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Abstract

The objective of this paper is, for the first time, to extend the fractional
Laplacian (—A)*u(x) over the space Ci(R"™) (which contains S(R") as a
proper subspace) for all s > 0 and s # 1,2,..., based on the normalization
in distribution theory, Pizzetti’s formula and surface integrals in R™. We
further present two theorems showing that our extended fractional Lapla-
cian is continuous at the end points 1,2,.... Two illustrative examples
are provided to demonstrate computational techniques for obtaining the
fractional Laplacian using special functions, Cauchy’s residue theorem and
integral identities. An application to defining the Riesz derivative in the
classical sense at odd numbers is also considered at the end.
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Key Words and Phrases: fractional Laplacian; normalization; distribu-
tion; Pizzetti’s formula; Gamma function

1. Introduction

During the past few decades, fractional calculus (for details, see [1], [2],
[3], [4]) has been exploring as a tool for developing more sophisticated math-
ematical models that can accurately describe complex systems. Fractional
powers of the Laplacian operator arise naturally in the study of anomalous
diffusion, where the fractional operator plays an analogous role to that of
the integer-order Laplacian for ordinary diffusion ([5], [6]). By replacing
Brownian motion of particles with Lévy flights [7], one obtains a fractional
diffusion equation (or fractional kinetic equation) in terms of the fractional
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Laplacian of order s € (0,1) via the Cauchy principal value integral [g],

given as wlz) — u(0)

(—A)*u(z) = Cp 4PV, G

(1.1)
Re T —

where u is a function from R" to R, A = 9%/02% + -+ + 0?9022, and the
constant C), s is given by
C - (/ 1 —cosy; dy> ! _ /2928 D(™5%) s
’ ] I'(1—s)

Generally speaking, two main conditions are assumed on the function u to
ensure the right-hand side integral in equation (L] exists:

(i) u needs to be sufficiently smooth near point z,

(ii) w must have a slow growth at infinity, for example

/R Mdm<oo.

w1+ |z|nt2s

In [9], Dipierro et al. defined the fractional Laplacian for functions which
grow more than linearly at infinity. The basic idea for this is that, if the
function grows too much at infinity, its fractional Laplacian diverges, but it
can be written as a given function plus a diverging sequence of polynomials
of a given degree.

In [10], Michelitsch et al. constructed the following formula for a certain
function u(x) and s > 0:

d
x lim Re 2'28“/ uly)dy )
=0+ re (|2 =yl 4 ie)* Tz —yn~
where Re{..} denotes the real part of {..}.
We would like to point out the above holds for all positive exponents
s > 0, including integers (zero as well) that represent the powers of the
conventional Laplacian A. The construction of equation (L2) is based on
the fact that the identity
—|C|_28_l sinsm = lim Re(e — iC)_Qs_l
e—0t

is true in the distributional sense [11]. For instance, it can be regarded as
the following integral for (5 > 0 and s > 0

e—0t 2s

which is certainly unsatisfied in the classical sense.

o ;
lim Re / (€ —i¢)~271d¢ = 2o "2 2,
0
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In particular for n = 1, we imply from equation (L2I)

( 22 >Su(x):_]i(23+1)sin7rs /°° u(r +y)

Ko T

for s > 0.

Recently, Lischke et al. [12] provided both a theoretical and numerical
overview of various contents of the fractional Laplacian of order in (0, 1),
as well as different kinds of partial differential equations involving this

operator.
We begin to introduce some basic notations which are soon-to-be used.
Let © = (1,29, -+ ,x,) € R". For a given n-tuple a = (a1, a9, -+ , ) of

nonnegative integers (or called a multi-index), we define

ol =a1+as+ -+ ap, o =alag-a,l
xOl — x?lng :E?Olénj
oledy,

o5} a2 Qn *
61‘1 63.’:2 v 81:”

0% = 071057 -+ On"u =

The Schwartz space S(R™) (space of rapidly decreasing functions on R") is
the function space [13] defined as

S(R") = {u(z) € CX(R") : |u(w)] o < Cop(const) Vo, k € Nj'},

where Ny = {0} U N is the set of nonnegative integers and

[u(@)o = sup ﬂio‘ﬁku(:r)‘.
rERM

Let |z| = \/2? + --- + x2. Then, clearly eI’ ¢ S(rm).
On the other hand, the fractional Laplacian is widely considered as the
Riesz fractional derivative, which is defined for a suitably smooth function

u(z) (x € R") by ([, [14])

rzDSu(x) = dy, 0 <a<l,

1 / (Aéu)(z)

() ly[rte

where [ can be arbitrary integer bigger than «, and (Aéu)(:r) denotes the
centred difference

l _ l _1\k l _
(D)) = (D8 () Jule+ 1/2 = k).
k=

o

or non-centred differences

l
(Bl =31, ule ~ k)

k=0
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The d,,;(c) are normalizing constants and analytic functions with respect
to the parameter o. Cai and Li [I5] showed that

(—=A)u(x) =rz D u(x),

for u(x) € S(R™) with n > 1 and s € (0,1).
Kwasnicki presented ten equivalent definitions for defining (—A)* over
certain function spaces [16]. For example, it can be defined:

(i) either as a Fourier multiplier given by the formula
F((=2)u) () = ¢ F(u)(Q),
where the Fourier transform F(u) of a function u is given by

Fu)©) = [ (o) s,
R’I’L
(ii) or by singular integral definition
25T (5 +5) u(C+ 2) —u(C)
~A)u(¢) = — lim ——~2 "~ / dz,
(—=4)%u(C) et 7 20(=8)| Jrm\Blew) 2|t 2s o

with the limit in Lebesgue spaces.

