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Abstract: The goal of this paper is to construct an integral representation for the generalized Riesz
derivative gz D?u(x) for k < s < k+ 1 withk = 0,1,-- -, which is proved to be a one-to-one and
linearly continuous mapping from the normed space Wy 1(R) to the Banach space C(R). In addition,
we show that gz D2*u(x) is continuous at the end points and well defined for s = 1 + k. Furthermore,
we extend the generalized Riesz derivative gz D> u(x) to the space Ci(R"), where k is an n-tuple
of nonnegative integers, based on the normalization of distribution and surface integrals over the
unit sphere. Finally, several examples are presented to demonstrate computations for obtaining the
generalized Riesz derivatives.

Keywords: Riesz derivative; fractional Laplacian; normalization; distribution; Gamma function

1. Introduction

During the past few decades, fractional calculus [1-4] has been an emergent tool which uses
fractional differential and integral equations to develop more sophisticated mathematical models that
can accurately describe complex systems. Fractional powers of the Laplacian operator arise naturally in
the study of partial differential equations related to anomalous diffusion, where the fractional operator
plays a similar role to that of the integer-order Laplacian for ordinary diffusion [5,6]. By replacing
Brownian motion of particles with Lévy flights [7], one obtains a fractional diffusion equation in terms
of the fractional Laplacian operator [8] of order s € (0,1) via the Cauchy principal value (P.V. for short)
integral [9], given as

u(x) —u(l
(—A)su(x) = CpsPV. /R ) Mdg, (1)
where A = 92/9x% + - - + 9% /9x2, and the constant Cy, ; is given by
L—cosyr, \ 7' L oy [OHE)
CI’l,S = </n |y|”+25dy> =TT n 2 Sms. (2)

Let x = (x1,x2,- -+ ,x,) € R". For a given n-tuple « = (a1, a2, - - ,&,) of nonnegative integers
(or called a multi-index), we define

o] = +ap+ - +ay, al =arlag!---ay!

olaly

0%y = 951952 ... 9%y = )
172 n axiflaxéQ .. ax%n

The Schwartz space S(R") (space of rapidly decreasing functions on R") is the function space [10]
defined as
S(R") = {u(x) € C*(R") : [[u(x)

ok < Cyilconst) Va,k e Ni},
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where Ny = {0} U N is the set of nonnegative integers and

[[(x) || = sup
x€ER"

x"‘aku(x)’ .
Let r? = x7 + x5 4 - - - + x3. The function space Cy(R") is defined in Reference [11] as follows.

Ce(R") = {u(x) is bounded and 8% u(x) is continuous on R" :

3 M (const) > 0, such that ‘azku(x)’ < % asr — oo}
where k = (kq,kp, - - -, ky) is an n-tuple of nonnegative integers.

Applying the normalization in distribution theory, Pizzetti’s formula, and surface integrals
on R", Li [11] very recently extended the fractional Laplacian (—A)°u(x) over the space Cx(R")
(which contains S(R") as a proper subspace) for all s > 0 and s # 1,2,---, and obtained
Theorem 1 below.

Theorem 1. Let i = 0,1,--- and i < s < i+ 1. Then the generalized fractional Laplacian (—A)* is
normalized over the space Cr(R™) as

1
(~OFu(x) = —5Cus [ 7
Q) Au(x) 2r2 Q0 Alu(x)
lS(r)— n 2iiln(n+2) -+ (n+2i —2) ar, ®)

where O, = 271”/2/F(%) is the area of the unit sphere QO C R", k = (kq, ko, - -+ ,kn) withky + - -+ ky, =
i+1,and
S(r) = /Q[u(x +ro) —2u(x) + u(x — ro)|do.

In particular for n = 1, we have the following.

Theorem 2. Let k < s < k+1and k = 0,1,2,---. Then the fractional Laplacian operator (—A)* is
normalized over Cx,1(R) as

© k
(=AY u(x) =~y [Ty [s<y>—u<2)<x>y2—---—fzy,f)!u@”(x) , @

where
S(y) = u(x+y) — 2u(x) + u(x —y).

Definition 1. For a sufficiently nice function u(x) defined on R the left- and right- sided Riemann-Liouville
derivatives of order &, withm —1 < a < m € N, given by

1 am rx u(t)
[ — - - 7
RLD %o t(¥) = T(m—a) dx™ [oo (t — x)a—mtl at,

n ()" am e ()
o =7 /x ( it

REDxet () = gy dom J, et

respectively.
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From integration by parts we have

lim RLDDLOO,XM(JQ =
x—m-

u™(x), and
: o _ ., (m=1)
a—>%1111I];11)+ RLD—oo,xu(x) =u (x).

Definition 2. The a-order Riesz derivative of a function u(x) (x € R) is defined as
rzDfu(x) = —¥a (RLD% oo x +RL D 00) 1(X)

where

foraw #1,3,---.

