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Abstract. The goal of this paper is to study the following linear fractional integro-differential
equation with variable coefficients, for the first time, in the distributional space Z'(R™) by
Babenko’s approach

ulPr) () a1 () Prt) () - 4 @y (2P (x) + ap (x)uP) (x) = g(x),

where B, > B,—1 > --- > By with B, > 0. We obtain the solution as an infinite series and
show its convergence. Furthermore, we investigate this equation with the Riemann-Liouville
and Caputo derivatives (non-sequential) instead of distributional ones, and the initial conditions
in the classical sense by a new and simpler method. Several interesting applications to solving
the fractional differential and integral equations are presented using gamma functions, some of
which cannot be achieved by ordinary integral transforms or numerical analysis.

1. Introduction

Generally speaking, a Green’s function u(z,x), of a linear differential operator
L = L(x) acting on functions (or distributions) over a subset of R", at a point ¢, is any
fundamental solution of
Lu(t,x) = 8(t — x),

where 6(x) is the Dirac delta function. It is well known that Green’s function plays
an important role in the study of fractional differential and integral equations appearing
in mathematical and physical fields [, 2, 3]. Many researchers have obtained explicit
formulas for Green’s functions of linear fractional differential equations with constant
coefficients [4, 5, 6, 7, 8, 9, 10]. In 1991, Miller and Ross [4] derived Green’s func-
tion from Laplace transform in the study of the following 7n-th order linear differential
equations on the interval I = [0, o)

1™ (x) + ap—u" ™V (x) + - + agu(x) = g(x)
with all zero initial conditions
u®0)=0, k=0,1,---,n—1.
Mathematics subject classification (2010): 46F10, 34A08, 26A33.
Keywords and phrases: Distribution, fractional operator, Mittag-Leffler function, Babenko’s approach,

variable coefficient, Green’s function.
This work is partially supported by NSERC (Canada 2019-03907) and NSFC (China 11701502).

© depay, Zagreb 57
Paper FDC-10-04


http://dx.doi.org/10.7153/fdc-2020-10-04

58 C. L1 AND J. HUANG

Podlubny [7] obtained Green’s function for the general linear fractional differential
(sequential derivatives) equation with constant coefficients by Laplace transform and
Mittag-Leffler function. Hilter [9] et al. constructed an operational calculus of Miku-
sifiski type for the initial value problem of the fractional linear differential equation with
the generalized Riemann-Liouville derivatives and constant coefficients. The Miku-
sifiski operational calculus is an algebraic approach based on the interpretation of the
Laplace convolution as a multiplication over a function space, which is widely used
to solve differential and integral equations. Applying the fractional B-Splines wavelets
and Mittag-Leffler function, Huang and Lu [ 1 1] discussed the existence and uniqueness
of solutions of the following nonhomogeneous linear differential equation with all zero
initial conditions (fractional order)

aan:;u(x)_i__Fanglxu(x) :g(x), an#o

where all derivatives are in the Riemann-Liouville sense.

Kilbas [12] et al. studied solution by a power series method, near an ordinary
point x € [a, b], for the following fractional linear differential equation with variable
coefficients

n—1
u") (x) + ;)axx)u““)(x) = g(x, ),

where o € (0,1], n € N and u(io‘)(x) denotes sequential fractional derivatives of order
io of the function u(x) for i =0,1,---,n.

Using the integral representation and method of successive approximations, Kim
and O [13] investigated the following fractional differential equation with continuous
variable coefficients (as well as the nonhomogeneous equations with all zero initial
conditions)

Dg” u(x) —|—a,,_1(x)D€:;1u(x) +-+ ao(x)DggCu(x) =0, x>0 (1.1)

X

with the initial conditions

ﬁn_j o liszl’
Dy, Mm_{oﬁjzli“nw, 42

where B, > B,_1 >+ > Bo >0 and ng— 1 < B, <ng € Z*. Pak [14] et al. recently
studied solutions of the following linear nonhomogeneous Caputo fractional differential
equation with continuous variable coefficients for x € [0, T

CDg:;u(x) +an_1 (x)cDgz;’lu(x) +- ao(x)cDg?xu(x) =g(x),

with all zero initial conditions

D/u(0t)=0, j=0,1,---,n9— L.
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As mentioned in the abstract, the aim of this paper is to solve the following linear
fractional integro-differential equation with variable coefficients, for the first time, in
the distributional space Z'(R™)

uP) (x) + apy ()uPr1) () + - 4 @y ()uP) (x) + ap(0)uP) (x) = g(x),  (1.3)

where all derivatives or integrals are in the distributional sense (sequential law holds),
and g(x) is a distribution in 2’(R™), such as

(x) = x 13 if x>0,
& 0 ifx<O.

