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Abstract

The goal of this paper is to define the product of analytic functionals
in Z' by the Fourier transform and convolution in D’. We show that
the exchange formula

F(fxg)=F(f)oF(g)

holds. Several interesting examples are presented using this exchange

Ty
D)
Furthermore, we introduce a new definition for directly computing the
product of analytic functionals and apply a new approach to defining
some fractional derivatives in Z’, including 5(0‘)(8), by Cauchy’s integral
formula, which has never been done before.

formula and the distribution where X is a complex number.
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1 Introduction

Physicists have long been using the singular function é(x), although it cannot
be properly defined within the structure of classical function theory. In ele-
mentary particle physics, one finds the need to evaluate 6> when calculating



956 Chenkuan Li

the transition rates of certain particle interactions [7]. Around 1950, Schwartz
established the theory of distributions by treating singular functions as linearly
continuous functionals on the testing function space whose elements have com-
pact support. Although the theory is of great importance to quantum field
theory and has applications to seeking solutions for differential equations, it is
very difficult to define products, convolutions and compositions of distributions
in general. The sequential method [9, 3, 13, 4, 5, 14, 12] and complex analysis
approach [12, 2, 1], including non-standard analysis [11], have been the main
tools thus far in dealing with those non-linear operations of distributions in
Schwartz’s space D’ with many results.

Let D be the Schwartz space [8] of infinitely differentiable functions with
compact support in R, and D’ be the space of distributions defined on D.
Further, we shall define a sequence ¢y (), ¢2(x), - - -, ¢n(x), - - - which converges
to zero in D if all these functions vanish outside a certain fixed and bounded
interval, and converge uniformly to zero (in the usual sense) together with
their derivatives of any order. The functional ¢ is defined as

((5’ ¢) = ¢(0)

where ¢ € D. Clearly, ¢ is a linear and continuous functional on D, and hence
deD.

The convolution of certain pairs of distributions is usually defined as fol-
lows, see Gel'fand and Shilov [8] for example.

Definition 1.1 Let f and g be distributions in D' satisfying either of the
following conditions:

(a) either f or g has bounded support (set of all essential points), or
(b) the supports of f and g are bounded on the same side.
Then the convolution f * g is defined by the equation
((f *9)(x), o(x)) = (g(x), (f(y), o(z +y)))

for ¢ € D.

Let 0,(x) = np(nx) be Temples’ §-sequence for n = 1,2, -, where p(x) is
a fixed, infinitely differentiable function on R with four properties:

(i) p(x) =0,

(ii) p(z) =0 for |z| > 1,

(iii) p(z) = p(—x),



The product and fractional derivative ... 957

(iv) 25 plz)dr = 1.

In 2007, Li [13] used the following distributional product definition to de-
duce several commutative products.

Definition 1.2 Let f and g be distributions and let f, = f %, and g, =
g *0,. We say that the commutative neutriz product f ¢ g of f and g exists
and is equal to h if

n—o0

N = Jim 2 {(f0.0) + (9 0)} = (b 9

for all testing functions ¢ € D, where N is the neutrix, see van der Corput
[23] (use the neutriz to abandon unwanted infinite quantities from asymptotic
expressions), having domain N' = {1,2,---} and range the real numbers, with
negligible functions that are finite linear sums of functions

Pn" 'n, In"n A>0, r=1,2,---),

and all functions of n that converge to zero in the normal sense as n tends
to infinity. If the normal limit exists, then it is simply called the commutative
product. Note that f,, and g, are two infinitely differentiable functions and
hence (fng, ®) as well as (fgn, @) are well defined.

As suggested from this definition, we recently presented the following the
commutative neutrix convolutional definition [16].

Definition 1.3 Let f and g be distributions in D' and let
1 if x| < n,
To(x) =< 7(n"z —n") ifz >n,

r(n"r +n") if r < —n,

form = 1,2, --- where 7 is an infinitely differentiable function satisfying the
following conditions:

(i) 7(x) = 7(=2),
(i) 0 <7(x) <1,
(i) T(x) =1 if |z| <1/2,

(w) 7(z) =0 if |z|>1.
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Then the commutative neutriz convolution f* g of f and g exists and is equal

to h if
N = Jim 2 {(F7) % 9,6) + (f * (g7),9)} = (h, )

for all testing functions ¢ € D. If the normal limit exists, then it is simply
called the commutative convolution. Clearly, this definition generalizes Defini-
tion 1.1.