In general, the following definition regarding the Riesz derivative on R” can be given.

Definition 3. The Riesz fractional derivative is defined for suitably smooth function u(x) (x € R") in arbitrary
dimensions by [1,12]

« 1 (Dyu)(x)
RZDxu(x) = dnl(lx) /n |yy|n+lx d% O<a<l

where 1 is an arbitrary integer bigger than «, and (Alyu) (x) denotes either the centred difference

!
(Bx) = V(-1 Jatr+ (172 ),

k=0
or non-centred differences

! !
(M) () = LV (e k).

The d,, j(«) are normalizing constants which are independent of the choice of | > w, and are analytic
functions with respect to the parameter u by

2—a7T1+n/2 Ala
dy(a) = 10

r(1+§)r<”;"‘)sm(7;’")'

Zl:(_l)k_1<;lc)k“'

k=0

and

in the case of non-centred difference,
Aj(a)

2 14
2}(;0(_1)’(—1 (;) (é - k) , in the case of centred difference,

for an even number | > w.

It is well known that the Riesz derivative plays an important role in anomalous diffusion [13-15]

and space of fractional quantum mechanics. For example, the Riesz derivative satisfies the fractional
diffusion equation, which has lots of physical applications [13]:

0P (x,t;
% — 0y RzDYPL(x,t;0) =0,
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where Pp(x,t; a) is the a-stable Lévy distribution and &, 0 < a < 2, is called the Lévy index. There are
also many studies, including numerical analysis [16-19], scientific computing and Fourier transform
methods [20,21], on differential equations involving the Riesz derivative with applications in several
fields, including mathematical physics and engineering.

It is widely considered that the Riesz derivative is equivalent to the fractional Laplacian in
arbitrary dimensions [22-24]. Cai and Li [25] showed that for s € (0,1)

—(=A)u(x) = gzD¥u(x), u(x) € S(R)ands #1/2,
(=A)*u(x) = rzD%u(x), u(x) € S(R") withn > 1.
Furthermore, on page 205 and 206 in the same reference they stated

(i) for the case with w = 3,5, - -, the Riesz derivative of the given function u(x) (x € R) can be
defined in the form

-1 1
2 laT (15

71— %)

Dt — ) [ =) )y,

y1+a

which is suitable for positive values of & # 2,4,6, - - -.
(i) Fork=1,2,---. Then,

, 2% (4k + T2k +1) [ u(x+vy) — 2u(x) +u(x —
i oDty = DTG D) (= s ) ~ 20 +ula =),
a—dk+1 Zl/2T (1T4k> 0 y

and fork =0,1,2,-- -,

2%H2(4k + 3)T(2k +2) /°° u(x+y) —2u(x) +u(x — y)d
0 v

lim grzDyu(x) =
amskrs VT ) l/2r (_1+24k) k4

We would like to reconsider cases (i) and (ii) in this paper as the integrals on the right-hand side
do not exist even for a sufficiently good function u(x) € S(R). Indeed, by Taylor’s expansion

I "e
u(x+y)—2u(x)+u(x—y):u (x—i—@y);—'u (x 6y>y2~u”(x)y2 as y— 0"

where 6 € (0,1). This clearly makes all the integrals on the right-hand side divergent near the origin.

As outlined in the abstract, we establish an integral representation for the generalized Riesz
derivative gz D¥u(x) fork < s < k+ 1 withk =0,1,- -, as a linearly continuous mapping from the
normed space Wy 1(R) to the Banach space C(R). Then we study the generalized Riesz derivative in
arbitrary dimensions and further show that gz D¥u(x) is continuous at the end points based on the
normalization of distribution and the surface integrals. In particular, the derivative gz DZu(x) is well
defined for all s = k + %, which extends Definition 2.

2. The Generalized Riesz Derivative on R

Let C(R) be the space of continuous functions on R given as
C(R) = {u(x) : u(x) is continuous on R and ||ul|,, < oo}
where

[[14]] oo = sup [u(x)].

XER
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Clearly, C(R) is a Banach space. The following space will play an important role in defining the
generalized Riesz derivative on R.
Letk =1,2,---. We define the normed space W (R) as

Wi(R) = {u(x) : (%) (x) is continuous on R and [|ul], < oo}

where
lull, = max < sup |xu(x)|, sup|xu'(x)|, sup ‘(x2 + 1)u(2k)(x)‘ .
XER XER XER
x x
Clearly, u(x) = 21 € Wi(R) butu(x) = 211 ¢ S(R), and

S(R) € Wi(R) C C(R) C C(R)

forallk=1,2,---.
We are ready to prove the following theorem which establishes an initial equivalence between the
Riesz derivative and the fractional Laplacian on the space Wj(R).