Note that this cannot be done in the classical sense as g(x) = x;l's is not locally in-
tegrable, and furthermore its Laplace transform does not exist. Moreover, we apply
Babenko’s approach to solve the initial value problem of (1.1) and (1.2), as well as the
nonhomogeneous case with all zero initial conditions in a much simpler way. Several
applicable examples to solving linear fractional and integral equations with variable co-
efficients are presented utilizing gamma functions, some of which cannot be achieved in
the normal sense since we deal with distribution g(x) on the right-hand side of equation

(1.3).

2. Fractional calculus of distribution

In order to study equation (1.3) in the generalized sense, we briefly introduce
the following basic concepts with examples of finding distributional derivatives and
Babenko’s approach for an integro-differential equation in distribution with constant
coefficients. Let Z(R) be the Schwartz space (testing function space) [15] of infinitely
differentiable functions with compact support in R, and 2'(R) the (dual) space of
distributions defined on 2(R). A sequence ¢1, ¢, -, 0y, - goes to zero in Z(R) if
and only if these functions vanish outside a certain fixed and bounded set, and converge
to zero uniformly together with their derivatives of any order. Clearly, Z(R) is not
empty since it contains zero as well as the following function

1
o(x) = {e if x| < 1.

0 otherwise.

Evidently, any locally integrable function f(x) on R is a (regular) distribution in 2’(R)
as

(7.0)= [ _f)o)dx

is well defined. Furthermore, f is linear and continuous on Z(R). Indeed, we have for
¢, w € Z(R), and constants ¢; and c¢;

(f,c19+coy) =ci(f, ¢) +c2(f, ).
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If a sequence {¢,}> , converges to zero in Z(R) then it has compact support and
converges to zero uniformly. This implies that

lim (£, 6,) = lim [~ ()9 (x)dx 0.

n—00

In particular, the unit step function 0 (x) defined as

Lif x>0,
“ﬂ_{Oﬂx<Q

is a member of Z’(R) as it is locally integrable. In addition, the functional & (x— xo)
on Z(R), given by

(6(x—x0),¢(x)) = ¢(x0),
is clearly linear and continuous on Z(R). Therefore, 6(x—xg) € 2'(R).

Let f € 2'(R). The distributional derivative f’ (or df/dx), is defined as

(fla ¢) = _(f’ ¢/)

for ¢ € Z(R). Hence,

(8 (x—x0),0()) = (=1)" (8(x—0), 6" () = (~1)"0") (x0).
The distributional derivative (global sense) is certainly an extension of the classical one
(local sense). Any locally integrable function must have the distributional derivative,
although its classical derivative may not exist.

Assume f is a distribution in 2'(R) and y is a C* function (infinitely differen-
tiable). Then the product yf is well defined by

(wf, 9)=(f, vo)

for all functions ¢ € Z(R), since y¢ € Z(R). The problem of defining products of
two arbitrary distributions has been open and an active research area since distribution
theory was introduced around 1950 [16, 17, 18]. For example, it seems hard to define
the distribution §2(x), as

(8%(x), 9 (x)) = (8(x)8(x), 9(x)) = (8(x), 8(x)9(x)) = 6(0)9(0)

is undefined.
As an example of finding distributional derivatives, we show that

O (B2) = 50y ot (1 1100+ D,

where m=0,1,---.
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Clearly,

A T W GV T
dxm \1+x)  (14x)mtl” e

am 1
dx™ \1+x )|,

Let ¢ € Z(R). Using integration by parts,

(5:; (%) ,¢<x>) — (—1)" /°° ¢<'">(x>

=(=1)"ml.

:(_ m¢(m1 (Pml

1+x (1+4x)2
= (=1 /‘ ¢1-+x

m— m ¢ m_2 ( ¢
G 1><x>,¢<x>)+<—1> |t [ 1+x
= (80w, 6(9) + (~1)" 19" (0) + (~1)2t [ ¢1+x
= (87 o (1) = 1)18(), 0()
—|—(—1)mm!/0 % X
This infers that

% (%) =8 V()44 (1) (- 1)!5(x)+7(zllfgf+(f).

We should note that this function is not differentiable at x = 0 in the classical sense.