To make this paper as self-contained as possible, we state Paley-Wiener-
Schwartz theorem in the following, which will be used a couple of times
throughout this article.

Theorem 1.4 An entire function f(s) on C™ is the Fourier transform of
distribution \(x) with compact support if and only if for all s € C™,

1£(s)] < CelImsl (1 4 |s))e

for some constants C, q and b. The distribution \(x) is in fact supported in
the closed ball of center zero with radius b.

2 Analytic Functionals

As in [8], we define the Fourier transform of a function ¢ in D by

U(s) = F(9)(s) = ols) = [ oa)e™ da.
Here s = s; +is9 is a complex variable and it is well known that (s) is an
entire function with the following inequality for ¢ = 0,1,2, - --

|59 (s)| < CeclTmel (1)

for some constants C, and a depending on v(s). The set of all entire functions
with property (1) is indeed the space

Z =F(D)={¢ | 3¢ € D such that F(¢) =1 }.

The definition of convergence in Z can be carried over from D. That is, a
sequence of functions 1, (s) converges to zero in Z if the sequence of their
inverse images ¢,(r) = F~'(¢,) converges to zero in D. In other words, the
sequence 1, (s) converges to zero in Z if for each function in this sequence we
have

575, (5)] < Cpeltm
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with C; and a independent of v, and if the functions converge to zero uniformly
on every interval of the (real) s; axis.

The Fourier transform F(f) = f of a distribution f in D’ is an ultradis-
tribution in Z’, i.e., a linear and continuous functional on Z. It is defined by
Parseval’s equation

(f, @) =2n(f, ¢).
Clearly, we have
Z'=FD)={F(f)| feD}.

The exchange formula is the equality

F(f*g)=F(f) F(g).

It was proved in [22] that the exchange formula holds for all convolutions of
distributions f and g, provided they have compact support.

We now consider the problem of defining product in Z’. To do this we need
the Fourier transform F(7,) of 7, and write

Guls) = 5 F ()

which is an element in Z since 7, belongs to D. Putting ¢ = &, we have from
Parseval’s equation

Since

lim (7, ¢) = lim ~ To()p(x)dr = /OO o(x)dr = (1, ¢)

n—00 n—oo J_ o —00

for all ¢ € D and F(1) = 274, we derive that

lim (0, 9) = (6, %)

n—oo

for all » € Z. Thus, {d,} is a sequence in Z converging to the Dirac delta
function.

If f is an arbitrary distribution in D', then since §,, is a function in Z, the
convolution f * 4, is defined by

((f % 62)(), ¥(5)) = (F(w), (Ba(s), ¢(s + w)))
for arbitrary ¢ in Z. If ¢ = ¢, we have

U(s +w) = F(e™¢(z))
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and it follows from Parseval’s equation that

(3us), s +w)) = 5 (F(m)(s), FE™6)(s) = (ra(a), ¢ (x)
= /o:oTn(x)equﬁ(x)dx—)/oo e p(z)dr = p(w).

Thus . -
Jim (F* 00, 0) = (. 0)

for arbitrary ¢ in Z and it follows that {f % d,} is a sequence of infinitely
differentiable functions converging to f in Z'.

Following the standard notation we let €’ be the space of distributions with
compact support. Obviously, we have D C ¢/ C D" and Z = F(D) C F(¢') C
F(D)=27.

The derivative of a functional g € Z' is defined by

dg B dy
(ar0) =)

As is true for D', the generalized functions in Z’ have derivatives of all orders.
There is a difference, however, in that the generalized functions of Z’ are not
only infinitely differentiable, but also expandable in the sense that for every
geZ

Zg@(s)? =g(s+h)
q=0 )

where the series on the left converges in Z’, and g(s + h) is the generalized
function obtained from g(s) by translation through h. In particular,

5(s+h) = 205@( )Z?