Theorem 3. Let u € Wi(R). Then both gz D2 u(x) and (—2\)*u(x) exist and

ReDFU(x) = (A u() = O [N 2T TY)

yl+25
for0<s <1
Proof of Theorem 3. Making the variable change z = x — {, we derive from Equation (1) that
(forn = 1)
(x —2z)
(—A)u(x) = C PV, / |Z‘1+25 wx) —wx =z,
Setting w = —z on the right-hand side of the above equality, we come to
(x+w)
PV/ |Z|1+25 wx) —ulx—z), PV/ |w|1+2s M) Z WD) g,
Therefore,
(x —2z)
2PV, / |z|1+2s G2
u(x) —u(x—z) —u(x +w)
u(x +y) —2u(x )+u(x—y)
- _PV/ |y 125 dy

after relabeling ¥ = z and y = w. This implies that

(A )Yu(x) = ClsPV/ (x+y)— |y|l(+2>s+ u(x—y)dy'

Note that the above integral is well defined for u(x) € W;(R). Indeed, a second order Taylor
expansion infers
lu(x +y) —2u(x) + u(x —y)| < Sup,cr u"(y)|
|y|1+25 - |y‘2571
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Hence, it is absolutely integrable near the origin. Furthermore, u(x) € Wj(R) implies that there
exists a constant C > 0 such that
P+ 1" (y)| <C asly| = oo
This indicates that the integral is absolutely integrable at infinity. In summary,

~Cis [ ulx+y) —2u(x) +u(x—y)

(=A)u(x) = 2 Jr ‘y|1+25 dy
® y(x+vy) —2u(x) +u(x —y)
- _C1,5/0 y1+25 d]//

as
u(x+y) —2u(x) +u(x —y)
|y|1+25

is an even function with respect to y.
Assume 0 < s < 1/2. Integration by parts yields

/0°° u(x+y) — ibltfzcs) +u(x —y) ay

Tu(x+y) —2u(x) +ulx—y)|”

o 2s yZS y=0 2 y25 y
_1d eulx+y) _li/“’u(x—y)
~ 2sdx /0 y2s W= 55 dx o y= ay

by applying the facts that all four integrals

®u(x+y) /°° u'(x+y)
— 2y, — 27
/0 yZS Yy 0 yZS y
*u(x—y) *u'(x—y)
I sy, and | =

are uniformly convergent with respect to x using the conditions

sup |xu(x)| and sup |xu'(x)|
xER YER

are bounded. Since

i /000 Mdy = —F(l - 25) RLDifoou(x)/ and

dx yZS
d [®u(x—y) 2
E/O Tdy - r(l - 25) RLD_Soo,xu(x)
we come to c F(l ) )
—2s
(=) u(x) = 225 == (R DEu(x) + j D% () )

From the formula [26]

_ ®© 1—cos 1
Cl,sl = / . |y|17+2§ydy = gr(l — 25) COS(TES),

we have
(=AYu(x) = ¥as (ReDe s +r1 D2 ) #(x) = —rzD3u(x).
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Finally we assume 1/2 < s < 1. Applying
/ u(x +y) ——>—2dy = T(2 - 25) g D¥,u(x) and
a2 y2-1
(

a2 e u(x —
W/o ]/251y)d3/—r(2—25) rLD% cu(x),

we deduce that

= 25(_251_51)1"(2 2s) [RLD%Sw,x +RL D,ZC/SOO} u(x)
= %:F(l —2s) |:RLD?;soo,x +RL D%?oo:| u(x) = — rzD¥u(x).
In particular for s = 1/2, we have
WD) = ~(-)ul) =y [ M2 T,
_ 7/ u(x+y)— y(Zx)+u(x—y)dy,

which is well defined and extends Definition 2 to the valuea = 1. O

Remark 1.

(a) Using the formula
I'(z)l <z + ;) = V2721 (22)

for2z #0,—1,-2,- -, we have for u € Wi (R) that

rzDu(x) = —(—A)u(x) = T(1 +2s)sinnns /0°° u(x+y)— Zytltgs) +u(x —y) ay

for 0 < s < 1. This expression has symbolically appeared in several existing literatures, such as References
[13,21,24], for a suitable smooth function u(x).

(b)  Caiand Li presented Theorem 3 in Reference [25] under the conditions that u(x) € S(R) which is a proper
subspace of W (R), and s € (0,1) withs # 1/2.