Assume that f and g are distributions in 2'(R™) (the set of all distributions con-
centrated on R™, which is a subspace of Z'(R)). Then the convolution f x g is well
defined by the equation [15]

((f*8)(x), ¢(x)) = (8(x), (F (), @(x+)))
for ¢ € Z(R). This also implies that

frg=g*f and (fxg) =g «f=gxf.

Furthermore, the distribution ®; = ;%E;L; (R™) is an entire analytic function
of A on the complex plane [19, 20], and
X! —5M(x), for n=0,1,2,... @2.1)
(1) ’ T

A=—n
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which plays an important role in fractional calculus of distributions. Let A and u be
arbitrary numbers, then the following identities

Dy < Dy = Dy, (2.2)
d

Sy =y (2.3)
X

are satisfied [21].

Let A be an arbitrary complex number and g(x) be a distribution in 2'(R™). We
define the primitive of order A of g as the distributional convolution
A—1

§2(0) = 80) 75 = 800 5 @ @4

Note that this is well defined since the distributions g and @, are in Z’'(R™). We shall
write the convolution
d* A
8-2 =778 =M (x) = g(x)+®_,
X

d?L
as the fractional derivative of the distribution g of order A if ReA > 0, and L is
X

interpreted as the fractional integral if ReA < 0.
It follows from equation (2.2) that differentiation and integration of the same order
are mutually inverse processes, and the following sequential fractional derivative law

holds
dt (atg\ d*rg a* [d'g
dxr \dxt ) dxrte o dxt \ dxt
for any complex numbers A and L.
Note that there is no difference between the Riemann-Liouville derivative and the

Caputo derivative in 2'(R™") [22]. Indeed, let g(x) be any distribution concentrated on
R*. Then

. x;l*l dm XT7171

) ¢

- an xﬁ—k—l ) xﬁ—k—l
= d (g(x>*r(m—/1)> =8 T Ay

where m—1 <A <meZt.

In this paper, we extend Babenko’s approach [23] to distribution theory and solve
equation (1.3), which is an integro-differential equation with variable coefficients. Gen-
erally speaking, Babenko’s method itself is similar to Laplace transform method in the
ordinary sense, but it can be used in more cases [8] such as solving integral or frac-
tional differential equations with distributions whose Laplace transforms do not exist,
as indicated below.

8-2.(x) = glx)
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To illustrate Babenko’s approach in detail, we are going to solve the following
integro-differential equation with constant coefficients in the space 2'(R")

u(l's)(x) + u(o's)(x) — 2u(_0'5)(x) = x;l'l (2.5)
where
w03 (x) = 5 (x) % u(x).
Note that this cannot be done in the classical sense as the distribution x7_

integrable and its Laplace transform does not exist.
Clearly, equation (2.5) can be converted into

L1 s not locally

D s5xu+P_gsku—20ysxu="TI(—0.1)D_¢
in terms of the distributional convolution. This implies
u +q)1 *U— 2@2* u= 1"(—0.1)@1'4.

By Babenko’s approach (treating differential or integral operators as variables), we ar-
rive at

oo

# @14 =T(—0.1) Y (— 1) (@) —2D2) 5Dy 4
k=0

1

=

2 2() (—2,) DT 5 Dy 4.

Using identities _ _ .

=y, (20s) = (-2,
we derive that

u(x) =T(-0.1) Y (—1)F
k=0 i

k +i+0.4

K A

—0.1) )t ——
2 z ( ) 2) Ck+i+1.4)

k=0i=0

M=

<k> (—2)@ssit14

o \!

Using the following formula

i zk‘/al?k*i = 2 Eal Js

k=0i=0 Jj=0i=
we also imply that
L +2i+0.4
NS X
—0.1) f+’ ) S ) s
jzg)lz ( i ( )F(j+2i+1.4)

We will show in the next section that this double series is absolutely and uniformly
convergent on any interval [0,7T] for all T > 0. Therefore, u(x) is continuous on R* .
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3. The fractional integro-differential equation with variable coefficients

Let a;(x) € C[0,00) for i =0,1,2,---,n—1 and g € Z’'(R"). In this section,
we mainly focus on solving equation (1.3) dlstributionally with the conditions f3, >
Bu1>---> Po and B, > 0. Note that this is an integro-differential equation if f, is
negative for some 0 < & < n— 1. For example, we have

1 X
Six —1.2

W00+ 2200 4 T | =) () = 4 8()

by choosing the values B, = 1.5, B; = 0.2, By = —0.5, ap(x) = sinx, a;(x) = 2x* and

g0 =x" +8(x).
First, we consider the fundamental solution (Green’s function) for the correspond-
ing equation

ulP) () + a1 ()P0 (x) 4+ - 4 @y ()uPV) (x) + ap(0)uP) (x) = (x).  (3.1)
Equation (3.1) can evidently be converted into
ux®_pg +a, 1(x)- (ux®_pg )+---+ao(x) (uxd_g)=35(x).