Define a multiplier space of Z as
M = {h(s) | his entire and |(s)| < CetMMsl(1 4 |s])7}

for some b, ¢ and C. By Paley-Wiener-Schwartz theorem stated in the intro-
duction, we imply that M = F(¢') and Z C M C Z'. For any g € Z' and
h(s) € M, the product h(s)g(s) is well defined by

(h(s)g(s), ¥(s)) = (g(s), h(s)¥(s)) (2)
because h(s)y(s) € Z (see [8]). It follows that

h(s) 8™ (s fj <m> hm=9)(0)50) (s). (3)
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In particular,
sin s 6" Z (m) sin[(m — j)g]d(j)(s)
§=0 J

1 . )
where sin s = ?(e’s —e ) e M.
i
We are ready to present the following definition by noting that

(fud,0) + (Fdn, ) = (3, F(fr)v) + (f, F(gma))

is well defined since both F(f7,) and F(g7,) are in M and f, = F(f7,).
Indeed,

(.fnv ¢) = (f* Ons ,4/}) = (fa F(Tn¢)) = 27T(f7 Tn¢)
= 2n(f7, @) = (F(fT), ¥).

Definition 2.1 Let f and g be distributions in D' having Fourier trans-
forms f and § respectively in Z' and let fo = fx6, and g, = g*0,. Then the

neutrix product fo g in Z' is defined to be the neutrix limit h in the sense that
N S T 5
N = lim o {(fug. %) + (Fgus0)} = (b 0)
for ally in Z.

In this definition, we use f o g to denote the neutrix product of f and g to
distinguish it from the usual definition of the product f,g, (in terms of point
wise) of two infinitely differentiable functions f, and g,. If

i 2 {(53.0) + (g )} = (b, )

for all ¢ in Z, we simply say that the product f - g exists and equal to h. We
then of course have } )

foi=7-3
It is clear that if the neutrix product f o g exists then the neutrix product is

commutative.
The product of ultradistributions in Z’ also has the following property:

Theorem 2.2 Let f and § be ultradistributions in Z' and suppose that neu-
triz products fogand fog (or f'o g) exists. Then the neutriz product flog
(or fo§) exists and

(fog)=Ffog+fog. (4)
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Proof. Let v be an arbitrary function in Z, Then

(fog),v)=—(fog, v
= - =t 2 {2, 0) + (01}

= N Jim {6 (R = F0) + (F (G0 — 670}
= N = Jim 2 {(d ) + (il ) + (B 5.0) + ()}

on using the following identity

This infers that

(flog, ¢)=N— ,g%i{(fn’g,w) + (f'gu )} = ((Fod), ) = (fod, ¥).

It follows similarly that if f’ o § exists then f o § exists. This completes the
proof of Theorem 2.2.
We can now prove the exchange formula.

_ Theorem 2.3 Let f and g be distributions in D’ having Fourier transforms
[ and g respectively in Z'. Then the neutriz convolution f* g exists in D', if
and only if the neutriz product f o g exists in Z' and the exchange formula

F(f*g)=F(f)oF(g9)=fog
18 then satisfied.

Proof. We first show that

F(frn*g) = F(fr.)F(g)

where F(f1,) € M as fr, has compact support. Let ¢ = F(¢), then by
Parseval’s equation

(F(frn*g), ¥) =21(frax g, ¢) = 27(g(z), (f7a)(y), ¢(x +y)))

by Definition 1.1. Clearly, the function ((f7,)(y), ¢(x + y)) has compact sup-
port as f7,, and ¢ have compact support. Let A\(x) € D such that A\(x) =1 on

the support of ((f7,)(y), ¢#(z +y)). Then

(F(frnx 9), ¥) = 2m(g(x), (fma)(y), oz +y))) = 2m(A(z)g(x), ((fTa) (), ¢(z +y)))
= (F((f1a) x Ag), ) = (F(f1a) F(Ag), ¥) = (F(fTa)F(9), ¥)
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by applying
E((fa) % Ag) = F(f7)F(Ag)

from [22]. Further,

(F(ﬁg),w):%(f’ ¢)
:27r(N—hm) {(fTx g, &)+ (f % g7, )}

n—oo

~ N - lim E{F(m k), ©) + (F(f * g7), 1)}
=N — lim - {F(an) (9), ) + (F(f)F(g7a), )}

N - lim ; {(Fag ) + (T, 0}
= (F(f)o F(g), ¥)

on using
F(fr,) = fn, and F(g7,) = gn.