In order to study the generalized Riesz derivative, we briefly introduce the following basic
concepts in distribution and the normalization of x*} . Let D(R) be the Schwartz space [27] of infinitely
differentiable functions (or so-called the Schwartz space of testing functions) with compact support
in R, and D’'(R) be the space of distributions (linearly continuous functionals) defined on D(R).
Furthermore, we shall define a sequence ¢1(x), ¢2(x), - -+, ¢m(x), - - - which converges to zero in
D(R) if all these functions vanish outside a certain fixed and bounded smooth set in R” and converge
uniformly to zero (in the usual sense) together with their derivatives of any order. We further assume
that D'(R™) is the subspace of D’(R) with support contained in R™. The functional é is defined as

(6,9) = ¢(0),

where ¢ € D(R). Clearly, ¢ is a linear and continuous functional on D(R), and hence é € D'(R).
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Let f € D'(R). Then the distributional derivative f' on D’(R) is defined as:

(f',0) = = (f,9")

for ¢ € D(R). In particular,
(6" (x),p(x)) = (=1)"9!"™(0),

where m is a nonnegative integer.
The distribution x} on D(R) is normalized in Reference [27] as:

xm—l

(s 0) = [ 00 = 9(0) = 39/0) = -~ g5y V0) ©)

where —m —1 < A < —m (m € N) and ¢ € D(R).
Let 7(x) be an infinitely differentiable function on [0, +-c0) C R satisfying the following conditions:

(i 0<t(x) <1,
() t(x) =1 if 0<x<1/2
({i)r(x) =0 if x>1.

Letr = \/x% + x3 4 - - + x2. We construct the sequence L, (r) form =1,2,- - - as:

1 ifr <m,
L, (1,) — m2m ) m2m+2 )
T(1+2m1+mr T Tyapiin) e

Clearly, I,,(r) is infinitely differentiable with respect to x1,x2,--- ,x, and r, and L,(r) = 0 if

r>m-+m-™ as
mZm m2m+2

—m\2 _
T gt ) = o =
Furthermore,

0<Iu(r) <1

Applying Equation (5) and the identity sequence I (r) for m = 1,2,---, Li [11] established
Theorems 1 and 2 outlined in the introduction. Based on Theorems 2 and 3, the generalized Riesz
derivative on R is well defined, fork < s < k+1withk=0,1,2,---, as

D¥u(x) = C /oo S (y) — (2>()2_..._23/2k @) (x) | d
rzDy u(x) = Cis 0 ¥ y) —u(x)y (Zk)!u x)| dy,

where u(x) € Wi, 1(R), and
S(y) = u(x+y) —2u(x) + u(x —y).

The following theorem is to construct a relationship between the normed space Wy 1(R) and the
Banach space C(R) by the generalized Riesz derivative.

Theorem 4. Letk <s < k+1withk =0,1,2,---. Then the generalized Riesz derivative gy D%s given by

2k

u®) (x)| dy

2 _ ©1-2s @2 Y
rzDu(x) = Cis /0 y [S(y) W (x)y 20!

is a one-to-one and linearly continuous mapping from Wy, 1(R) to C(R).
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Proof of Theorem 4. From the above integral expression, the generalized Riesz derivative gz D% is a
linear mapping on the space Wy, 1(R). Let u,(x) € Wiy1(R) and uy,(x) — 0in Wy, 1(R). It follows
from Taylor’s expansion that

Sm(y) = um(x +y) = 2um(x) + tm(x = y)

2 2y% ok 2k+2 2%k+2 2%k+2
= (O + -+ G 0+ ey (e (o) + P - ey
where 6 € (0,1). Clearly,
C
25 _ 1,s 71 2s+2k+2 (2k+2) (2k+2)
r2D¥un(x) = (x+0y) +ult " (x — by) ) dy
_ Cls Y1 25+2k (2k+2) 2, (2k+2)
Therefore,
2|Cy s (k42
2s s
HRsz ”’"(x)Hoo = (2k+2)1(2k+2—25) 365’ y)‘
2|Cy 4 2,,(2k+2)
kT )I2s —20) ok )],

which converges to zero, as |um(x)|,; — O implies that both supyGR’ (2k+2)( )‘ and

sup,cr e uf,%k”) (v)| go to zero as m — oo.

It remains to show that gz D% is one-to-one from Wi ;(R) to C(R). Assume uq(x),uz(x) €
Wi 1(R) such that

rzD%u;(x) = rzD¥up(x).

This infers that
/Ooo y o [Sl (v) — P ()y? -~ (Zzykz)k ! M?k)(X)] dy
= [Ty [52@/) — P ()t - éy,f)k ! u§2k><x>] dy.
Using the formula [28]
H%}(TW 1"(1225) _ 5(2k+2) (),
we arrive at
|62 [sl W) P @y~ - fzy,f)k m?”(x)] dy
= /Ooo s (y) lSz(y) —u? () - (zzylj;' 0 (x)] i

Hence,
S§2k+2)(0) S£2k+2) (0),
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by noting that

o0 2 2k
| @) [sm — ) = = G ) | dy = 57 0),

Evidently,

S§2k+2)(0) _ 2u§2k+2)(x) _ 2u§2k+2)(x> _ S£2k+2) 0),

which further claims that
up(x) = uz(x) + Porpq(x),

where Py, 1(x) is a polynomial of degree 2k + 1 in the space Wy, 1(R), which must be zero due to the
condition

sup [xPs (x)] < .
XE€R

O

Remark 2. At this moment, we are unable to describe a subspace (say Cs(R)) of C(R) such that the generalized
Riesz derivative gz D2 is bijective and linearly continuous mapping from Wi 1(R) to Cs(R). This further
study is of interest since we can define an inverse operation of the Riesz derivative on Cs(R) if it exists.