Applying *®@g to the above equation from the right-hand side and considering the
convolutional operator * has a higher precedence than the product -, we get

wtan (x) ux®g,p, , + o +aolx) uxPpg,_p, = 8(x)Pp, =Pp,.
By Babenko’s approach,

]
6+ an—1(x) Ppg,_p, , +- +ao(x) Pp,_p,

k
(Za’ q)ﬁn ﬁz) *q)ﬁn’

(Z ai(x) - @p, - A)k

is defined as k-time convolutions, rather than a power.

u(x) = * Dg,

I
Mx

T
f=l

where

THEOREM 1. Let a;(x) € C[0,0) for i=0,1,---,n— 1. Then the linear fractional
integro-differential equation (3.1) has the solution

k
u(x) = 2 (261, g ,3[> *Dg

which is continuous on the interval [0,0) if B, > 1, and u(x) € L(0,T) forall T >0
if0< By <1.
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Proof. Clearly,

oo . n—1 k xﬁnfl oo n—1 k xe_n 1
z (—1) z ai(x) ®@p, g, | * T(B,) < z z |ai(x)] " D@p,p | *
n i=0

k=0 i=0 k=0

by noting that
ﬁn—l ﬁn_l
@’ * = _ = . >0
Bn—Bi (B, ) ﬁnJ Bij * (ﬁn) Buj+Bu—Bij =
forall j,i=0,1,---,n—1.

Since a;(x) € C[0,0), there exist constants M; > 0 such that |a;(x)| < M; for all
i=0,1,--,n—1and x € [0,T], where T is positive. Therefore,

k=0

- k (Bt
|u(x)| Z <2Mq)ﬁn ﬁz) * +

_ Z 2 k! Mol
kolky!--kyg! 0 -
k=0 ko+hky+-—+hky_ =k “0-F1+ n—1-

. .
"o kD kn—1 +
ﬁn_ﬁo ﬁn ﬁn (ﬁn)

< k! k k

= IR V/ (S UNN / t
Z 2 k()'kl""k 1; 0 n—1
k=0 ko+ky+--+k,_1=k "V L* n—1-

xﬁn*1+k0(ﬁ71*ﬁ0)+"'+kn—l(ﬁn*ﬁn—l)
F(Bn +k0(ﬁn - ﬁO) +ee +knfl(ﬁn - ﬁn—l)) '
If B, > 1 and x € [0,T], then

1l e k! X k
ulx)| < 7Bt I V N Y o
)] < l;)ko+k1+'~'+kn—1=kk0!kl!.”k"*I! 0 !

Tko(Bn=PBo)+++kn—1(Bn—Pn-1)
F(ﬂn +k0(ﬁn - ﬁO) + - +kn—l(ﬁn - ﬁn—l))
— Tﬁn_lE(ﬁn—ﬁo,m,ﬁn—ﬁn,l), ﬁn <M0Tﬁn_ﬁ0, RN ,Mn_lTﬁ"_ﬁ’“l)

where
E(ﬁ)17ﬁ07"'7ﬁ)17ﬁn71)7 ﬁn (MOTﬁniﬁO’ e ’Mn*lTﬁniﬁ’Fl)

is the value at zg = MoTPPo ... 7 | =M, TP—Pr1 of the multivariate Mittag-
Leffler function E(ﬁn*ﬁ(}f'wﬁn*ﬁn—l)v Bn (20, ,2zn—1) given in [24]. This implies that

3 (- <Za, ) ®p, ﬁ:)k*q)ﬁn
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is absolutely and uniformly convergent on the interval [0, 7], and hence u(x) is contin-
uous on [0,7]. Since T is arbitrary, u(x) is continuous on [0,e0). Assume 0 < f3, < 1.
Then forall T >0,

k! k
/ () dx < > Kokl k (MM
Ok0+k1+ ki =k ROL T R

T x%*l“"k()(ﬁn*ﬁ())‘k"""knfl(ﬁn*ﬁnfl)
dx
/0 T(Bu+ko(Bu — Bo)-+ -+ +kn—1(Bu — Bu—1))
k! k
IS R— V7
k=0 ko-+hky+-+k,_ 1=k kolki!-- ky—1!°
T Butko(Bn—PBo)++++kn—1(Ba—PBn—1)
F(ﬂn +1+ kO(ﬁn - ﬁO) + kn—l(ﬂn - ﬁn—l))

= TﬁnE(ﬁn_ﬁO:'”:ﬁn—ﬁnfl)., ﬁn+1 <M0Tﬁ"_ﬁ07 e ,MnilTﬁﬂ_ﬁ)171> ,

. Mknfl

n—1

M s

which is a finite value. This completes the proof of Theorem 1. [
As an application of Theorem 1, we present the following example.