The Cauchy principal value integral for defining the fractional Laplacian
in equation (LI} has been normalized over the space S(R™) for 0 < s < 1,
and is given as [16] 17]:

1 u(x —2u(x) + u(z —
(=8)u(z) = —5Cns /n & +y) ‘y|n(+2)s+ @ —y) dy. (1.3)

As outlined in the abstract, the goal of this paper is to find a fresh
approach to normalizing and defining the fractional Laplacian (—A)® over
a new function space which contains S(R"™) as a proper subspace, for all
s> 0and s # 1,2,..., using distributional techniques. Furthermore, we
obtain two theorems showing that the extended fractional Laplacian (—A)*
is continuous at the end points 1,2,3,.... To move forward, we start con-
structing an identity sequence I,,(|z|) satisfying certain conditions, and
introduce the Schwartz space of test functions for the concept of normal-
ization of the distribution x;l_% in Section Pl Then, we further normalize
the integral on the right-hand side of equation (L3]) in Section [B by surface
integrals on R™ as well as Pizzetti’s formula. In Section dl we present an
interesting example computing the fractional Laplacian of a function that
is not in the Schwartz space using Green’s theorem. Moreover, we define
the generalized fractional Laplacian (—A)® on R for s >0 and s # 1,2, ...
by the normalization of the distribution \m|A, and present one example to
demonstrate computational skills by Cauchy’s theorem, as well as an appli-
cation to extending the classical Riesz derivative to odd numbers in Section
Bl Finally, we summarize the entire paper in Section [6l
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2. Preliminaries

We begin by introducing an identity sequence I,,(|z|) on R™ and the
Schwartz space of test functions, which will be used in the following sections.
Let 7(x) be an infinitely differentiable function on [0,400) satisfying the
following conditions:

(i) 0<7(z) <1,

(i) r(x)=1 if 0<az<1/2

(iii) 7(z) =0 if x> 1.

We construct the sequence I, (|z]) for m =1,2,... as:
1 if |z| < m,
Im(|x\) — m2m ) m2m+2 4
TT om0~ T )l >m.
Clearly, I,,,(|z|) is infinitely differentiable with respect to z1,z2,+ - , z,, and
|z|, and L, (|z|) = 0 if || > m +m™™, as
2m 2m+-2
—m\2 m _
1+2ml+m(m+m )" = 1+ 2mitm 1
Furthermore,
0<I,(z]) <1.

Let D(R™) be the Schwartz space [11] of infinitely differentiable functions
(or so-called the Schwartz space of test functions) with compact support in
R"™, and D'(R™) be the space of distributions (linearly continuous function-
als) defined on D(R™). In addition, we shall define a sequence ¢1(x), ¢2(z),
-+, ¢m(x), ... which converges to zero in D(R") if all these functions vanish
outside a certain fixed and bounded interval in R", and converge uniformly
to zero (in the usual sense) together with their derivatives of any order.
We further define D'(R™) as the subspace of D'(R) (n = 1) with support
contained in RT. Let f € D'(R"). It is conventional to write (f, ¢) for the
value of f acting on a test function ¢ € D(R™). The functional § defined
as
(0,9) = ¢(0),
is a linear and continuous functional on D(R"™). Hence, 6 € D'(R"™).
Let f € D'(R") and k = (k1, k2, - , k) be an n-tuple of nonnegative

K|
integers. Then the distributional derivative 7 f on D(R"™) is
k1 k
Oxy' - - - Oxn”
defined as:

Gl ; ar oIkl s
—_—— = (— P TR i =
8z]f1 . 333’;71 @ (=1) ’ 8z]f1 . 833,3” ¢,

for ¢ € D(R™). In particular for n =1,
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(067 (), (x)) = (=1)"¢"™(0),
where m is a nonnegative integer.
The distribution 23 on D(R) is normalized in [I1] as:

A _ o :1:)\
(2}, 6(z)) = /0

< |ola) = 60~ 2 0) = T
where —m —1 < A< —m (m € Z* = N) and ¢ € D(R). Note that the

integral o
| o)
0

is undefined in the classical sense for —-m —1 < A < —m withm =1,2, "-..
The distributions P.V.z=2™ (or 272" in short) for m = 1,2,... and
P.V.z=2m=1 (or z72™~1) for m = 0,1,... are given in [11] as:

m—2m — ool,—Qm T —r
(72 ) /0 {6(x) + é(~2)

m—1

o V(0)| dz, (2.1

2
2 [$(0) + 578" (0) + -+ +

2m—

£2m—2
g O dan @2

(a2, §) = /0 T () — o(—a)

2m—1

(zfn )1 ot (0)] yde.

g [THDTACDTN0,
0 z

4
o [T )
( ,gzs)—/o )~ o)y,

3
~2 |26/ (0) + 50 (0) + - +

In particular,

X

Let S(r) be the mean value of ¢(x) € D(R") on the sphere of radius r
given by

Se(r) = Qin/ﬂ(;b(ra)da, (2.3)

where Q,, = 212/ I'(5) is the area of the unit sphere £2. We can write out
the Taylor’s series for Sy(r) [18] in the space of analytic functions, namely

L 1
So(r) = #(0) + 5 SEO)r* + -+ @S(fk)(o)rzk L

B o0 Ak¢(0)r2k
B kZ:OZkk:!n(n+2)---(n—|—2k—2)’
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which is the well-known Pizzetti’s formula [19]. It plays an important role
in the work of Li, Aguirre and Fisher ([20], [21], [22], [23]) for defining
distributional products on R".

REMARK 2.1. Pizzetti’s formula is not a convergent series for all ¢ €
D(R"™) from the counterexample below.

1 1 i 1
o) = { expq 742(1_7"2)} fo<r<l,

0 otherwise.

Clearly, ¢(x) € D(R") and Sg(r) # 0 for 0 < r < 1, but the series in the
formula is identically equal to zero. Obviously, S4(r) — 0 as 7 — 0.

Clearly, we have from equation (23] and Pizzetti’s formula that
d?k Q,(2k)! Ak ¢(0)

- d = 24
dr2k/ﬂ¢(r”)”TZO P+ miok—2 Y
for k=1,2,.... Evidently for £ = 0,
/(b(ra)da = Q,6(0).
Q r=0
A1
It follows from [27] that &) = ﬁ is an entire function of A on the complex
plane, and
A1
F?)\) \ =M (z), for m=0,1,.... (2.5)
A-1
For the distribution ®) = ﬁ, the (distributional) derivative formula is
simpler than that for xﬁ‘r In fact,
d d N — 1) 2 A—2
_(I))\ = _:1:+ = ( ):1:+ = T+ = q))\_l. (26)
dx dx T'(X) I'(\) '(A—1)
Let A and p be arbitrary complex numbers. Then we have from [27]
<I>>\*<I>,u: q>)\+u' (27)