In addition, we have the following theorem regarding the limits at the end points for the
generalized Riesz derivative gz D2 u(x) over the space Wy (R).

Theorem 5. Let u(x) € Wy 1(R)andk <s < k+1withk =0,1,2,---. Then,
lim  grzD¥u(x) = (=) u®**+2)(x), and
s—(k+1)~
lim gzD¥u(x) = (=1)*1u®(x)
s—kt
in the space C(R).
In particular,
lim gz D u(x) = (—=1)1u®) (x)
s—k
forallk =1,2,---.
Proof of Theorem 5. Letk <s < k+1withk=0,1,2,---. Then,

lim ||xzD¥u(x) - <—1>ku<2k+2><x>H

s—(k+1)~ ©
—1-2 2) (11,2 2™ o)
= Jim sup Cis [y )= uP @)y == )| dy
_(_1)ku(2k+2)(x)‘ )
Using
_ | _1)k+1
lim I'(—2s) _ k! (-1) and

s—(k+1)- T(1—5s) (2k+2)! 2

1 2% +2
(2+k+1> 22’E+2(JIZ+)1)\/E
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we derive that

lim Cy4[(—2s) = —71'71/222(’%1)(](4_1)1“ l—i-k—b—l k! (_1)k+1
so(kp) 2 2k+2)1 2
(=DF
=5
Furthermore, the integral
o 4—1-2s 2k
y NG o S /A T
[ [s<y> u® (x)y o) | dy
converges uniformly with respect to s. Hence,
o ,,—1-2s 2k
i y SN SRR ML
Jim o [sm u® (x)y 0| dy
— .005(2k+2)( ) S( )_ (2)( ) 2. 2y2k (Zk)( ) d
—/0 Yy y)—u )y (2k>!“ X)| 4y
_ S(2k+2) (0) _ 2u(2k+2)(x).
In summary, we get
lim |gzD¥u(x) — (- ()| =0,
s—(k+1)~ ©
which implies that
lim  gzD¥Fu(x) = (—1)ful**2)(x)
s—(k+1)~
in the space C(R).
On the other hand,
lim ||rzDFu(x) — (=11 ()|
s—kt 00
— 5 co [T g (2) (12 2% o) J
= Jim sup w5 v () = u @@y = = G ()| dy
_(_1>k+1u(2k)(x)’ )
Using
. T(=2s) (k=11 (-1)
I i T @ 2
1 _(2k)!
r (2 +k) = ZZkk!\/E

we derive that

(k—1)! (=1* (=D
(k! 2 2

1
lim Cy (=2 :—nlﬂf%r< @
Jlim 1,s(—2s) 5+
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Thus, from
yll —2s (25)(y)
T(—2s) ’
825 2 2k
s [ 2)(x)y2 +-+ (2yk)!u(2k)(x)] dy=0 fors >k, and
li 00(5(25)( ) 1S(y) — (2)( ) 244 2y2k (zk)( )| d
sirlg Y y u )Yy (zk)!u X Yy
= lim $029(0) = $29(0) = 2u® ()
s—kt
it follows that
i [t - <o
s—kt )

Therefore,
lim RZDisu(x) = (—1)k+lu(2k)(x)
s—kt

in the space C(R). O
Remark 3.

(a) From Theorem 5, we have

li DZu(x) = i D¥u(x) = i DZu(x) = ul#+2) (x
i DR = | lim, eeDFU) = lim xaDFu(x) =)

forallk =0,1,2,---,and

li D25 — 1 DZS — 1 DZs _ (4k)
Sl RZ u(x) s—>1(r211}) RZ (x) s—>1(12112) RZ (x) = —u™(x)

forallk=1,2,---.
(b) Clearly fork =0,1,---,

224 (k+1/2)(2k)! [
2k+1 _ 2-2k
D) = S T [y
Zka
u(x+y) —2u(x) +ulx —y) —u@ ()2 - — (Zk)'u(Zk)(x) dy
using the identity
1\ (—4)k!

In particular,

RZDl ()Zl/oo (x—l—y)— (2)+M(x_y)dy, and

Yy
D3 - _ - _ (2 2 d
RZ (X+y 2u(x) +u(x —y) — w7 (x)y"| dy.