EXAMPLE 1. Assume o > 0. The linear fractional integro-differential equation
with a variable coefficient

has the solution

- L&k x(+a+o 5)i+2k+1
=2 (-1 Gi .
u(x) k§0< @OO “T((e+0.5)i + 2k +2)

in the distributional space Z'(R™), where

1 ifi=0,
Cig=< No+45Q2a+7)---T(iaa+4.5+(i—1)2.5) i1

T(45) T (a+7)-T((i— o+45+(i—1)2.5)

By Theorem 1,
ux) = Y (—1)* (@2 +x% - Dy 5) 5 @,

:;6( 2()@“ (x% - Dy 5) + Dy
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We need find the term (x“(D2.5)" x @, . Clearly,

x2S D(a+4.5)

S G)) b, = + = b
(7 - @2.5) % P, T(4.5) r@4s) o
I'(a+4.5) INa+4.5) Ta+17)
(X_ - @@ 7 — .
(- @a5) * r(4.5) Patas r(45) T(a+7) 7

cy

(% @ys5) 4Dy = D(a+4.5(20+7)---T(io+4.5+ (i—1)2.5)

T(45) T (a+7)-T((i— o +45+ (i— 1)2.5)q)"°‘+4-5+<"*”2~5

= Ci,aPio+4.5+(i-1)2.55

where
if i =0,
ifi > 1.

1
Cio =14 T(0+45T(2a+7) - T(iot+4.5+ (i—1)2.5)
T(45)(a+7) - T((i—a+45+ (i—1)2.5)

Hence,

o ko /K
u(x) = Z(—l)kz (i)Ci,aq)ioc+4.5+(i—1)2.5+2(k—i)

k=0 i=0
oo k (+0.5)i+2k+1
k X
= 2(_1)k2<.)ci,a + .
k=0 i—o \! I'((a+0.5)i+2k+2)

- _)é_l"(a+4.5) x§ 23
Y] I(45) T(a+3.5)

+...,

which is continuous on the interval [0,e) by Theorem 1 as 3, = 2.
Clearly, the fractional integro-differential equation with a variable coefficient

U () + u(x) + "0 () =71, mezt

has the solution
(m=+0.5)i+2k+0.5

) k k X
u(x) = 2x/ﬁk§0(—1)"+1 2 (,-)Ci='“ T+ 05) + 2K+ 15)

in the distributional space 2'(R™), although it cannot be solved in the classical sense.

COROLLARY 1. Let a;(x) =a; for i=0,1,---,n— 1. Then the linear fractional
integro-differential equation (3.1) with all constant coefficients has the solution
=TT e
k=0 ko+ky+-+ky, 1=k kolky!- k!
P Lko(Bu—Po) k1 (Bu—Pu-1)
+

TBu+ko(Br—Po)-++kn1(Br—Bu1))’
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which is continuous on the interval [0,%0) if B, > 1, and u(x) € L(0,T) forall T >0
ifo< B, <l.

Proof. Tt follows immediately from the proof of Theorem 1. [

We would like to mention that if 0 > f3, > --- > B, then equation (3.1) with
constant coefficients is an integral equation and has the solution in the form of

u(x) = a singular distribution + a locally integrable function
in general. Indeed, we choose the minimum k such that

g?{ﬁn -1 +k0(Bn _ﬁO) + - +kn71(Bn _ﬁnfl)} > _17

and denote it as kg. Then, we have from Corollary 1 that

=Sty o E g
u(x) = - ag @,y
k=0 ko+ky+-+k,_1=k kolky!- k! "

xﬁn* I+ko (ﬁnfﬁ())“""""’knfl (ﬁn*ﬁnfl)
+

TBatko(Br—Po)-+ -+ kn1(Br—Ba1))

k! kO...

TED SNt ) LA S ——
k=kq ko+ky -+ +ky_ =k ko'kﬂkni ]

xﬁn* 1+k0 (ﬁn7ﬁ0)+"'+kn—l (ﬁn*ﬁn—l)
T(Ba+ko(Bu—Po)-+ -+ kn1(Ba—Ba1))

The first part is a distribution as the minimum power is less than or equal to —1, and
the second is a locally integrable function.