This completes the proof of Theorem 2.3.

Let D'(R™) be the subspace of D" with support contained in R*. Tt follows
A-1

from [15] that &) = FJ(’)\) € D'(R") is an entire function of A on the complex
plane, and
7 ()
=o6"(x), for n=0,1,2---. (5)
F()\) A=—n
A-1
For the functional &, = ﬁ, the derivative formula is simpler than that for
2. In fact,
d d A—1 A—1 A—2 A—2
7(1))\ — 7$+ = ( )Z’+ = T+ = (I))\—l‘ (6)
dx dx T'(\) () r(A—1)

Let A and p be arbitrary complex numbers. Then it is easy to show
Dy kD, = By, (7)

by equation (6), without any help of analytic continuation mentioned in all

A-1
T(A)
role in defining fractional calculus of distributions and classical functions |20,
19, 18, 10, 17].

current books. We would like to point out that &, = plays an important
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Theorem 2.4 The products (o + i0)* - (o +i0)* and (o —i0)* - (o — i0)~
exist in Z' and

(o +i0)* - (o +i0)* = (o 4 i0) (8)
(0 —i0)* - (0 —i0)* = (o — i0)M* 9)

for all complex numbers X\ and .
Proof. It follows from [8] that
F(®yy) = ie™™?(g 4 i0) 1 (10)

for any complex number \. Applying the exchange formula, it follows from
equations (7) and (10) that

_ei(A'HL)W/Q(O- + Z’O)—A—l . (O‘ + Z’o)—u—l
— Z-ei()\+u+1)7r/2(a + Zvo)f)\—u—2

for all complex numbers A, u. This implies equation (8). Equation (9) follows

immediately from

_ —1 Ap—1
a1 " a2t

x
I() T T+ p)
for all complex numbers A and p and equation (10). This completes the proof
of Theorem 2.4.
Remark 1: In [6], Fisher, Ozcag and Li proved Theorem 2.4 for all real
numbers A, p with one and half pages of complicated calculation. The current

proof is much shorter and easier with a deeper result (for all complex numbers
A and p).

Corollary 2.5

— o 1)
o r 1/2 ‘O'_T 1/2 — ( ) ﬂ-(s(QT)(O_) (11)

forr=20,1,2,---.
Proof. It follows from equation (8) that

(0’ + Z'O)—r—l/2 . (0- + Z'o)—r—l/z _ (0_ i iO)_QT_l
—r—1/2 . r —r—1/2 —r—1/2 . - —r—1/2
- [UJF /2 7’(_1) o_ / } : [U+ / —Z(—l) o / }

o1 i (2r)
=0 — ——0"“" (o
(2r)! (o)
forr =0,1,2,---. Expanding and equating the imaginary parts gives equation

(11).
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Corollary 2.6

o . 6(r71)(0) _ (_21';:“(7;_1)1')'5(27“1)(0_) (12)

forr=1,2,---.
Proof. It follows from equation (8) that

(0 +i0)™" - (0 +i0)™" = (o +i0)"*"

—r im(—1)" r—1 —r im(—1)" r—1
=|o "+ (7“(— 1))!(5( )(O')] . la + (r(— 1))!(5( )(0)

— O_—Qr + 5(27“—1) (0_)

for r = 1,2,---. Expanding and equating the imaginary parts gives equation
(12).

3 The Fractional Derivatives and Products in
Z/

Current studies on product of analytic functionals have been mainly based on
applying convolution in D’ and the Fourier exchange formula as discussed in
the previous section. The goal of this section is to introduce a new definition
to compute the product of analytic functionals in Z’ directly. Furthermore, we
define the fractional derivatives of some generalized functions in Z’, including
the fractional derivative of §(s), by Cauchy’s integral formula, and obtain fresh
results, which have not been seen previously.