To end off this section, we use the following example to demonstrate computations of the
generalized Riesz derivative.
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Theorem 6. Lets > 0ands #1,2,---. Then,
r(i+ S) ) 2
25 —x? 25 _—1 (2 —x2 (Zx)] .
rzDZe™ =212 ———ZLse T (j—s)
: fi-s & o)
Furthermore,
d>*
li DZS — _ —x2 d i DZS —x2 — (-1 k+1 —x ,
Jip e 7 md limaDFe T = (U e

wherek =1,2,- - -
Proof of Theorem 6. We first assume 2 < s < 3. Letting u(x) = ¢~ we come to
3?42 2e7x2, and

e
u®(x) = 12e ? _48x2 7 + 16xte .

® 2
RzDZS = Cl’s,/o y 1-2s [ —u® (x)yz 4y' u )(x):| dy
2
=y [Ty R —2e R e ] - B Lay
Clearly,
|:e_(x+y)2 — 2€_X2 —+ e_(x_y)21| — u(z) (x)yz Zj:/l u(4) (x)
= [e_(”Wz —2e " 4 e_("_y)z} — e Va2 4207
_y +4y4 2 —x2 o y4x4efx
=2 (e — 14y - 1y )+ axyPe ™ (e — 14y + %xﬁ/*e*"z (e —1)
—x2 _ ny
2=y
LG
using
[ee] 27
Y pe =Y 72(236:1/) L 2+ 4x?y? + x4y4 + Z

Making the variable change u = y?,

C s 2 > 14 :7/°° s [ —u 15
/Oy (e 1+y zy)dy 2 Jy M ( —1+4+u 2u>du
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Using integration by parts, we get

1 /= —1-s —u 1 2
2/0 u (e 14+u 2u du

1e " —1+u—Lu?|” 1 [
= —— Z —1——/ u*[—e " +1—uldu
2s us 2s Jo
u=0
1 )
= —2—5/0 u e —1+uldu
1 et —14ul” 1 ® en _
— 1—e "]d
(sl w |, +23(—s+1)/0 um L - ey
1 T—e"|® 1 * —s+3 ,—u
= d
25(—s+1)(—s+2) us2 | +25(s—1)(75+2)/o weoe
1
= I'(—s+3
e L )
_I2-5s)
- 2s(s—1)’
by noting that
et —14u—Lu? et —14u—3u?
lim T i Ty,
1—00 us u—0+ us
—u_1q —u_1q
lim e —ltu = lim e — =0, and
uU—0o us—1 u—0* us—1
N e . l—e¥
ngrolo u—st2 ulgg* ust2 0

if 2 < s < 3. Similarly, we obtain

[ oo

/0°° P2 (efy2 _ 1) dy — F(22— 5),

/ yzj*l*zse*yzdy:r(]z_s), for j=3,4,--.
0
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Hence,

oo 1
RZQ%SE?XZ = 2C1,s€7x2 /0 y I (eyz — 14y - 2]/4> dy
2 (o]

+4Cy gx2e " A yl=2 (e_yz -1+ y2> dy

+5 Clsx e 2/ 325 (e~ v —1)dy
0

0 2j  poo
+2Cy ge™ xzz (22) y2-1- 250y dy
j=3 (2 )' 0

1
= 250757 (; +s> e=X 102+ g poaT (2 —i—s) 2%

22+l 1 T(2—35)_ (1 42
-3 r - —X
+ 3 T SF(l—s) <2+s)xe

F(3+s) .o @2

2% 772 se ¥ - —s

fi—s Ly U
C3+s) oo o

Clearly, the series

r(i+s ) 2f
2257.[7% (2 ) 7x22(2x.)!]r<j_s)

can be extended to all values of s > 0 and s # 1,2, - - - . For example, a similar calculation leads to

PT(s+g)e™  PHST(s+)) 5 0

RZ DZse—xz — +
x NG NG
2ZSsr(s + 5 ) (2x)?

if 1 < s < 2. In addition,

2s ; 25—} (2 —x2 (Zx)
= lim 2 2 I'(- -
g rzDee = I 2 g [( It Ly
r(3+s) o
— lim 22772 —T(—
Jim 25 Ty e T
P(h+s) Lo .
lim 2272 o [(j—s)=—-e",
S (R P cH TRl R
by applying the formula
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Clearly forj =2,3,--- ,k,

im LU=8) o G=1-8)(—-2-5)---(1-5)(1~5)
s—k l"(1 — S) s—k 1—'(1 —S)

= (k=1 (k—=2) - (k—j+1)

Hence fork=1,2,- -,

s—k

1. (1 2 & (2x)
—22n%r<+k>ex .
2 j=2 (2])!