To end off this section, we would like to point out that we need the conditions
ai(x) € C[0,e0) for i =0,1,---,n— 1, in order to solve the general fractional integro-
differential equation

uB) () 4 a1 ()uBr=0 (x) + - 4 ay (X)uBV (x) + ao (x)uPo) (x) = g(x),

where g(x) € 2'(R"), as we deal with the distributional products a;(x)u'f(x), ac-
cording to Section 2.

4. The initial value problems

In this section, we are going to apply Babenko’s approach to re-study equa-
tion (1.1) under the Riemann-Liouville derivatives (non-sequential law holds) with the
initial conditions (1.2), which is mentioned in the introduction. Our approach will sim-
plify the work due to Kim and O in [13]. Let us start with several soon-to-be used
definitions.
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DEFINITION 4.1. The fractional integral (or, the Riemann- Liouville) I, (or I*
for short) of fractional order o € Rt of function f(x) is defined by

1

mnmz@wnmzﬁaéb—wﬂmw.

Note that this definition is in the classical sense.

DEFINITION 4.2. The Riemann-Liouville derivative of fractional order or € R
of function f(x) is defined as
am 1 am

Tl = e [ g,

Dg”‘f( x) = T'(m— o) dx™ Jo

where m— 1< a<meZ".

Note that from [25]

m xafk

oL N0 _ _ o—k
1D x) = 103 = X PO O) g 1y (“.1)

THEOREM 2. Equation (1.1) with the initial conditions (1.2) has the solution
u(x) = . i( 1B 2 ai(x) PP 2 @ xﬁrﬁii (4.2)
L(Bn) (B, —B)

k=0

Proof. Clearly, the equivalent integral representation of equation (1.1) with the

initial conditions (1.2) is
ﬁ)171
X
u(x) =
Y= 1)

by equation (4.1).
Equation (4.3) can be converted into

—1Prg, ()c)Dg:'x’l u(x)—--— Prag (x)Dg&u(x) 4.3)

Bn—1
B Bt 4 pbn Bo ) . _
(1—1—1 an-1(x)Dy’ "+ 41 ao(x)DQx) u(x) TG

which implies by Babenko’s approach,
1 xPn1
L+ 1Pray 1 (0)DR" + -+ IPrag (x)D. T(Pn)
k
o ,— 1
=2 Zlﬁ" )Y, E
L(By)

k=0

u(x) =

xﬁnfl ) n—1 ] k —
= r(ﬁn) + 2(_1)k+1 (Z[ﬁ’lai(x)Dgfx> 'Elﬁnaz Dglx F(ﬁn)
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Clearly,
Bn—1 n—-1 xﬁn Bi—1
JERESY ) and
Z 0 T 1 &MY R gy
. k k
(zzﬁnaiumg;) 1P = [Pn (Za )Djy.- 1/3"> = [P (Za )P~ ﬁ'>
i=0 ' i=0
by using
Dglx . Iﬁn — Iﬁn*ﬁi.
Therefore,

w) = 2 S i (S a8 S ay. S
=gyt (2 o 2’ BB

This completes the proof of Theorem 2. [

REMARK 1. Let
L}, (0,0) = {f(x) € L(0,T) | D§..f € L(0,T),VT > 0}.

Kim and O [13] derived equation (4.2) by successive approximations (recursive tech-
nique) and showed that equation (1.1) with the initial conditions (1.2) has a unique solu-
tion u(x) in the space Lﬁj’L( o) by assuming a;(x) € C[0,e0) forall i=0,1,---,n—1.
But their method is more complicated than ours.

In particular, if a;(x) = a; = const for all i =0,1,---,n— 1, then for x > 0 and
Bo =0,

k
u(x) = i(—l)k nfzﬁna,-nﬁf i
- 0¥ ) T(By)

k=0 i=0
k
el n—1 Bu—1
X

= (_l)k a.]ﬁn_ﬁi .