We shall call a functional g on Z analytic if it can be written in the form

(9.9) = [ g(s)v(s)ds,

where g(s) is a function and T" is some contour in the complex plan C. Thus,
the delta function given by (§(s — sg), ¥(s)) = ¥(so), where sg € C, is an
analytic functional, since

1o w(s)

2wt JT s — Sg

(0(s = 50), ¥(s)) = ¥(s0) =

ds,

where I' is any contour enclosing sy in counterclockwise. We denote

o=~ (g = T}
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Similarly, we have

M (s — s9) = { (=1)"m! F} :

27i(s — so)mtl’

Choosing a fixed function w(s) € M, we can construct two different analytic
functionals for d > 0,

ot w(s)i(s)

Sn+1

(£2(s), v(s) = | ds

—oo+di

and
co=di w(s)Y(s)

Sn+1

(f- (), vs) = [

—oco—di

ds,
where n is any non-negative integer. Those two integrals are clearly convergent
since w(s)Y(s) € Z.

The difference between them can be simplified into the form

U-9) = L) v = 2

in which the integral is taken in counterclockwise along the boundary of |s| = 1.
By Cauchy’s integral formula

(F(5) = £ols), v(s)) = 20y, (”)w<”-k><o>w<k><o>.

n! = \k
Therefore,

21 I (n

)= 106 = 2 (1) -0kt 10)%),

n! =
Finally, we have the following product in Z’ from equation (3)

M) (F- () — Fuls)) = 2030 S (-1p (Z) ("”ﬁ)w<n—k><o>h<k—j>(0)5@»(3)

© k=0;=0 J

where h € M.
Let

W = {n(x)|n(z)is locally integrable and F'(n) exists }.

Then h(s) * 6,(s) € M, where h(s) € F(IW).
Indeed, let h(s) = F(n), where n € W. Clearly,

o0

(h % 62)(5) = (Gu(0), (s +0)) = [~ mul@)e™*n(a)da

— 00
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by Parseval’s equation. Since n(x) is locally integrable and 7,,(x)n(z) € &', we
claim from Paley-Wiener-Schwartz theorem that

/ To(2)e™n(z)dr = F(r,n(x)) € M.
Now we are ready to give a new definition for the product of analytic func-
tionals in Z’.

Definition 3.1 Let h(s) € F(W) and let g(s) € Z'. Then the product
h(s) - g(s) is defined as

n—oo

provided this limit exists.

In particular, if h(s) € M and g(s) € Z', then h(s) - g(s) = h(s)g(s),
which is defined in equation (2). By Definition 3.1, we only need to show that
(h * 0,,)1) converges to h(s)y in Z. Assume that h(s) = F(\(x)), where A(s)
is a distribution with compact support, and ) = F(¢) for some ¢ € D. Then
(h* 0,)1 = F((t,\) % ¢), and further it is proved in [21] that (7,A) * ¢ in D.
Therefore, (h * d,)1 converges to h(s)y in Z.

As an example demonstrating application of Definition 3.1, we let

() = sinz?e " if x>0,
K 0 otherwise.

Clearly n(z) € W. Using Definition 3.1, we are going to calculate the product
F(n)(s) - 6™ (s) for m = 0,1,2,---. In fact,

(F(n) % 0,)(s) = /0 ()™ sin a?e ™ d.

Further,

Crnj =" = cos(m — j)g + isin(m — j)g

Therefore,

h(s)-00™ (s) = Z(—l)(m_j) (m) [COS(TI’L — ])g + isin(m — j);r} /Oo 2™ sin z%e = dzd V) (s).
=0 J 0
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We would like to point out that Definition 3.1 provides a powerful method
for computing the product h(s) - 6™ (s) when it is difficult to evaluate the
Fourier transform F'(n), where n € W, as indicated in the above example.
This example cannot be defined by equation (3) since 1 does not have compact
support.

