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THE POWERS OF THE DIRAC DELTA FUNCTION BY
CAPUTO FRACTIONAL DERIVATIVES

C. K. LI

ABSTRACT. One of the problems in distribution theory is the lack of definitions
of products and powers of distributions in general. In this paper, we choose a
fixed §-sequence without compact support and the generalized Taylor’s formula
based on Caputo fractional derivatives to give meaning to the distributions
§%(x) and (6")F(z) for some values of k. These can be regarded as powers of
Dirac delta functions.

1. INTRODUCTION

In mathematics, the Dirac delta function, or ¢ (singular) function, is a general-

ized function, on the real number line that is zero everywhere except at zero, with
an integral of one over the entire real line. The delta function is sometimes thought
of as an infinitely high, infinitely thin spike at the origin, with total area one un-
der the spike, and physically represents the density of an idealized point mass or
point charge. It was introduced by theoretical physicist Paul Dirac in 1920. In
the context of signal processing it is often referred to as the unit impulse symbol
(or function). It is clear to see that this ¢ function contradicts with the integral
theory in terms of Lebesgue sense, and hence it cannot be properly defined within
the framework of classical function theory.
Around 1950, Schwartz established the theory of distributions by treating singu-
lar functions as linear and continuous functionals on the testing function space.
Let D(R) be the space (Schwartz) [1] of infinitely differentiable functions with
compact support in R, and let D/'(R) be the space of distributions (linear and
continuous functionals) defined on D(R). Further, we shall define a sequence
d1(t), Pa(t), -+, dn(t), - converges to zero in D(R) if all these functions van-
ish outside a certain fixed bounded interval, and converge uniformly to zero (in
the usual sense) together with their derivatives of any order. The functional ¢ is
defined as

(9,¢) = #(0)
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where ¢ € D(R). Clearly, d is a linear and continuous functional on D(R), and
hence § € D'(R).

The definition of the product of a distribution and an infinitely differentiable func-
tion is the following (see for example [1]).

Definition 1 Let f be a distribution and let g be an infinitely differentiable func-
tion. Then the product fg is defined by

(fg.9) = (f,99)

for all testing functions ¢ € D(R).
It follows from Definition 1 that

(_1)’61@!(7;) sm=R (1), if k < m,

0, otherwise

R (1) =

for k,mm =0,1,2,---.
It seems impossible to define §2, although one finds the need to evaluate §2 when
calculating the transition rates of certain particle interactions in elementary particle
physics [2]. A definition for product of distributions is given using delta sequences
in [3]. However, 6% as a product of § with itself is shown not to exist in math-
ematical sense. Embacher, Griibl, and Oberguggenberger [4] studied products of
distributions containing the § functions in 1992 and found applications to quan-
tum electrodynamics. In perturbative computations of quantum-mechanical path
integrals in curvilinear coordinates, people encounter Feynman diagrams involving
multiple temporal integrals over products of distributions, which are undefined. In
addition, there are terms proportional to powers of the ¢ functions at the origin
coming from the measure of path integration [5]. Furthermore, products of distri-
butions, including powers of the ¢ functions, are in great demand for certain types
of partial differential equations [6] and path integrals in quantum mechanics [7],
which require complex computations. Recently, Li and Li [8] used the following
d-sequence
Gu(t) = (Q)We—”tz, teR

0
and the neutrix limit to define powers of the distributions ¢ and 4.
On the other hand, fractional calculus is the theory of integrals and derivatives
of arbitrary order, which unifies and generalizes integer-order differentiation and
n-fold integration. The beginning of fractional calculus is considered to be the
Leibniz’s letter to L’Hospital in 1695, where the notation for differentiation of non-
integer orders was discussed.
We let Y, be the convolution kernel of order o € RT for fractional integrals, given
by

a—1

_ 5 1 (p+
YOt - F(O[) € Lloc(R )7

where I is the well-known Euler Gamma function, and

o1 _ et if ¢t >0,
710 if t <O0.
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Definition 2 The fractional integral (or, the Riemann-Liouville) Dy §* of fractional
order a € RT of function ¢(¢) is defined by

Da§d(t) = Yo (1) = ﬁ /0 (t— 1) Lg(r)dr,

where we set the initial time to zero.
As an example, we have the following for v > —1

Da?t'y — 1—‘(7 + 1) ta-i—'y

T(a +7+1) ’
" et
= a—i—’y—!—l)

The following properties of Yo, Dy, and the fractional derivatives can be found

in [9] and [10].