,EO i:zo ‘ T(B,)

3 k! ki ky—
=31 . A

k=0 Koty -k —k KO YKL K

xﬁn_1+k0(ﬁn_ﬁ0)+"'+knfl(ﬁn_ﬁnfl)
F(ﬂn +k0(ﬂn - ﬁO) +--- +kn—l(ﬁn - ﬂn—l)) '

which is in the classical sense, and clearly does not deal with the distributional equation
like

anu(ﬁ")(x) + an,lu(ﬁ"fl)(x) et alu(ﬁl)(x) + aou(ﬁO)(x) _ x;1'1~

We are going to present the following example by Theorem 2.
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EXAMPLE 2. The fractional differential equation
D&xu(x) —l—xD(l)fcu(x) +u(x) =0,

with the initial conditions
Do,u(0)=1, u(0)=0

has the solution

u(x)

o ek (L5243 (LSiH2(k-i)+2.5
= —1 Al Bl B B ’
w20 %(z) T(5it 20— 14 T(5i+2(k—i)+35)

in the space LZZOC(07 ), where coefficients A; and B; are defined below.

By Theorem 2,

i x70.5

k
u(x) = x+}§O(—1)k 2 <I2+x10'5> <x+x m)

x+ 3 (CDHIP i (6)12(’“') <x10'5>i <x+ r)(c((;;)) .

k=0 i=0 \!

Note that

105 r.5) «*>> T(35Ir((5) x*
(x ) r25T(35) L2504 T(5)
170,5 i T(RSI(5)---r(1.5i+2) x! Y xloHH
<x ) TTTQS@) . T(15i+1) T(15i+2) “'T(1.5i+2)
where
1 ifi =0,
A= { FBSTE) - T(15i+2)
T25)04) . T(15i+1) 7
On the other hand,
105 O3 T(15) ¥ T(1L5)I(3)
(x ) r0.5) T0.5)T(2) T0512)r3)’
(x10_5> I(1.5)(3) x _ I(1.5)r3)r(.s) ¥
r0.5T(2)r(3) T(0.57(2)(3.5) T(4.5)’

s\ 7 T(LSIE)-T(L5(i41)  «303 - 190
(x ) r0.5) T0.5r2)---T(1.5i+05)T(1.5(i+1)) 'T(1.5(+1))
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where
5 (1.5)(3)---T(1.5(i+1))
" T(0.5)(2)---T(1.5i+0.5)
Therefore,
u(x)
oo ko /K ) KLt xL5i+0.5
_ 1VktL 2(k=i)+2 [ 4. )
”g} ) %(z)l (A‘r(1.5i+2)+B’r(1.5(i+1)))

= e (K S LSi+2(k—i)+3 S LSi+2(k—i)+2.5
-1 A B; .
Hkg;)( ) §0<l) Tsit20—)+4)  PTUsit20k—i)135)

We would like to mention that we can follow the previous procedure to study
equation (1.1) with different types of the initial conditions, such as

Boj o [ Lif j=no,
Dy’ ”(0)—{Oifj:2,3,---,no—l,

where ng—1< B, <no€Z",or

lifj=1,2,

ﬁ)'lij P
D()7x M(O)_ {Oifj:37"',n().

Clearly, the latter case will include more terms in its solution.
In addition, we can investigate the nonhomogeneous fractional differential equa-
tion for the continuous function g(x)

Dg:'xu(x) +an_1(x)Dgf;’lu(x) +--- —i—ao(x)Dggcu(x) =gx), x>0 4.4

with the initial conditions (1.2) in the classical sense by Babenko’s approach. In partic-
ular, equation (4.4) with the initial conditions

DY Tu(0) =0

forall j=1,2,---,ng, has the solution

oo n—1 k
u(x) = Y, (—1)kPn (2 a,-(x)zﬁn—ﬁi> g(x). (4.5)
i=0

k=0

Indeed, we get

u(x) + 1Py, ()DE () + -+ IPrag (x) D u(x) = IPrg ()
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by applying /%" to equation (4.4) and noting that Dgf’;j u(0)=0forall j=1,2,---,ng.
This infers that /
1
u = Iﬁng(x)
14 IPra, (x)Dg’;‘ + o IPrag (x)Dgf;

oo n—1 k
Z(—l)k<21ﬁ"ai(X)D§fx> 1Prg(x)
k=0 i=0

k
= klﬁ” (251 Iﬁ” ﬁ’) g(x).

k=0

We should point out that this solution is well defined. In fact,

u(x) = 2 k,ﬁn<i ()P~ n) 2(x)

—1)@p, «
k

—CD;;,,*E (

From the proof of Theorem 1,

B k
Z ) ®p,— /3,) *g(x)

/_\

k
CI)ﬁn ﬁ:) % 0(x) *g(x).

||M|

k =
w(x) = Z (Zal ) - @g, - ﬁ:) *ﬁ € L(0,T)

for all T > 0. Furthermore, it is equal zero if x < 0. Hence, the convolution d>,3n *
w(x) *g(x) is well defined in the classical sense if g(x) is continuous if x > 0 and is
zero if x < 0.