1 1
lim RZDJ%Se*"2 — _2%;—ir 5 + k) e 4 22+l oo (2 + k) X2

T
(—1)k(k—1) - (k—j+1)

2k
k1 d
d xzk

2

=(=1)
by Theorem 5, which can be verified directly by mathematical induction. O
Remark 4. From the physicists” Hermite polynomials given by

—X

2 d"
—e ,

Ha(x) = (1)

we derive

. 42 a2
lim gz De™" = (=1)""Te™" Hay(x).

3. The Generalized Riesz Derivative on R"” withn > 2

In this section, we begin to study the generalized Riesz derivative gz D>u(x) for s > 0 on R”,
and obtain its integral representation using Theorem 1 mentioned in the introduction. In particular,
we derive explicit integral expressions for gz D?*1u(x) whenk =0,1,2,- - -.

Theorem 7. Let 0 < s < land k = (ky,ky,- - -, kn) be an n-tuple of nonnegative integers with ky + - - - +
kyn = 1. Then for u(x) € Cx(R") (defined in the introduction),

RzDJZ(Su(x) = (—A)Su(x) = _%Cn,s /0°° 7717255(7’)(11’ 6)

where S(r) is the surface integral on the unit sphere Q0 C R", given by
S(r) = / [u(x+ro) —2u(x) +u(x —ro)]do.
(@)

Proof of Theorem 7. We let | = 2 in the case of centred difference from Definition 3 and derive that

2
(830(3) = Y (-1 (§ )l + (1= ) = -+ y) = 20(x) + )

k=0

and direct computation implies that

1 25T (§4s)  Cus
dy(2s)  #iT(1-s) 2
by making use of the identity
T(1-2)(z) = -~

"~ sinmz
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for any non-integer z. Hence,

~Cus [ u(x+y) —2u(x) +u(x—y)

DZS _
RZVx u(x) 2 R |y|n+25

dy, )

which is well defined for u(x) € C¢(R"). Indeed, a second order Taylor expansion derives

[+ ) = 2u(x) + x| _ [Pl

|2 =y 0<s<1,

which is integrable near zero. Furthermore, u(x) € Cx(R") implies that

sup ||y|*D?u(y)|
YyER"

is bounded as |y| — co. This deduces that the integral converges at infinity.
Using the spherical coordinates below

Y1 = rcos b
Y2 = rsinfq cos 6

y3 = rsinf; sin 6, cos 63

Yn—1 = rsinfy - - -sinb,_pcosb,_q

Yn =rsinby ---sinb,_osinb,_1,

where the angles 01,65, - - - ,0,_, range over [0, r| and 0,1 ranges over [0,27t|. Then Equation (7)
turns out to be

1 oo pi=1g(, 1 % S(r
rzDFu(x) = _EC”’S 0 T;S)dr - _Ecn’s/o Vl(Tgsdr/

where
S(r) = /Q[u(x +ro) —2u(x) +u(x —ro)ldo.

Clearly, the integral

© 5(r) ® 5(r) = 5(0)
/o s i = /o T A

converges as S(0) = 0 and S(r) is an even function with respect to r. It follows from Theorem 1 for
0 <s < 1that 1

kzDFu(x) = (~8)u(x) = —3Cus [ 1S

O

Remark 5. There is a sign difference between Definition 2 and Definition 3 for n = 1. Indeed for u € W1(R)
and 0 < s <1,

® u(x —2u(x u(x —
rzDFu(x) = —(=A)u(x) = Cl,s/o ty) y15-2s) Fulx=y) dy

from Definition 2, and

rzDFu(x) = (—A)u(x) = —Cy4 /Ooo uixty) - 2;1[5:2(5) ulx =) dy
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by Equation (7), which is directly from Definition 3.

Leti = 0,1,--- and i < s < i+ 1. Applying Theorem 7 and Theorem 1, we can extend the
generalized Riesz derivative gz D?* over the space Cy(R") as

1 o<
RzDFu(x) = (=D)u(x) = =5Cps [ 17
2 2i i
S(r),Mf...f _ 2r7 0 Alu(x) i dr, (8)
n 2iitn(n+2)---(n+2i —2)

where k = (kq,ky, - - -, ky) is an n-tuple of nonnegative integers with ky + - - - +k, =i + 1.
In particular,

a4l o0
rzDyu(x) = F( : )/0 S(r)dr,

2T r2
3 (L3) o 20, Au(x

e A R

T2 0 n

2k 1 ntl
oir o2 (k+2)(2k)'l"< : +k) o
Rsz u(x) = P
2 (—4)kk! 0
S(r) — PO, Au(x) 2r7% Q0 AFu (x)
n 2kkln(n+2)--- (n+2k—2)