In the following, we define the a-order fractional derivative of f_(s)— fi(s)
on Z for n = 0 (for simplicity) based on Cauchy’s integral formula, where o > 0

((f= — f2)@(s), 1(s)) = (cosam +z’sinom)r(a+1)]{ ) Mds (13)

2mi satl
in counterclockwise along |s| = 1. Here we choose the fixed analytic branch
In1=0, -7 <args <7 and k = 0, such that
1 ,
_ S—(a—l—l) _ 6—(a+1)1n5 . 6—(oz+1)2k7rz

SaJrl

is an analytic single-valued function.
In particular, we get for w(s) =1

Dla+1) [ ¥ls),

(c) — ) Sl
(6%(s), ¥(s)) = (cosam +isinam)— == ¢ 5

Clearly, the functional (f_ — f, ) (s) is linear on Z. Let {t,,} be a sequence
converging to zero in Z. Then

Unls) = [ on(a)e=da,

where {¢,,} converges to zero in D, which implies that Ve > 0, 3N = N(e)
such that |¢,,(z)| < € for m > N. Assuming supp¢,, C [—a, a] for all m, we
infer that for m > N and |s| =1

[Ym(s)] < [ae|eixs|d$ < 2aee’

by noting that s = cos@ + isinf for 0 < 0 < 27w. Further, 3 M > 0 such that
lw(s)| < M for |s| = 1. Therefore,

Natl) f wledin),,
[s|=1

lim (cos am + ¢ sin am
( + ) gatl

n—00 271

This means that (f_ — f,)(®(s) is continuous on Z.
Assume that a # 0,1,2,--- and let w(s)yY(s) = D02, a,s™ be the Taylor
series which converges uniformly on |s| = 1. Equation (13) therefore yields

((f- = f)9(s), ¥(s)) = (cosar+ isinom)r a+ ) ]{

.. —a—1
— n n—o d
(cosam + isin 047T)72m, ,;:0 a (/01 s s +

Co

Sn—a—1d8>
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where C] and Cy are two parts of |s| = 1 in the upper and lower s; axis

respectively.

We compute on the analytic branch directly to get

™
o gn—a 1
/ Sn a ldSI
C1 TL—O[O n—uoa
and
0
o gn—a 1
/ Sn a 1dS:
Cs n—ao| n—uo

Adding the two terms we have

2i(—1)"sinam

/ Sn—a—lds + / sn—a—lds _ 21 Sin(n _ Oé)ﬂ-
C1 Cs

n—auo

so that

((f= = f)“s), )
INa + 1

= (cosam + isinar)——= ( smomz :
= a—n

Since the Taylor’s series coefficient

o, @)(0) ;ZZ: ( ) (0)69)(0) =

n!

we come to

(f- - f+)(a)(3)

r 1) i

= (cosam + isinar) ——= (o + sm am Z > (-

T n=0 j5=0

: . +1) & &
= (cos amsin am + isin® a) (a Z > (-
n=0 j5=0

In particular, we choose w(s) =1 to get
Theorem 3.2

[Ma+1) &

a—n

6 (s) = (cos arsin am + isin® an)

fora>0 and a # 0,1, 2,

= (v —n)n!

= (cos(n — a)m +isin(n — a)m — 1),

- (1 —cos(n — a)m +isin(n — a)m).

Y

e 56 (s
)
n\ i gy 07 ()
()0

6"(s) (14)
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We let @ — n and note that all terms on the right-hand side of equation
(14) vanish except the nth term which approaches to 6 (s). Hence

r 1) o0
éi_rgll(cos aT sin ar + isin? ar) (&;L ) nzzo = S))n' = 6™ (s).

This indicates that 6 (s) is an extension of the normal derivative 6 (s).
Remark 2: The result obtained in Theorem 3.2 completely coincides with
one in [21], although we use a different approach here.
On the other hand, we get the following theorem from choosing w(s) = s.

Theorem 3.3 Let
Na+1
( ) @D(S)ds

21 |s|=1 8%

((f= = f+)®(s), ¥(s)) = (cosa + isin ar)

in counterclockwise along |s| = 1. Then,

1 00 Sn—1)
(f- = f1)@(s) = (cosamsinar +isin ar) ez nZ:l (n —a)( n(s—) 1!

(15)

fora>0and a#0,1,2,---

Acknowledgements. This work is partially supported by the Natural
Sciences and Engineering Research Council of Canada and Brandon University
Research Grant.

