
duction, we imply that M = F(£') and Z C M C Z'. For any g € Z’ and
h(s) € M, the product h(s)g(s) is well defined by

(R(s)g(s), ¥) = (g(s), h(s)v)
because h(s)y(s) € Z. Tt follows that

(2) h(s) 6™ (s) = Z(_l)m—j<

=0

M 1 (m=3) ()5 ().
j)h ()59 (s)

In particular,

sins 0™ (s) = jgo(—l)mﬂ' <]) sin[(m — j)§]5(j)(5)7

where sins = - (e — %) € M.
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Choosing a fixed function w(s) € M, we can construct two different analytic
functionals for d > 0,

oco+di wis s
O =
and
oco—di
o vt = [ A g

where n is any non-negative integer. Those two integrals are clearly convergent
since w(s)Y(s) € Z.
The difference between them can be simplified into the form

u4$—f4ﬁyw$>=f' =IGLICW

ls|=1 gn+1
in which the integral is taken clockwise along the boundary of |s| = 1. By
Cauchy’s integral theorem
21 = (1 (e
(£ = 1), 09) = =23 (1)l D100 0
" k=0

Therefore

27— n
fo(8) = f(s) = =) (=D)FH wR(0)6%) (s).
* nl &~ (k)

Finally we have the following product in Z’ from equation (2)

) (f4() — /- (5)
..n k
= 25y () (Bt o)t )0 ).
n k

" k=03=0 J

It is well known that every functional in D’ which concentrates on a point is
a finite sum of linear combinations of the delta function and its derivatives.
However, this property does not hold in general for functionals in Z’. We are
going to build up a fractional derivative of the delta function 6(*(s) for a > 0,
which belongs to Z’ and can only be expressed in terms of infinite sums of the
delta function and its derivatives. Using the Cauchy-type fractional derivative,
we define

(3) (5(a)(5)7 P(s)) = (Cosaw—l—isinaw)w 7{*: Y(s) ds

27 , sotl

in counterclockwise along |s| = 1. Here we choose the fixed analytic branch
Inl1=0, —7 < args <7 and k£ = 0, such that
1

— S—(a+1) — e—(a-i—l)lns . e—((x+1)2k7ri
SaJrl

is an analytic single-valued function.
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Assume that o # 0,1,2,... and let ¢(s) = Y oo a,s" be the Taylor series
which converges uniformly on |s| = 1. Equation (3) therefore yields

(8 (s), ¥(s))

r 1)
= (cosam + isin onr)(ai—’_ nzzoan% . SQ_H ds

. s F(Oé 1) n—a—1 / —a—1
= + —_ n ds + "TeTds )
(cos am + isin am) 57 g a </01 s s .. s s

n=0

where C; and Cy are the parts of |s| = 1 in the upper and lower o axis respec-
tively.
We compute directly

n—ao
v S
/ Sn a 1dS:
c n—uow
0

gn—«
/ sn—a—lds —_
Ca n—oaj_

Adding the two terms we get

/ gn—a—1 g +/ gn—a—1g _ 2isin(n — a)w _ 2i(—1)" sin ar
C Ca

n—«o a—n

s 1
. 1
= (cos(n — a)m +isin(n — a)m — 1)

0
and
1

= a(l — cos(n — a)m + isin(n — a)7).

)

so that
(6 (s), 1(s)) = (cos ar + isin onr)F( sm am Z .
’ a—n

Since the Taylor series coefficient

B (0) (-

n! n!

(8 (s),v(s)),

ap =

we arrive at
§(m) (S)

a—n)n!

- . Ta+1) &

4 5 (s) = >
(4) (s) = (cos am + isin arm) sin ar DIy,
for all a > 0. Clearly we have

>0 5<n>

5() Z

In particular, we let @ — n and note that all terms on the right-hand side of
equation (4) disappear except the nth term. Thus,

D(a+1) i 5 (s) _ (5(”)(5),

lim (cos e + ¢ sin o) sin e
(a —n)n!

a—n

n=0

which indicates that it is an extension of the normal derivative 6" (s).
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It remains to be shown that §(*)(s) is linear and continuous on Z. Obviously
it is linear since

(6 (s), b1 + €)= 1 (8 (5), ¥1) + £ (8 (5), va).
Let {¢m} be a sequence converging to zero in Z. Then

Ym(s) = / G (2) da,

where {¢.,} converges to zero in D, which means V ¢ > 0, 3 N = N(e) such
that | (z)] < € for m > N. Assume supp¢, C K, we infer that for m > N

()] < /K elei®*|dz < M(py).

where |s| = pp > 1. Tt follows from the fact that 1(s) is an entire function that

(n)
m_(0) Sﬂﬂmx
n! I

which implies that

—1)"i (0)
nl(a —n)