EXAMPLE 3. The non-homogeneous fractional differential equation with variable
coefficients

1
D(l):;u(x) —i—ngju(x) —|—x1'5u(x) = Exz, x>0
with the initial conditions
Dy u(0) = Dgu(0) =0

has the solution

I ' k k x2k+l+3.5
u(x) k§O< ) Z(z) Tk +i+45)



74 C. L1 AND J. HUANG

where C; and By_; are given below.
By equation (4.5),

S DETES (xf 4 15715 ko
u(x) = 3 (DM (xt+x505) S

k=0
_ i(_l)kll.sﬁé (’:) (xI) <x1.511.5>i %2

Clearly,

15715\ 2 r6)---TG33i+1)) x5t? e JJit2
<x >r(3) [(4.5)---TGi+1.5)T(3i+3) 'T(3i+3)’

where

{1 if i =0,

To complete our calculation, we see that

3i+2 ( (l—|—1) ) K3+ +1 B+1)+1
a3 " Ter e+ - CUt VDT
(z+1)+1 x3(i+1)+3
(xl)(3(i+1)+l)m (3(1+1)+1)(3(i+1)+3)m
, B2
(XI)k_lr(3i+3)
2k+i+2 x2k+i+2

= (3(i+1)+l)(3(i+l)+3)---(2k+i+2)m :Bk—im7

where

5 1 ifi =k,
e { B+ 1)+ 1B +1)+3)--(2k+i+2)ifi < k.

The solution follows immediately from

x2k+i+2 x2k+i+3.5

T(2k+i+3) T(2k+it+45)

1.5
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DEFINITION 4.3. The Caputo derivative of fractional order oc € R™ of function
u(x) is defined as

D cu(x) :1'"—0‘;%”()() = %) /0 (x— )" 1" (¢)d,

where m—l<a<meZ".

Finally, we present solution for the following linear nonhomogeneous Caputo frac-
tional differential equation with continuous variable coefficients (which was mentioned
in the introduction),

DB u(x) + a1 ()cDE ulx) + -+ ao () DR u(x) = g(x), x€[0,T]  (4.6)
with all zero initial conditions
D/u(0t)=0, j=0,1,---,n9—1

by Babenko’s approach.
Clearly, integration by parts and differentiation show that

m—1

x
CD&XM()C) = Dg,x (M()C) - 2 _u(j)(0)> )

if u(x) € C"™[0,00) and m— 1 < oo < m € Z*. This implies that for k=0,---,n— 1
eDf () = Df ()

from all zero initial conditions above, by noting that 3, > B, > --- > p > 0 and
no—1< B, <ny € Z™. Integration by parts and the initial conditions also infer that,

B Bn — B "07[3)1& =] ___ — / no—1 ( 0)
17 Dy u(x) = I" 1 m u(x) dxnou(x) (no—l) (x—1) o) (¢)dt

n 2 (np—1)
'/0 072y 0 (1) de

= (no_l)!(x—t)”f”lu(”o’l)(t)
— ﬁ[)x(x—t)"ofzu(”ofl>(t)dt

(no—
.

- é/ox(x_ 1)~ u(t)dr = §(x) * u(x) = u(x).

Hence, equation (4.6) is equivalent to the integral equation

u(x) + 1Py, ()DE () + -+ IPrag (x) D u(x) = IPrg ()
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by applying /P to equation (4.6), which has the well-defined solution

- k

n—1
u(x) =Y (— 1) ;)ai(x)lﬁ"_ﬁi 8(x),

k=0
according the previous work for equation (4.5).

To end off this section, we would like to point out that solution for equation (4.6)
with all zero initial conditions has been investigated by several researchers using differ-
ent approaches, including the classical Green function, generalized Green function and
modified Green function [14, 26].

5. Conclusion

Applying Babenko’s approach, we have investigated the linear fractional in-
tegro-differential equation (1.3) with variable coefficients in the distributional space
2'(R™) for the first time, and obtained its solution as the convergent series. Further-
more, we studied this equation with the Riemann-Liouville and Caputo derivatives and
the initial conditions by a new technique in the classical sense. Several applicable exam-
ples of solving fractional differential equations were presented using gamma functions.

Acknowledgements. The authors are grateful to Dr. M. Andri¢ and reviewer for
their careful reading of the paper with several productive suggestions and corrections.
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