The following theorem can be found in Reference [11].
Theorem 8. Let u(x) € Cx(R") withn > landi <s <i+1fori=0,1,---. Then,
lim  (—A)u(x) = (=) AF u(x), and
s—(i+1)~
lim (—A)*u(x) = (=1) Alu(x)

s—it

where k = (ky,ka, -+, kn) is an n-tuple of nonnegative integers and ky + ko + -+ - +k, =i + 1.
From Theorem 8 we have

lim RzDZS ( ) = (—1)i+1Ai+lu(x), and

s—(i+1)~
hm rzDZu(x) = (=1) Alu(x).
s—it
Hence,
lim gz D> u(x) = (—1) Alu(x).
s—i
fori=1,2,---.
An an example, we are going to compute rzDlu(x), where u(x) = e ¥4, Tt follows

from Reference [11] that

S(r) :/Q[”(x"'m)_ZM(X)+M(x—r(r)]da:4mfx§*x§ 2 Z r? x1+x2) .
k=0
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Then,
1 [ S(r)
1 —
rzDyu(x) = _E/o 2 dr
© 1 , > er(XZ_l_xZ)k
f_e—xl—x%/ e 14T 1 2
) 7 [ L e
(] *7‘2 _
= e*x%*x%/o ¢ 2 1dr
oo 2 2\k
2 v () —r2 k-2
—e zk; (i /0 r o dr
1 2 2 (x2+x2)k 1
_ \/Eefxlfxg Ze Mm% 1 2 T (k _ )
2 k; (k!)2
_ Jreid Vg 3 ()t (2K 2)!
2 = (k1)2  4k=1(k —1)!
using

/°° oy 2k2, r (k B %)
0 2

1\ (2k—2)!
r<k_2> B 4k—1(k—1)!\/ﬁ

Let u(x) € C®°(R"). Then u(x)I,(r) has a compact support and belongs to the space Cx(R") for
all n-tuple of nonnegative integers k where the identity sequence I,,,(r) is given in Section 2.
Leti<s<i+1withi=0,1,---,and set

Sm(r) = S(r) Ly (7).

Applying Equation (8) we can define the generalized Riesz derivative gz D2* over the space
C®(R") as

1 m+m="

2s _ o s _ _x . —1-2s
rzDZu(x) = (=4)°u(x) = 2C”’SL¥3 A r
2 2i i
S (1) — M ..... _ 2r" 0 Alu(x) i dr, )
n 2iiln(n+2)--- (n+42i —2)

if the limit exists.
To complete this section, we present the following theorem.

Theorem 9. Lets > 1and n > 1. Then rzD*(x3x,) = 0 on R™.
Proof of Theorem 9. We first note that the function x2x, € C*(R"), but not bounded. Clearly,

A(x3xy) = (%/0x3 + - - +0%/0x%) (x3x2) = 2x7,
(8)(xfx2) = 0.
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Assume 1 < s < 2 first. Then from Equation (9),

1 . mbm r?Qy Au(x)
RZDis(x%XZ) = —ECn,s r%grc}o 0 r 1=2s |:Sm(r) — nn:| dr
1 m+m~" 25,720
—  —2Cy lim p1-2s {Sm(r) _ xzrn} .
2 " m—oo Jp n
To compute S,,(r) we come to
Su(r) = In(r) / [u(x +ro) —2u(x) + u(x —ro)ldo
Q
and
u(x+ro) —2u(x) +u(x —ro)
= (x1 +r07)* (32 + 102) — 2x3x7 + (%1 — 107)?(x2 — 107)
= 4x1r2(71(72 + 2x2r2(712.
Clearly,
2x7%Q)
/ 2x2r2¢712d(7 = 2x2r2/ Ulzdo = 2x,72V, = M,
0 Q n

where V), is the volume of the unit ball in R”. Furthermore,
/ oopdo = / oyoodoy - - -doy, =0
Q Q

due to the integral cancellation over the unit sphere. Hence,

2
S(r) = 2xp1 Qn,
n
and
1 m 2x,12Q)
25(.2 _ 1 . —1-2s X2 n
rzDP(x1x2) = 2Cn,S ”lllgr;o ; r [S(r) — ] dr
1 . m+m_m —1-2s 2x2720n
_ECn/s ”lllgréo s r Ln(r)S(r) — — dr
Q m—+m—™
= LG " Chs 1%1_1}1 721 — Ly(r)]dr = 0.
®© Jm
It follows from
(L) (1) = (D) (Bxg) = -~ = 0

that the result still holds fors > 2. O

4. Conclusions

20 of 22

An integral representation is constructed for the generalized Riesz derivative gz D*u(x) for
k <s<k+1withk=0,1,--- in arbitrary dimensions by applying the normalization of distribution
and the surface integrals. We further show that gz D2°u(x) is continuous at the end points and well
defined for s = % + k. In addition, several examples are presented to demonstrate computations for

obtaining the generalized Riesz derivatives.
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