Let A be an arbitrary complex number and g(x) be the distribution
concentrated on x > 0. We define the primitive of order A of g as a

convolution in the distributional sense:
A—1

97(2) = 9(2) # iy = 9(0) * B (2:8)

Clearly, the convolution on the right-hand side of equation (28] is well
defined, as supports of g and ®, are bounded on the same side.
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Thus, equation (2.8)) with various A will not only give the fractional
derivatives but also the fractional integrals of g(z) € D'(R") when \ & Z.
It also reduces to integer-order derivatives or integrals when A € Z. We
define the convolution

g-x = g(x) * D_j,
as the fractional derivative of the distribution g(z) with order A\, writing it

as
d)\
g-x= @97
d)\
for ReA > 0. Similarly, gy is interpreted as the fractional integral if
x

ReA < 0.
Replacing A by —\ in equation (Z.7]), we get

A a:‘fr_’\_l
d> \T(w) ] ~ T(u—x)’

In particular for u = 0, we have

—-A—1

5O (z) = ;i(+_ v (2.9)

which will be used in the following sections.

The following formula will be utilized in Section [ which can be found
on page 292 in [24].

Let ¢(x) and ¢ (x) be infinitely differentiable functions. Then for k£ =
0,1,2,...,

IO 2i<m+l>< K >v%m¢-v%l¢, (2.10)

m~+i+l=k m m+ !
where
o if i =0,
Vip- Vig=9 N~ 0 0
]Z:; 83:;'»4)(%;1/} nrs

3. The generalized fractional Laplacian on C*°(R"™) (n > 1)

It is well known that (see page 53 in [11])

e’} k . 7
m):/o A e = Y e
j=0 ’

where —k — 1< A< —k (ke Z™).
Let s >0, s#1,2,...,and C*°(R") (n > 1) be the space of infinitely
differentiable functions on R™, which clearly contains S(R™) as a proper
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subspace. Based on equation (L3]), we define the generalized fractional
Laplacian (—A)*u(z) over the space C*°(R") as:

(~A)u(@) = ~5Cns
[u(z +y) — 2u(z) + u(z = y))n(ly)

X n}gnoo - PIEEEE dy, (3.1)
if the limit exists, and where
_ _—n/292s F(ng%)
Chs=m 2 F(l—s)s
is well defined for s > 0, s # 1,2,---. In particular, equation (B.I]) becomes

equation (L3) for any function u(x) € S(R"), as the integral

/ [u(z +y) — 2u(z) + u(z — y)[Im(lyl)

|y|n+2s

dy,

uniformly converges with respect to m and
lim 7,(|ly]) = 1.
m—o0

Indeed, for any smooth function wu, a second order of Taylor’s expansion
derives

[u(e +y) — 2u(@) + u(z = )Tyl _ [D*ull
|y|n+2s — |y|n+2s—2 ’

0<s <1,

which is integrable near zero by noting that 0 < I,,,(|y|) < 1.
Using the spherical coordinates below
y1 = rcos by,
Yo = rsin #1 cos Oy,

y3 = 7 sin #y sin Oy cos O3,

Yn—1 =rsinfy---sinf, o cosb, 1,

Yp =718infy---sinf, _osinb, 1,

where the angles 601,605, --- .0, o range over [0,7] and 6,,_1 ranges over
[0, 27], equation ([B.I)) turns out to be
1 ] m+m=" n—-1g (T)
(~8)u(@) = —5Cus lim | s 0
1 . mAm= g (1)
= _Ecn’anl,g)noo o md?", (32)

where
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Sm(r) = /QIm(r)[u(m +ro) —2u(z) + u(x — ro)ldo

= In(r) /Q[u(x + 7o) — 2u(z) + u(x — ro)ldo = L,(r)S(r),

and do is the hypersurface area element on the unit sphere {2 given by
do = sin" 260 sin" 30y - - - sinO,_2df1d0 - - - dby_1.

Clearly, S,,(r) is an infinitely differentiable function of r with compact
support [0, m +m~"™] and
S (0) = 0.

Furthermore for i =1,2,...,

d2i d2i d2i
TESn(n)| = 10) S0 = st
since '
d’
_Im =Y,
drl ) =0 )

for all j =1,2,..., by the construction of I,,(r). Obviously, the integral
S(r) = / [u(z +ro) — 2u(z) + u(x —ro)ldo
Q

is an even function with respect to r. Therefore,

2i+1
Wsm(r) L =0,
for i =0,1,.... -
From equation (2.4]), we get for i =1,2,...,
d? Q20! A'u(z 4 ro) — 2u(z) + u(z — TO')HTZO
ar2i (T)TZO - 2iiln(n+2) - (n+2i—2)

20, (20! Atu(x)
20ilnn+2)---(n+2i—2)’

since we can still consider the function

u(z +ro) —2u(z) + u(zr —ro),
has compact support |r| < m+m~"™ due to the factor I,,(r). In particular,

d? 2Q, Au(z) d* 310, A2u(x)
gaom(r)] === and —7Sn(r) T a2

r=0 n
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Applying equation @I]) for &1 < 5 < £ (k: € ZT), equation (3.2 becomes

_A s _ _10 Ii e —1-2s
( Vu(z) = 5 nsmgnoo ) r
_ g/ __r (k—1)
X [S (r) —7S,,(0) G (0)] dr
m+m~ "™
= —1C’ns lim —1=2s
m—roo 0
w [Smtr) = D)~ T stt)] a
using that S}, (0) = 0.
Then for k=2i+1and i =0,1,...,
YN s _ 10 li mtm —1-2s
( Vou(z) = 5 nsmgnoo ) r
2
gy T e
X [Sm(r) 2!Sm(O) (22,)!Sm (0)] dr, (3.3)
as well as

A s _ 10 li mm —1-2s
(=A)*u(z) = D) nsmgnoo ; r

X | Sy (1) — 7”—25” (0) — LS@” 200)| dr, (3.4)

¢ 21mm (26 — 2)! ’ ‘

fork=2iandi=1,2,....