Property 1

(i) The convolution property Y, * Yg = Y445 holds for & > 0 and 8 > 0, which
implies that D, “pp ot =Dos s

(ii) Consistency property w1th the integer-order integral: limg ., Dy ;' ¢(t) = Dg " é(t),
where a > 0, m € Z* and

Dy (t) / /tm L Otl (7 )det1-~-dtm1:(ml_1)!/0t(t—7)m_1¢(7)d7.

Definition 3 The Riemann-Liouville derivative of fractional order a of function
@(t) is defined as

A" o 1 dam o
Dg,é(t) = ~—D )= [ (t—7)me d
R D§0lt) = Zm Do V00) = gt [ torar
where m—1<a<meZt.
It follows that
ct®
DSe= L
RLE0LC = DA —a)
PA+1)
D tA _ t)\ «@
RL™0,¢ FA—a+1) ’

where c is a constant and A > —1.
Definition 4 The Caputo derivative of fractional order « of function ¢(t) is defined
as

1

D00 = D™ gty = b [yt
c~o Doyt dtm - T(m—a) /), ’

wherem —1<a<me Zt.
It follows that

T(p+1) — +
C.Dgttp: th 057 m—l<a<m€Z,p>m—LpER,
, m—-—l<a<meZt, p<m-1, peZ™t.

To make this paper self-contained as much as possible, we provide a short survey
on generalized Taylor’s formulas in the following, which is mainly given in [8].
The ordinary Taylor’s formula has been generalized by many authors. Riemann
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[11] had already written a formal version of the generalized Taylor’s series for a real
number 7:

hm+r

o(t+h) ) re Dy (1),

Z Fim+r+1
where for o < 0, r, D§ ;¢(t) = Dy ' #(t) is the Riemann-Liouville fractional integral

of order —a in Definition 2. Moreover, rrDf ¢(t) = D{ 1¢(t) = ¢(t).

The proof of validity of the Riemann expansion above for certain classes of func-
tions was undertaken by Hardy [12], both for finite and infinite initial time (we set

it to zero in this paper, as mentioned in Definition 2).

On the other hand, a variant of the generalized Taylor’s series was given by Dzherbashyan

and Nersesian ([13] and [14]). For ¢ having all of the required continuous deriva-
tives, they derived that

T DHg(0) 1 '
t) = x4 + t — 2)m D) g(2)da,
Y= 2 T ran” P T+ an) /0( ) ¢(@)
where t > 0, ag, a1, -, is an increasing sequence of real numbers such that
0<ap—ap1 <1 k=12 ,mand D¢ = D5t~ g Dy JHosrg,

Trujillo, Rivero, and Bonilla [15] established the following generalized Taylor’s for-
mula under certain conditions for ¢ and « € [0, 1]:

_ Cj (j+1)a—1
where
- RLlA)(()ZJrl)a(b(C) (n4+1)a
Rn(t)—mt , 0< (<L,
and

C; = F(a)[xliaRLDéi]qs(()‘F)a V] = 07 ]-a N2
and the sequential fractional derivative is denoted by
RLD%?; = RLD&t s RLDg,t? j-times and j € Zr.

We would also like to mention that there is another version of fractional Taylor’s
series in the Riemann-Liouville form in [16], which is a particular case of Equation
(1).

The following theorem due to Odibat and Shawagfeh in 2007 can be found in [17].
Theorem 1 (Generalized Taylor’s Theorem) Suppose that Cﬁg% (t) € C(a,b] for
k=0,1,2,---m+ 1, where 0 < a < 1, then we have

m — a)i R zoz b ("tLJrl)a
o(t) = Z 1'(‘25(2'04 —4—) 1)( aa®)(@) + écg(l:rj+ 1)a¢j-(i; (¢~ a)(m+1)a

with a < ¢ < ¢,V € (a,b], where ¢Di% = ¢D§, cDg -+ ¢ D§y.
In particular, we have for a = 0,

(DGO miya
ZI‘za+1 cD39)(0) + F((n2+1)a+1)t( IR @)
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Note that for a« =1,

mo ) (me+1)
o) =3 U600+ £ -,
> .