Ma+1) «
(cos am + i sin ) sin ar (a+1) Z (
g n=0

uniformly converges with respect to m. Hence

Tim (5)(s), n(s))

X 1\ (n)
= lim (cosa7r+isina7r)sina7rr(a+1) (=)"m”(0)

m— o0 m "0 ’I’L'(Oé — n)

(= 1) limypn— oo 5 (0)

nl(a —n) =0

. . Ta+1)
= (cosarm + isinam)sinar
( ) —X
since the sequence with its derivatives converges to zero uniformly on every
interval of the (real) o axis.
To end this section, we would like to point out that the following identity is
clearly satisfied

« 2 (—1)mah()
(@ (0) = Sinoan( 7T+ ) Z ( nl')(o;/)_ n()o)
n=0 :

for all ¥ € Z.

3. A new multiplier space for §(™)(s)

Let 7(x) be an infinitely differentiable function satisfying the following con-
ditions:

(1) 7(x) =1 for |z| <1, (#) 7(x) =0 for |z|> 2.
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1
We construct the sequence 7, (z) = 7(z/n) in D and d,(s) = 2—F(Tn) in Z.
. s
Putting ¢ = ¢ = F(¢), we have from Parseval’s equation

(Tr @) = =

5= (F(), F(9) = (6, ).

Thus,
i (5., ) = Jim (rns 6) = [ ola)do = (1. 6)

for all ¢ € D. Using F(1) = 274, we get limy, o0 (0p, ¥) = (8, ¥) for all ¢ € Z.
Hence {0, } is a delta sequence in Z. It follows from Parseval’s equation that
1 ) )
(On(s), D(s +v)) = o (F(Ta), F(e"9)) = (Tu(2), €°d) = F(T0d).

Obviously, 7, (x)¢(z) converges to ¢(z) in D, which implies that (5,(s), ¥ (s+
v)) converges to 1(v) in Z. This gives us

T (6, ) = T (), (5u(s), 9(s +0)) = (F, )

for arbitrary ¢ € Z and it follows that { f = dn} is a sequence converging to f
in Z'

Now we are ready to give a new definition for the product of analytic func-
tionals in Z’ using the delta sequence d,,(s).

Definition 3.1. Let h(s) be a continuous function and let g(s) € 2’. Then
the product h(s) - g(s) is defined as
((s) - g(s), ¥) = lim (g(s), (h(s) * 6,)1)

provided the limit exists.

In particular, if h(s) € M and g(s) € 2', then h(s) - g(s) = h(s)g(s),
which is defined in section 2. By Definition 3.1, we only need to show that
(h(s)*d,,)1 converges to h(s)y in Z. Assume that h(s) = F(A(z)), where A(x)
is a distribution with compact support, and ¢ = F(¢) for some ¢ € D. Then
(h(s)*dp) = F((TaA) * ), and it is not hard to prove that (7, A) * ¢ converges
to A x ¢ in D. Indeed, we easily see that A\ x ¢ in D since both A\ and ¢ have
compact support and let v be the function in D and v = 1 on suppA. Then

((Tad = 2) % 6T (@) = (), (Tu(y) = D™ (z = y)r(y)) — 0

uniformly on every compact subset of R. This implies that (h(s) * §,,)1) con-
verges to h(s)y in Z.
Let m be any non-negative integer and we define the space N, with the
normal addition and scalar multiplication as
< oo}

N = {¢(I) | F(¢(x)) is entire and '/0; zI p(x)dx
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for j = 0,1,2,...,m. Obviously N, is not empty since e=* € N, for all
m > 0 because

Fe™®) = / ey = ¢35 /1
is an entire function and
© 1.1 1
(5) / e dy = “T'(zm+ )1+ (-1)™).
- 2 2T

Furthermore, we have Ng D N7 D -+ DN, D -+ and Z = F(D) C F(N,,) #
M as D C Ny, for all m > 0, which clearly contains functions without compact
support.

Theorem 3.1. Let h(s) = F(¢) € F(Ny) and m be a non-negative integer.
Then the product h(s) and 6™ (s) exists in Z' and

h(s) 5(m) i (cos(m — ‘7)72r
7=0
+isin(m—j)g)<7y> /_OO l‘m—j(b(x)dm(s(j)(s).