We are going to introduce a new function space Ci(R"), on which we
can define the fractional Laplacian (—A)%. Let k = (k1, ke, -+ ,k,) be an
n-tuple of nonnegative integers, and

Cy(R") = {u(az) is bounded and 8**u(z) € C(R") :

M,
3 My (const) > 0, such that ‘82ku(x)‘ < —zasr|— oo}

|z
Clearly,

D(R™) c S(R") C CL(R™) C C(R™),

for any tuple k € NJ, and 0%*u(x) is a bounded function on R". We also
must add that equation (8.]) turns out to be equation (L3)) for any function
u(z) € Cx(R™) and the proof is identical to the previous case for the space
S(R™).

Assume that
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Then ¢(z) € Cx(R™) for all k € N§, but ¢(x) ¢ S(R"). Note that the
condition
M,
‘a%u(ac)‘ < ﬁ as |z| — oo,

is equivalent to

sup |z|? ‘82]%(38)‘ < 00,

rER™
for every tuple k € V(.

We are ready to present the following main theorem.

THEOREM 3.1. Let:=0,1,... andi < s < i+1. Then the generalized
fractional Laplacian (—A)® is defined over the space C(R™) as:

(—A)SU(ZL‘) — _lcn,s/ 7“_1_25
2 0

B r2Qn Au(z) . N 2r2 0, Alu(x)

n 20iln(n+2)--- (n+2i — 2)
where k = (kl,k2,---,kn) and k1 +--- 4+ k, =1+ 1. Note that for i = 0,
we define

x| S(r) dr,

r2Q, Au(x) NS 2r2'Q, A'u(x)
n 29inn+2)---(n+2i—2)

Proof Leti<s<i+1for:=0,1,---. Using Taylor’s expansion,
we derive for u(z) € Cx(R™) that

u(z +ro) — 2u(z) +u(z —ro)

7 Z 20%u(x) (ro)® -+ Z 20%u(x) (ro)®

ol ol
|a|=2 |a|=21
0%u(z + Oro) + u(x — Oro o
la|=2i+2
20%u(x) - 20%u(x)
.2 @ 21 @
= DL Tt D e
|a|=2 |a|=21

L2t Z 0%u(x + 0ro) + u(x — Oro)] 50

a! ’

|| =2i+2
where 6 € (0,1) and ro € R™. It follows from Pizzetti’s formula that
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S(r) = /Q (u(z + o) — 2u(x) + u(z — ro)ldo

2 (6% 2i (0%

Q

‘Ol|:2 ‘Ol|=2’l
. 1
4 p2it2 Z — / 0“u(x + Oro) + u(x — Oro)]oc®do
lof=2i2 ¢ /9
_ Phlbue) 2 0.Alu()
- n 20iln(n+2) - (n+2i —2)
4 p2it2 Z i' / 0%u(z + Oro) + u(x — Oro)]jodo.
la|=2i+2 ' Ja

Since k1 + -+ + kp, = i+ 1 and u(z) € Cx(R™), there exists a constant
M, > 0 such that for a fixed z € R"

[e] Mk Mk

|0%u(x + Oro)| < T 6ol ~ and
My, My,
0%u(x — 0 <—— -~
9%u(w = bro)| < |z — Oro|2  r2’

as r — 0o. Thus,
2 2 i
12 | gy _ r*Q, Au(x) e 2rQ, ANu(x) -
n 20iln(n+2)---(n+2i —2)

- 1
< QM T2t Z —/ |c%¥|do,  when r — oo,
< ol Jg
|a|=2i+2
which is integrable with respect to r at infinity, as —1 —2s +2¢ < —1. On
the other hand,

n  2n(n+2) - (n+2i —2)

12 [sm _ rnBulz) 270, M) }

. 1
= p 17282042 Z — / O*u(z + Oro) + u(x — Oro)]odo
al 9]
|or|=2i+42

~pT iR N 28°‘u(:1:)/0ad07 as r— 07.
Q

ol
o] =2i+2
Hence,
_1-92s T2QnAu(ac) 2r2iQnAiu($)
r S(r)y— —2 =2 : :
n 20iln(n+2)---(n+2i—2)
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is integrable near the origin as —1 — 2s 4+ 2¢ + 2 > —1. In summary, the
integral

n .”_Qii!n(n+2)---(n+2i—2)}dr’

/OO —1=2s [S(r) B r2Q, Au(z) 2r2 0, Alu(z)
0

exists and converges for ¢ < s < ¢ + 1. Clearly,

lim pim2s
m—00 [\ m—m
r2Qn Au(z) 2r2 0, Au(x)
. [Sm(r)_f_”'_ 2iz’!n(n+2).-.(n+2z’—2)] ¥

since —1 —2s +2i < —1 and Sy, (r) =0 for r > m +m™"™.
Then it follows from equation (3.3]) that the generalized fractional Lapla-

cian can be normalized for ¢ < s <i+ 0.5 and ¢ =0,1,... as:
L . T
(=A)°u(z) = —§C’n78 n}grloo ) r
[ r2Q, Au(z) 2r2 0, Alu(z) |
Smlr) = 2D S
X_ () n 20iln(n+2)--- (n+2i — 2) | "
1 : 3y —1-2s
= —=(Cphs lim T
2 7 m—oo Jq
[ r2Q, Au(z) 2r2Q), Alu(z) |
Sp(r) = ——m——= — - — — d
X | Sm(r) n 2ilnn+2) - (nt2i—2))"
—_ _lCn < & 7"_1_28
27" Jo
r2Q, Au(z) 2r2Q), Alu(z)
_ i — d
X[S(T) n 20iln(n+2)--- (n+2i —2) "
since
lim 172808, (y) = S(y)|dy = lim 172818, (y) — S(y)|dy = 0,
m—ro0 0 m—r0o0

by noting that S,,(y) and S(y) are bounded functions.