which is the classical Taylor’s formula.
Remark: One understands, in fractional calculus, that cDé(ft = c¢DgycDGy -
~eDgy # CDS?; in general. Generally speaking, it is easier to compute CDé‘f; (t)
than cf)é%d)(t). The following two theorems shown by Li and Deng in [18] describe,
under certain circumstances, that ¢ D{%¢(t) = cﬁé‘ft (t).
Theorem 2 If ¢(¢t) € C*[0,T] for T > 0, then
cDgi eDgio(t) = Dy e Dgio(t) = cDgy 2 (t), t€[0,T],
where a1, as € RT and o + as < 1.
In particular, we obtain
00 =oDgP eDyPo(t) = ¢'(t), and
¢ = oDyt eDyio(t) = c Do o).
Theorem 3 If ¢(t) € C™[0,T] for T > 0, then
cDgo(t) = DG - oDt e D ié(t), t€0,T]
where o = Y"1 | o, a; € (0,1], m—1 <o <m € Z" and there exists i, < n such
that 3% a; =k for k=1,2,--- ,m— L.
Using this theorem, we get as an example,
o DT P o(t) = e D7 oD -+ oD e(t) = oDl P e(t), if ¢(t) € C*H0, T,
100-1 1 1 1 ~100-1 . 34
CDo,t ¢(t) = CDo,t CDo,t T CDo,t¢(t) = CDo,t gb(t), if ¢(t) ecC [O,T].
In this paper, we will adopt a new J-sequence and the generalized Taylor’s formula
of equation (2) to define powers of the distributions §*(t) and (¢’)*(t) for some
values of £ € R due to simplicity of the coefficients in the equation, which can be
further simplified by Theorems 2 and 3 under certain conditions. Without a doubt,
using other Taylor’s formulas given above to define powers of the distributions will
require more complicated computations for the coefficients, although it is doable.

2. THE DISTRIBUTIONS 0% (t) AND (§')%(¢)

In order to study the distribution 6%(¢), we choose the following d-sequence
without compact support

1
In(t) = P T Y fort € R,
which implies that
(5(0.0(0)) = Jim (5a(0).6(0) =t [~ ot =600 3)

n—o00 n—oo T J_ (nt)2 +1

We define for all &k > 1/2

oo

@006 =N = tim [~ (2) (o @
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where N is the neutrix having domain N’ = {1,2,3,---} and range the real num-
bers, with negligible functions that are finite linear sums of functions

pPIn" " 'n, In"n A>0,r=1,2,--+)

and all functions of n that converge to zero in the normal sense as n tends to infinity
(see [19] and [20]).
Remark: The reason we define equation (4) only for k > 1/2 is that the integral

e 1
———d
/_oo w2+ 1)F "
diverges for all k < 1/2.
Clearly, we have from equation (4)

n—oo

(300 6(0)) = N =l (52(0).6(0) = (1.6(0) = [ ol for o(1) € D(R),

which infers that §°(¢) = 1.
For 1/2 < k < 1, we make the substitution y = nt in equation (4) and come to

@40, 0(0) =N = tim L [ 0y o

since ¢ is a bounded function. Thus, 6*(t) = 0.
Furthermore, it follows from equation (3) that 61(t) = §(t). As for k > 1, we obtain
from equation (4)

(8" (1), (1)
 rnyk 1 Nk 1
= N —_— 1' —_— ————————— —_— —_— —
A (/0 (5) oz e +/0 (5) (2 + ™ t)dt>
=N — lim (I) + I).
n—oo
By the generalized Taylor’s formula from equation (2), we have

(DG sy
ZI’ZOH— (e Ot¢)(> F((m+1)a+1)t o

tza e N (C (”Z‘f‘l)a(b)(c) D
F(ia+1)(c D516)(0) + F(ma—i—l)(cDO’t )0+ F((n2+ Da+1) e

3
L

Il
=

K2

where ma =k —1, m € Z* and 0 < a < 1 (note that it reduces to the classical
Taylor’s formula when « = 1).