References

[1] M. Aguirre and C. Li, The distributional products of particular distribu-
tions, Appl. Math. Comput., 187 (2007), 20-26.
https://doi.org/10.1016/j.amc.2006.08.098

[2] H.J. Bremermann, Distributions, Complex Variables, and Fourier Trans-
forms, Addison-Wesley Publishing Co. Inc. Reading, Mass.-London, 1965.

[3] L. Cheng and C. Li, A commutative neutrix product of distributions on
R™, Math. Nachr., 151 (1991), 345-355.
https://doi.org/10.1002/mana.19911510124

[4] B. Fisher, A result of the convolution of distributions, Proc. Edinburgh
Math. Soc., 19 (1975), 393-395.
https://doi.org/10.1017/s0013091500010506

[5] B. Fisher, On defining the convolution of distributions, Math. Nachr., 106
(1982), 261-268. https://doi.org/10.1002/mana.19821060123



The product and fractional derivative ... 971

[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

B. Fisher, E. Ozcag and C. Li, A commutative neutrix convolution of
distributions and the exchange formula, Archivum Mathematicum, 28
(1992), 187-197.

S. Gasiorowicz, Elementary Particle Physics, J. Wiley and Sons Inc. New
York, 1966.

.M. Gel'fand and G.E. Shilov, Generalized Functions, Vol 1, Academic
Press, New York, 1964.

D.S. Jones, The convolution of generalized functions, Quart. J. Math.
Ozxford Ser., 24 (1973), 145-163. https://doi.org/10.1093 /qmath/24.1.145

A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications
of Fractional Differential Equations, Elsevier, New York, 2006.

B.H. Li, Non-standard analysis and multiplication of distributions, Sci.
Sinica, 21 (1978), 561-585.

C. Li, The products on the unit sphere and even-dimension spaces, J.
Math. Anal. Appl., 305 (2005), 97-106.
https://doi.org/10.1016/j.jmaa.2004.10.031

C. Li, Several results on the commutative neutrix product of distributions,
Integral transforms Spec. Funct., 18 (2007), 559-568.
https://doi.org/10.1080/10652460701366169

C. Li, A review on the products of distributions, Chapter in Mathematical
Methods in Engineering, Springer, 2007, 71-96.
https://doi.org/10.1007/978-1-4020-5678-9_5

C. Li, Several results of fractional derivatives in D'(R"), Fractional Cal-
culus and Applied Analysis, 18 (2015), 192-207.
https://doi.org/10.1515/fca-2015-0013

C. Li, K. Clarkson and V. Patel, The Convolution and Fractional Deriva-
tives of Distributions, to appear in Advances in Analysis.

C.P. Li and W. Deng, Remarks on fractional derivatives, Appl. Math.
Comput., 187 (2007), 777-784.
https://doi.org/10.1016/j.amc.2006.08.163

C. Li and C.P. Li, On defining the distributions (6)* and (§")* by fractional
derivatives, Appl. Math. Comput., 246 (2014), 502-513.
https://doi.org/10.1016/j.amc.2014.08.068



972 Chenkuan Li

[19] C. Li and C.P. Li, Remarks on fractional derivatives of distributions,
Thilisi Mathematical Journal, 10 (2017), 1-18.
https://doi.org/10.1515/tmj-2017-0001

[20] C. Li, C.P. Li, B. Kacsmar, R. Lacroix and K. Tilbury, The Abel Integral
Equations in Distribution, Advances in Analysis, 2 (2017), 88-104.
https://doi.org/10.22606/aan.2017.22003

[21] C. Li, Y. Zhang, M. Aguirre and R. Tang, The product of analytic func-
tionals in Z', J. Korean Math. Soc., 45 (2008), 455-466.
https://doi.org/10.4134/jkms.2008.45.2.455

[22] F. Treves, Topological Vector Spaces, Distributions and Kernels, Academic
Press, 1970.

[23] J.G. van der Corput, Introdution to te neutrix calculus, J. Analyse Math.,
7 (1959), 291-398. https://doi.org/10.1007 /bf02787689

Received: September 17, 2017; Published: November 6, 2017