Additionally, if it + 0.5 < s <i+1for¢=0,1,..., then the generalized
fractional Laplacian is normalized by equation (3.4 as
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1 m4+m~™

(—=A)*u(z) = _icms n%gnoo i p—1-2s
= —%Cn,s /OOO P
y [S(T) _ qu(m) S fgzgffg(f)_ 2)] dr.  (35)

If s=i+05fori=0,1,..., then —1 —2s = —2i — 2. Equation (3.5 still
holds by applying equation (2.2) to equation (3.2)) and the fact that .S,,(r)
is an even function with respect to r. O

REMARK 3.1. As previously mentioned in Remark 2.1 Pizzetti’s for-
mula is not a convergent series for ¢ € D(R™). However, we can derive
a new Taylor’s expansion for Sy(r) with an explicit integral remainder.
Clearly,

0%¢(0 0%¢(0
oro) = o0+ 3 LW 6oy 5 L0y

ol «
lal=1 |or|=2i

0%p(0 0“¢(0
+ Z 3( ) (ro)® + Z 7¢(§['TU) (ro)®,
|er|=2i+1 ’ |or|=2i+2 )

where 6 € (0,1), and
- 9%9(0)
2i+1 e} —
r E o /QU do =0,

|or|=2i+1
for i = 0,1,..., due to the fact that each odd number of factors of the oy,
where 0 = (01,...,04,...,0p), in the integrand fails to contribute to the

integral. Hence,

Ssr) = 6(0)+r> Y m%!(mgin/aada—k"'

Q

|a|=2

. 9°¢(0) 1
24 «
+r Z o Q_n/QU do

|| =2i

, 11
2342 fo' for
+r E Q. /98 o(Oro)o“do.

|or|=2i+2

Let a = 2j. Then,
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-
So(r) = o(0)+r2 Yy 220 n/ﬂg2jdg+...

lj|=1 i
+ 2 Z

e
\
I00) 1 [ o,
2 @) oy K

+ 22 Z —(zi)'ﬂi/ﬁﬁqﬁ(@?“a)cr%da.
. n Q

|7|=i+1

Using the formulas from [25],

1 1
/szda:
Q

. n ’
r (1 +3)
1\ @)r
(i) = SR
i 52 92 \! il 92 \ 7! 92 \7n
A_<8_m%+”'+8—x%> _%::Z.jllen!(@—x%) (8—9:%> ’

we derive that

. 0% 4(0) 1 .
21 2
r Z @) Q—n/ga Jdo

ljl=i
1. I
ey o0 1 (3+i) - (3+n)
FERCDRRNCLY r(i+g)
n/2 ]

- i) = — ) i)

22ZZ!Qnr(z+—) 2%'F(z+ )
_ A'¢(0)r?
C 20iln(n+2)---(n+2i —2)

Therefore,
i Akqb(O)TQk

Se(r) = ngk!n(n+2)---(n+2k—2)

p2it2 Z ——/82j¢ (Oro) o do,

ljl=i+1
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for i =0,1,.... Note that for k = 0, we define

Akqb(O)T%
26 kln(n+2)--- (n+2k—2)

= ¢(0).

In addition, we have the following theorem regarding the limits at the
end points for the fractional Laplacian (—A)%u(x) over the space Cy(R").

THEOREM 3.2. Let u(z) € Cx(R"™) withn > 1 andi < s < i+ 1 for
i=0,1,.... Then for any x € R™ (pointwise limit),

lim  (—=A)*u(x) = (1) A y(z), and
s—(i4+1)~

lim (—A)su(z) = (—1) Alu(z),

s—it

where k = (k1, k2, ..., k,) € N} and k1 +ka+ -+ kp, =1+ 1.

Proof. It follows from Theorem B.I that

(—A)ou(z) = —= Cns/ —1-2s

r2Q, Au(z 2r2Q, Alu(x)
S(r)y— —=— - dr.
X |5(r) n C2iiln(n42) - (n+2i — 2) "

Using equation (2.5]), we have

p—1-2s F—1-20+1)

: — (2i42)
o e Thmogy 0 )

This implies that

lim (—A)u(s) = —2x?  lim 228F(_25)F<n+28>

s—(i+1)~ 2 s—@+1)-  I'(1—s) 2
X s/ 522
2 2i i
x [S(T) N %U(m) T 2%!71(712: 2?7%(1:1(?21 - 2)] dr.
Since
022 Tr2Q, Au(x) 2r2 0, Alu(z)
87“2”2[ n +”.+Qii!n(n+2)---(n—|—22’—2)}:0’

we arrive at
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1 : 242
im  (—A)u(z) = ——gn/292t2p(RE2T2
s—(i+1)~ 2 2

<GHDST0)

Applying the formula for z ¢ Z,

™
I'l—2)I'(2) =
(1=2)(z) sin(mz)’
we deduce
i I'(—2s) —_ tm I'(s) sm.(7rs)
s—@+1)- ['(1 —s) s—(i+1)~ I'(1 4 2s) sin(27s)
CIi+1) im mcos(ms)
I'(3 + 2i) s—(i+1)~ 27 cos(2ms)
La+1) (=y=*t 6t (=t
O T(B+2) 2 (242! 2
Therefore,

lim  (—A)u(z) = apn/2g2it2p (ME2E2N G g
s—(i4+1)~ 2 2

il (—1)! 20, (2i + 2)! A ()
2i+2) 2 21 (i+1)Inn+2) - (n+20)

X
(
Noting that

om/2

" T(n/2)’
r<";2+z‘> - (”;2“—1) (gﬂ'—z)-.-gr(nm)

(n+2i)---nl(n/2).

i+l
Thus, we finally get

lim  (=A)%u(z) = (1) AT ().
s—(i+1)~

It remains to show that

lim (—A)u(z) = (=1) Alu(z).

s—it



ON THE GENERALIZED FRACTIONAL LAPLACIAN 1815

Indeed, this formula follows immediately from equation (Z9) and the fol-
lowing identities for s > i:

—1-2s

" _ 5(2s)

0% [r?Q, Au(x) T 2r2 0, Au(x) _0

or?s n 2iiln(n+2)---(n+2i—2)]

L i (M4 20 Z_(z' — 1) (=1)* | 20, (20! Atu(x)

2 2 (2¢)f 2 2dilnn+2)---(n+2i—2)

= (—1)'Alu(z),
where 6(%)(r) is the fractional (2s)-order derivative of §(r). O

REMARK 3.2. DiNezza et al. [I7] showed that the following statements
for u € D(R™)
lim (—A)%u(x) = u(z),

s—0t

lim (—A)%u(x) = —Au(z).

s—1—
Obviously they are a special case of Theorem [B.2] since D(R™) C Ci(R"™)
for all k € Ny

Moreover, the following theorem can be derived from equations (B.3]),

B4), 3.2) and ([2.2)).