Thus,
m—1 n 1
I, = - 7tmdt
! Zl“za+1 oD (71') / )2 4+ 1)k
1 n 1
— S 14
+F(ma+1 Do’ <7r) / )2+ 1)k
1 k oo ~
t(m“) DDy () dt
ey G N AR (D 9) <)

=Ii1+ 12+ 113~
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Setting y = nt again, we get
m—1 1

. nA k 1 os} yia
I = — (D — , dy.
H ZZ:% Tia+1) (e Do #)(0) (ﬂ') niotl _/0 (y2 + 1)k Y

Hence
N — lim 111 =0.
n—oo
Since ¢(t) € D(R), there exists a positive real number M; such that

sup (cf)(()t?“)aqb)(t) <M, for me ZT and 0<a <1
teRT
which infers that
lim .[13 =0.

n—oo

Coming to I12, we use the following formula

o) yszl 7].—‘2(]6/2)
= e

to imply that

he = o0 (2 [ et
- e D0 [ Gy
- T A DR
= D)0,
Therefore,
‘NJ§&11;;$ZZ$(CD$? ﬂo);;ﬁi€g<cﬁ%;1 )(0).

Following the similar calculation, we derive that

F2(k’/ 2) 2

N—lim I, = (-1)™ 2rFT2(k )(cD )(0)
= U et 0 0)
Finally,
(@"(®),6(1) = N— lim (I +1)
—1))m + )% (k/2 ~
- O P enpra
_1)k—1 2k R
_ (( 1)27rk;;(1k))r (2)(CD§;1 )(0)
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It follows that

6% (t)=0 for 1=1,2,3,---
52 (1) = (1 +1/2) 52D (1)

o m2H1[(20))2
forl=0,1,2,---.
Using
1-3-5---(21—-1 20)!
L(l+1/2) = 3 52l(l )ﬁ:(4lll)'ﬁf0rl:0,1,2,-~-,
We have
62l+1(t> — Cl5(2l)(t),
where

C ; for 1=0,1,2,---.

T 2A(I1)2 12
Now we can summarize to get
Theorem 4

8(t) =1,

sk(t)y =0 for 1/2<k <1,

_1\k—1 2(k

(cD§T'9)(0) for k>1

where (D' ¢)(0) = (¢ D6)(0) = (cDg; - ¢ D -+ ¢ D§1)(0) (m-times) and
(—=1)¥ = coskm +isinkr for k € [0,00). In particular,

6% (t) =0 for 1 =1,2,3,---, and
1
2414 _ 21 —
Remark:
(i) We would like to point out that Theorem 4 is a generalization of Theorem 1
obtained in [21], where the case for k € Z* is mainly discussed.
(ii) The choice of @ € (0,1] is not unique. For example, we can pick up m =
1, « = 0.5 or m = 2, @ = 0.25 (and others) if k = 1.5. Generally speaking, we
choose a and m in Theorem 4 to make (CD’g;l )(0) as simple as possible. Hence
(cﬁg;? )(0) = (¢D§7¢)(0), which is Caputo derivative of order 1/2.
It follows from Theorem 4 that

§2(t) =0,
8 (1) = —— 3" (1),

T 1672
(i + 1)T2(0.75)

(eDBFON0) = 2= (DY) (0), i

v
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since I'(1.5) = %\/77

‘We use Theorems 3 and 4 to derive

(<)% +1r (%)
97103/312 ( 03

(L—iVIr2(%)

= 5= (c Dy 0)(0).

4r103/372(103)

05 (1), 0(t) =

Similarly, we are able to define the distribution (6’)*(¢) for all k£ > 1/3, based on
the derivative of the J-sequence

P
5 (t) = (1 and

((8)¥(1), 6(6)) = N — lim ((8])"(1), 6(1))

B _ okp3k o (_t)k ) tk
= S ([ e s [ o)
=N — n11—>r1;10(51 + 52) (6)

Clearly, we have for k = 0 that
(@100 = [ " (et = (1, (1)

which claims that (§")°(¢) = 1.
Remark: The reason we define equation (6) only for £ > 1/3 is that the integral

[e'e] yk
5 d
/0 (2 + 1)
diverges for all k£ < 1/3.

Setting y = nt in equation (6) for 1/3 < k < 1/2, we can prove that
(8)¥(0). 6(1)) = N = lim ((81)(8),0(0)

2k 3k 1 [e%¢] (_1)kyk [e'e] yk

= tim e ([ e [ et
=0 (7)

since ¢ is a bounded function. Therefore, (6')%(¢) = 0.