Proof. By Definition 3.1

(A(s) - 87 (), 9(s)) = lim (87 (s), (h(s) * 8 )(s)).

n—oo

It follows that

h(s) % 0, = (0n(s), h(s +v)) = /°° T (2)e™? () dx

— 00

Since ¢(z) is locally integrable and 7,(z)¢(z) € &', we claim from Paley-
Wiener-Schwartz theorem that

/00 T (2)e ¢(x)dx = F(1,0) € M

which implies that (h(s) * 6, )1 € Z. Hence
(0 (5), (h(s) % 6n)0(5))

03 (7)o s w0
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- (—1>Mi (7) [ mioio o dru )

J —0o0

= S (M) [ i ot (9s), v and

j=0 -
Jm [ @) o)
= Oy [ a0

where we define
Cynj =™ = cos(m — j)g + isin(m — j)z
This completes the proof of Theorem 3.1. [

We would like to mention that Theorem 3.1 provides a powerful method
for computing the product h(s) - 6™ (s) when it is difficult to evaluate the
Fourier transform h(s) = F(¢) for ¢ € N,,. As an example, let us consider
o(x) = zke=®" € N, for some positive integer k. Using identity (5) and
Theorem 3.1, it is possible to derive the following product, although we have

trouble obtaining the Fourier transform h(s) = F(zFe=*")

h
1 & . m\ ., 1 1.1 1 _ ;

Remark. Since any ultradistribution in Z’ is not only infinitely differentiable,
but also expandable or analyzable in the sense that for every g € Z’

g(s+h)= qu)

where the series on the right converges in Z’, and g(s+h) is the ultradistribution
obtained from g(s) by translation through h. Therefore we can easily compute
other products, such as h(s)-6(™ (s41) and h(s)- 5™ (s — 1) by Theorem 3.1.

)

q‘

4. The case of several variables

The Fourier transform of a function ¢(z1,x2,...,2,) € D(R™) is defined
by

¥(s) = (s1,52,---,Sm)
= / / ¢(x1, 72, ..., xm) expli(z181 + -+ + TSy |dzy - - dog,
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or, more briefly, by
W(s)= [ o)™ da,
RTY],
where (z,5) = 2151 + - + Ty Sm.-
The new function ¢(s), defined in C™, the space of m complex dimensions,
is continuous and analytic in each of its variables s;. If ¢(z) vanishes for
|zk| > ag, k =1,2,...,m, then v(s) satisfies the inequality

(6) |sT e sTmah(sy, ...y 8m)| < Cyexp (ar|Imsi| 4 -+ + am| Im s,,).

Conversely, every entire function (s, s, ..., Sm) satisfying (6) is the Fourier
transform of some ¢(z1,22,...,Tym) € D(R™) which vanishes for |zx| > ay,
k=1,2,....,m.

The space of all entire functions 1 (s) satisfying inequality (6) with the nat-
ural definitions of the linear operations will be called Z(R™), i.e.,

Z(R™) = F(D(R™)) = {¢(s) | 36 € D(R™) and F(¢) =1}.

We define the convergence in Z(R™) as follows. A sequence {1, (s)} is said
to converge to zero in Z(R™) if the sequence of the inverse Fourier transforms
converges to zero in D(R™).

Let 7(z) = 7(21, z2, . . ., Tmm) be an infinitely differentiable function satisfying
the following conditions:

(i) 7(z) =1 for |z| =y/2?+ -+ 22, <1, (#i) 7(x) =0 for |z| > 2.
We build up the sequence 7,(x) = T(ﬂ, B, ce x—m) € D(R™) and clearly
n

Tn(z)p(x) converges to ¢(x) in D(R™), which implies tlhat F(rp(x)¢(z)) con-
verges to F(¢(x)) = ¢(s) in Z(R™). Define d,(s) = %F(Tn) in Z(R™), we
have

(On(s),9(s +v)) = (¢ * 6n)(v) = F(mn(2)9(z)) = F(o(z)) = 9(s),
therefore (d,,(s),v(s + v)) converges to 1 (v) in Z(R™). This gives us

i (f #8n, ) = Tim (f(v), (dn(s), ©(s +0)) = (£, ¥)

for arbitrary ¢ € Z (R™) and it follows that { f = 0n} is a sequence converging
to fin Z'(R™)

Definition 4.1. Let h(s) be a continuous function and let g(s) € Z'(R™).
Then the product h(s) - g(s) is defined as

(h(s) - g(s), ¥) = lim (g(s), (h(s) * 6n)1))

n—o0

provided the limit exists.
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Assume N is the set of all nonnegative integers and

Let |j| = ji+jo+--+jm and 27 = 22> .- 2Jm . We define the space Np(R™)
with the normal addition and scalar multiplication as
/ 2l p(z)dr| < oo}

for |j| =0,1,2,...,|p|. Obviously N,(R™) is not empty since e € N, (R™)
for all p € N™ because

Np(R™) = {(;S(I) | F(¢(z)) is entire on C™ and

2 s 2 12 m
Fle") = eV dy =e 1% 2
m
is an entire function on C™ and

1.1 1 1 1 1
p_7'2 — _ _ (1 _1111 . _ _ _ pm.
| e e = ST+ A+ (1P ST+ (L (1)
is finite.
One can easily extend Theorem 3.1 to the case of several variables and we
leave this for interested readers.
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