THEOREM 3.3. Leti:=0,1,.--- andi < s < i+1. Then the generalized
fractional Laplacian (—A)® is normalized over the space C*°(R™) as

CAYu) = —2pe im [T g1
'\ ) = _5 s mgnoo 0 "
r2Qn Au(z) 2r2 0, Alu(z)
o e F TCE )Py o roy | K

if the limit exists.

4. An illustrative example

In this section, we are going to present computation for the fractional
Laplacian of a function that does not reside in the Schwartz space based
on the results obtained in the previous section.

THEOREM 4.1. Let s >1 and n > 1. Then (—A)*(r?z1) = 0 on R™.
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P r oo f. Clearly, we have by equation (Z.I0])

. 9 . .
A2(T2x1) _ Z ol <m + l) < >V2Am7“2 . VZAlZL‘l

m+i+l=2 m m+1
- 2
_ Z 92—m <m> V2mmAT 2 . V2—m$1
m=0

_ 2G>vum.vm:o,

by noting that Ar? = 2n and A%r? = 0. Therefore, (—A)*(r?x1) = 0 for
s =2,3,.... Similarly,

A(rle) = 2nxy + 4x1.
Let 1 < s < 2. By Theorem B3] (note that r?z; is not a bounded function),
we get

1 m+m="" 2Q A 9
(_A)S('r‘le) = __CTL,S ].lm 7'_1_28 [Sm(ff') - Tn—(7"331):| dr
2 m—oo J "
1 m+m=" .9 ) 41.17,.2&’2”
— —§Cn,s lgn ro S |:Sm(7") 3 21‘1’[’ Qn — 7:| d?"
m—o0 [ o
1 m Ar112Q)
= _§Cn,s m!gnoo T_1_28 |:Sm(7') — 2x1r2§2n — %} dr
0
1 m4m=" ®, ) 4$1T29n
—5Cns lim_ f—skmm—mﬁgwn_;_im:ﬂ+ﬂ.

As for Ty, we note that I,,,(r) = 1 and
Sm(r) = 8(r) = / [u(z +ro) — 2u(z) + u(x — ro)do.
Q

Applying the spherical coordinates in the previous section, we get
u(r +ro) — 2u(z) +u(x —ro)
= [(a:l + rcos 91)2 + (zg + rsin by cos 92)2 +---+ (zp +rsinb - --sin Hn_l)Q]
(1 +7rcosy) —2(x3 4+ -+ 22)zy
+ [(331 — 7 COS 91)2 + (29 — rsin b cos 92)2 + -+ (z, —rsinfy ---sin 9n_1)2]
(x1 — rcosby)
= 22172 + 4z17% cos® 01 + dxor? cos Oy sin Oy cos Oy + - - -
+ 4x,r? cos by sin by - - - sin 6,4
= 2xr? + 4x1r2y% + 4m2r2y1y2 + -+ 4mnr2y1yn.
Thus,



ON THE GENERALIZED FRACTIONAL LAPLACIAN 1817

S(r) = 22017%Q,, + 4xq1? /y1d0+47“ Zx]/yly]da.
j=2

Note that

/ylyjda =0, and
Q

ﬂ.n/2 4 Q,

/S;y%do- = Volume of the unit ball on R"™ = m = 7

The first comes from the integral cancellation over the unit sphere due to
single factor of the y; or y;. The second follows from the special case of
Green’s theorem [20]

n/2
9y1 2 2 m
da—/ da—/ ANyidy =2————.
/ unit ball \ ['(1+n/2)

4z,
—

So,
S(r) = 2¢17%Q, +
This infers that

T, = 0.

Regarding T5, we deduce that

1 m+m~"
T, = — C’n s lim P12

m—o0 m
42172Q 42172Q
Xt [lerQQnIm(T) + 2 2 I (1) — 2217%Q0, — it LY I
n n

—m

m-+m
= Cpst18y <1 + g) lim / =21 — I,(r)] dr = 0.

n ) m—oo J..

REMARK 4.1. Clearly,

1ir{1+(—A)8(r23:1) =0 # (=A)(r2zy) = —2nx; — day,

s5—

and r2z; ¢ C(R"), where k = (ky, ko, k) € N@ and ky+ko+- - -+ky, =
2. Hence, (—A\)*(r?x1) = 0 can not be continuously extended to the values
of s <1.



1818 C.K. Li

5. The generalized fractional Laplacian on C*°(R)

In this section, we define the generalized fractional Laplacian (—A)*

over the space Ci(R) for s > 0 and s # 1,2,--- by the normalization of
the distribution |x\)‘, and present one example showing that

I'(2s) sin <7rs — 2s arctan ‘—916‘>

(1.2 + 1)8 ’
for 0 < s < 1. Note that the function arctan z is not in the Schwartz space
either.

Clearly, we have for n = 1 that

(—=A)? arctan z = sgn(x)

1 if |z] < m,
_ 2m 2m—+2
S Pl B

1 _{_27nl+maj - 1+ 2mi+tm

and I,,,(|x|) is even and infinitely differentiable with respect to x € R with
compact support [—m —m~"", m 4+ m™].
The distribution |z|* is given as [I1]
2%k —2

(o 0) = [~
< {00+ 6(-0) =2 [60) o+ 0% (0] o, (51

where ¢ € D(R) and =2k —1 < A < =2k + 1 for k = 1,2,---. Obviously,
equation (2.2) is a special case of equation (5.1]) for A = —2k.

Let s >0, s#1,2,---, and C°°(R) be the space of infinitely differen-
tiable functions on R, which contains S(R) as a proper subspace. Based on
equation ([L3]), we define the generalized fractional Laplacian (—A)*u(x)
over the space C*°(R) as:

(=A)u(z)
1 mtm -2 — L,
_ o tim e +) = 20(2) + e~ o),
m—oo | _ . —m |y|1+2s
m+m= " - .
— _Ci, lim [u(e +y) = 2u(@) +u(e —Yln@) ;o)
" m—oo Jq y1+25

if the limit exists.
For any fixed x € R, the function

Sm(y) = [u(z +y) = 2u(z) + u(z — Y)|In(y) = S(Y)Im(lyl),

is even and infinitely differentiable with respect to y since u € C*°(R), and
has compact support.
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In particular, equation (5.2 becomes equation (L3]) for any function
u(z) € S(R) as the integral

mAmT" 0y (x —2u(x) + ulx —y)| L,
/0 [u(z +y) (yl):zrs (@ — y)m(y) dy,

uniformly converges with respect to m and

lim 7,(y) = 1.

m—ro0

In fact, for any smooth function u, a second order of Taylor’s expansion
derives
[u(z +y) = 2u(x) + u(@ = @) _ [0

<
y1+2s y23—1 ’

0<s<1,

which is integrable near zero, by noting that 0 < I,,,(y) < 1. From u €
S(R), we deduce that

yPu® ()] < C (const), as [y] - oo.