For k = 1/2, we get from equation (6) that

((8)2(5),6(1)) == N — Tim ((8,)/(1), 6(1))

Coo1/2p3/2 00 jy1/2 0o y1/2
= e (/0 y2+1¢(y/”)dy+/o y2+1¢(‘y/”>dy>

- 2 00 y1/2
_\/;(24—1)@1)(0)/0 Sy

Using

© M TEAT(/4)
A
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we infer that

. '(3/4)T(1/4)
IV2) = (i + 1) —L =L (¢ 8
@) = )= ©
which coincides with the result obtained in [8].
For k > 1/2, we apply the generalized Taylor’s formula from equation (2)

& e (D8O nsrya

=Y a1 B0+
m—1 ia tmoz I, (CD(()’:T;+1)&¢)(C> (m )a
= 3 e DO + gy DB + [t e

where ma =2k — 1 (m € Z* and 0 < a < 1/2), to derive that

_ k2007 S (D)) = g
Si= ()3 2o T(iat1) /0 (COEEVER
2508 (0 DR ) (0) [ qhtma
+(=1) 7k T(ma+1) /o ((nt )2+1)2kdt
2k 1 AR YRR
S e | G e Db e

= S11 + Si2 + Si3.
Following the previous calculations above, we can show that

N — lim Sll =0 and lim 513 =0
n— 00

n—oo

by noting that the integral

oo , k+(m+1)a o] 3k—14+a
/ vy / v
o (Y2+1)%* o (P21

converges for k > 1/2 and 0 < o < 1/2.
Coming to S12, we use the following formula

/oo Yokl dy:r(gk/2)1“(k/2)
) (yz + 1)2k ZF(QIC)

to imply that

dt

£ 250 (¢ DE)(0) thme
N = lim S = 512 (-1)F ™  D(ma+1) /0 ((nt)? 4+ 1)2k

ok (cDFed)(0) [ k-1
- () EE /O sl
_ (1 28 (D' $)(0) T(3k/2)T(k/2)
; T T(2k) 2T (2k)
» 2°T(3K/2)T (k/2) (c D'y ) (0)
212 (2k)wk '

Similarly, we can infer that

: ok 1 2D (3R/2)T (k/2) (¢ Dy 6)(0)
N - lim S = (-1)* 212 (2k) '
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Hence
1)k 4 (=1)2k=1 28T (3k/2)T (k/2) (c DEy
(@ oy - S ORI
_ (DR ()P TER/2T(R/2) (D 19)0)
B 2 I'2(2k)mk )
where (¢D3%9)(0) = (¢ Dgf$)(0) = (¢D§; - DG, - -+ - ¢Dg,)(0) (m-times).

In particular for k£ = 1, we get
—2I'(3/2
(5)1 (), 6(1)) = 2L B/2)

NG ¢'(0) = =¢'(0) = (&"(t), ¢(1))-
This shows that
(6)'(t) = '(t).
Similarly, we deduce that for k = 1/2
(@)2(0,000) = 1+ =L o0)
which infers that

@20 = i+ -2

which is identical with equation (8).
It follows from equation (9) that

()2 (#) =0 for 1=1,2,--,
_ 221+ 1/2)T(31 + 1+ 1/2) FICIER))
2141 4 1)1]2

(6)* () (t)-

In summary,
Theorem 5

(6")°(t) = 1,
("k(t) =0 for 1/3 <k <1/2,

N2y — (o) LB/ATA/4)
—1)k _1\2k—1 9k A2k—1
(@400t = S LU ZEEHETCAEThe OO ¢y

where (¢ D3y '9)(0) = (¢ Dy 9)(0) = (DG, - ¢ D§ -+ - ¢ D§16)(0) (m-times). In
particular,

(6" (t)=0 for I=1,2,---, and
221+ 1/2)0 (314 1+ 1/2) S
- T2+[(4] +1)1]2

(6")2HL (1) (t) for 1=0,1,2,---.
Remark:

(i) We should note that Theorem 5 is a generalization of Theorem 2 in [21], where
the case for k € ZT is mainly considered.

(ii) Again, the choice of a € (0,1/2] in Theorem 5 is not unique. We generally
choose a and m in Theorem 5 to make (Cﬁgf‘;_lgb)(O) as simple as possible by
Theorem 3.
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