This ensures
[u( 4+ y) — 2u(z) + w(@ — y)|Im(y)|

y1+2s ’
is integrable at infinity.
Clearly,
d—iS ) o0 ifi=0,1,3,...,
dy "W\ T 20 (x), ifi=2jand j=1,2,...,

by noting that I,,,(0) = 1 and L(?{)(O) =0.
Evidently for n = 1, Cx(R™) turns out to be

Cr(R) = {u(a:) is bounded and u**)(z) € C(R) :

M
3 My (const) > 0, such that ‘u(zk)(x)‘ < a:—2k as |z| — oo} ,
and
D(R) Cc S(R) C Cx(R) Cc C(R),
for all k =0,1---. We claim that u(®**)(z) is bounded for every k as

lim |u®®(z)| = 0.
|z|—o0
Further, equation (5.2)) becomes equation (L3) for any function u(z) €
Ck(R) and the proof is identical to the above.
Applying equation (B.1I), we have the following theorem.
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THEOREM 5.1. Letk—1<s<kandk=1,2,---. Then the fractional
Laplacian (—A)* is defined over Ci(R) as:

(—A)u(z) = —Cys /0 Ty

S — u®(a? — e 2 e o] g (53
x [8) —u®)y gt )|y (53)

Note that if k = 1, we define
2y2k—2

ot @0

Proof. Let u(z) € Cy(R). It follows from Taylor’s expansion that

S(y) = u(x+y) - 2ulx)+ulx—y) =u@ @)+ -
2D ) 1 Y e 0y) e )
(2k — 2)! (2k)! Y v)),

where 6 € (0,1). Clearly, there exists a constant My > 0 such that for a
fixed zx € R

M,
(2k) < ke 2
‘u (a:+9y)‘ S T 09)° Mpy—=, and
M,
(2K) (4 — < kM2
when |y| — oco. Therefore, the integral
/OO 1250 9(y) — uP (@) — - — _2y2k_2 w2 ()| d

is well defined and converges by noting that

“1-25 | g0} — u® ()2 — e — 2y°h 2 (2k—2)
T R ]
—1-25+2k
2y 0! u)(z) as y— 0F,
and —1 — 2s 4+ 2k > —1, as well as
12 (o) - @ (v e 29T k)
T L ]

2 M, —1-25+2k—2
(2k)!
and —1 —2s+ 2k —2 < —1.
Furthermore,

~

as y — 00,
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lim /OO 122 g (y) —uP (2)y? — - — 2y 2 w2 ()| d
m=0 Jmtm—m Y mY Y (2]{,‘ - 2)' y
— lim OO —1-2s —U(Q)(ZL‘) 2 . 2y2k_2 u(2k_2)(ac) dy —
om0 m+m=—™ Y Y (Qk — 2)! y=">5
From equations (5.1)) and (5.2]), we further derive that
m+m=™
(—A)°u(x) = —C1 s lim y 172
m—00 0
80— uD @) — -~ D)) g
m(y) —u'? (2)y T x)| dy
=—-C1, lim /oo “1=25 g (y) —uP (2)y? — = 2y*2 (26=2) (1) | 4
T s fy Y )T k-2t Y
i 12 @) ()02 2% 7% one2)
——cua g [Ty ) P - - 2w ay
as
lim [y [Sm(y) — S(y)) dy
m [o.¢] 0
= lim [y " [Suly) - Sy)]dy =0,
by noting that S, (y) and S(y) are bounded functions due to the fact u(z) €
Cr(R). 0

Similarly, we have the following theorem regarding the limits at the end
points for the fractional Laplacian (—A)%u(z) over the space Ci(R).

THEOREM 5.2. Letk—1<s<kandk=1,2,---. Then in pointwise
convergence,
lim (—A)*u(z) = (=1D)*u®)(2),  and
s—k—
li _A)® — (-1 k-1, (2k—2)
im0y () = (<)),

for u(x) € Ck(R).

Proof. It follows from Theorem [5.1 that

(—A)u(z) = ~Cr, /0 Ty

2k—2

< |5 P - - 2

mu(%—?) (z)| dy,
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fork—1<s<kand k=1,2,.... Thus, we deduce that

lim (—A)*u(z) = — lim CyI'(—2s) /0 s ()

s—k— s—k—
x |S(y) — u® (g;)yz e — ﬂu(%—% (z)| dy
(2k — 2)!
= — lim Cp,I(=25)S®)(0) = =2 lim Oy I(—25)u®(z)
s—k— s—k—
- 1\ .. T'(-29)
_ - —1/292k+1 ., (2k) 1
T ke @ (k * 2> ST
_ 1\ (k—1)! (-1
_ - —1/252k+1 . (2k) 1
T 2 ku'“® ()l <k:+ 2> on] 5
by applying
S 2y2k—2
|89 [80) P @ - = )| dy = 5 0)
0 (2k — 2)!

Using the formula
1\  (2k)!
r <k:+ 5) = zzkk!\/%,

lim (—A)%u(z) = (—1)Fu®? (z).

s—k—
It remains to prove that
lim  (—A)u(z) = (1)@= (2).

s—(k—1)+

we finally reach

This immediately follows from the following identities for s > k — 1:

y—1—28 (25)

+ _ <(2s

828 2y2k—2 B

% |:u(2) (l')yQ + -+ mu(zk 2) (ZL'):| dy = 07

1\ (2k—2)!
s <k a 5) T 2%k-2() — 1)!ﬁ’
_ _ _ 1\ (k—2)! (=1)1

1/202k—1 (7. (2k—2) _ =

T e2 (k—1Du (x)T <k 2> oE—2) 2

— (_1)k—1u(2k—2) ({L’)

a

Similarly, the following theorem can be obtained from equations (5.1))

and (£.2).
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THEOREM 5.3. Letk—1<s<kandk =1,2,---. Then the fractional
Laplacian (—A)* is defined over the space C*(R) as:

m+m~™

(-A)u(@) = —Ci lim y
m— oo 0
X | Sm(y) —uP(x)y? — - — wu(%—?) (z)| dy
" (2k —2)! ’

if the limit exists.

Evidently, Theorem [5.3] turns out to be Theorem B.11if u(z) € Ck(R).

To end off this section, we present the following example using Theorem
(.1 and Cauchy’s residue theorem.

ExXAMPLE 5.1. Let 0 < s < 1. Then,

I'(2s) sin <7rs — 2sarctan ‘—916‘>
@1y |

(=A)? arctan z = sgn(x)

where sgn (z) is the sign function. In particular,

(—A)% arctan x =

22 +1
Proof. Clearly, u(x) = arctanxz € C;(R) (but not in S(R)) since it

is bounded and

—2z
(14 22)2

2\x| _1 1
(1+22)(1+2%2) — 1+22 — 2%’

(arctan x)@)‘ = ‘

for x # 0. By Theorem [5.1l for 0 < s < 1 and integration by parts,

(=A)® arctan

_ ° arctan(z + y) — 2arctan z + arctan(z — y)
- T Vls 0 y1+28

dy

C1 s arctan(z + y) — 2arctan z + arctan(z — y) |~

2s y25

y=0

_%/OO —28|: 1 _ 1 :|d
2s Jo U T+ @+y? 1+@-p2) "

21'01,3 y1—2s

- T+ @)t @™
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by applying
arctan(z + y) — 2arctan z + arctan(z —y)

im 5 =0, and
Y—00 Y=s
arctan(z + y) — 2arctan x + arctan(z —y) 0
Y0+ y2s -

In particular,
(=A)%arctanz|,_, =0,

[e%¢) 1-2s
Y
/ 2 Qd%
o (1+9?)

is well defined and converges for 0 < s < 1.

since the integral

Assuming z # 0, we are going to use the following contour

Cr

FIGURE 1.

and Cauchy’s residue theorem to evaluate the integral

fo'e) y1—2s
dy.
/o I+@+y?)d+@—y2)"
Clearly,

y1—25 Zl—25

R
/T T+ o))+ @)@ " /c T oDt @) ”

—r y1—2s
of, (ESCESnR R
Z1—2s

+f, e et
. Zl—2s .
:27rzRes{(1+($+Z 2)(1—1—(:p—z)2)’$+2}
- Zl—2s '
+27TZR€S{(1+(a;+z)2)(1+(x—z)2)’ —m—i—z},

where 0 < r < 1/2 and R is positively large in Figure 1.
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Direct computations imply that
1-2s \1—2s
I+ (x4 221+ (x—2)?) 1+ (22 +14)
z
1+

1-2s . A 7.‘_(_:1:_’_2-)1—23
Res{( Gra)+@-27 7 }_—14—(2:1:—@')2’

Zl—2s
I s = d
Ly Gy e Gy s ) LA
1—2s

lim dz =0,

z
r=0t Jo, (1+ (x4 2)?)(1 + (z — 2)?)
as —1 <1 —2s < 1. Making the variable change,

—r y1—2s
/_R T+ @ roDir @)

B R (_1)1—25y1—28
‘/T T+ @ro)0+ @)
1—2s

_ eiﬂ'(l—28) Y
/r T+ G190+ @™

1
1+ @+y)?)1+(x—y)?)
is even with respect to y. Hence,

as

o] y1—2s
dy
/o (1+(z+y)?)1+(z—y)?)
_ T (x4 1)t=2 (—x +i)t=2
T 14eim(1-29) |14 (20 +0)2 14 (22 —1)2

o dar (@— )@+ )T+ (i) (a0
1+ ein(1-29) 1624 + 1622 '
Assuming x > 0, we have

. / ; 1
r4i= x2+1ezarctanz’
; 1
T —i= /:L,Q_’_le—zarctan;’
. / —4 1,
—x = 33‘2+1€ zarctanz—l—m.

Thus we come to
(a: — z)(x —+ i)l_25 — (:L,2 + 1)1_36—i28 arctan%
(l‘ + Z)(—l‘ + i)1—2s _ (1,2 + 1)1—sei2sarctan%+i7r(1—2s)

Therefore,
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Cym e

—i2s arctan % + l2s arctan i+i7r(l—2s)

—A)® arct = .
(=A)” arctan z 25(1 + eim(1-2)) (22 + 1)3
im(1—2s)
Cysme” P e

—i2s arctan % + !2s arctan %+i7r(1—2s)

25(1 4 einl1-29)) T (a2 +1)°
Obviously,

_am(1—2s)

(14e™1=2))e= "5 = 2cos (g — 871') = 2sin s,

_im(1-2s) . 1 . 1, _
R (6 i2s arctan - + pi2s arctan - +im(1 23))

71(1;23)>.

e
1
= 2cos | 2sarctan — +
T
In summary,

)

C s cos (25 arctan % +

—A)?arctanz =
(=4) 2ssinms(x? +1)3

m1/2225710 (L 4 5) cos (23 arctan L + @)
I'(1—s) sinws (22 +1)3
1 (1-2s)
I'(2s) cos (23 arctan 7 + %)

(x2+1)®
~ I'(2s)sin (2sarctan L — s) ~ I'(2s)sin (ms — 2sarctan 1)
(2 +1)° (22 4+ 1)s
by the formulas
T
I'(1-s)I'(s) = prp— and
T(s)T(s + %) — 9125 /71(2).

Similarly for = < 0,
I'(2s) sin (s + 2s arctan %)

(=A)?arctanz = —

(1.2 + 1)8
In particular,
1 x
(—A)z arctanz = oy and
lim (—A)®arctanz = (—A)! arctan z = _
s—1— (2 4+1)2’

for all z € R.

)
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REMARK 5.1. Li et al. [28] recently studied the half-order Laplacian

operator (—A)% on the dual space of the Schwartz test functions based
on the generalized convolution and Temple’s delta sequence. They showed
that

(—A)% arctan z = (5.5)

1422

Clearly, equation (5.4 coincides with equation (5.5). Furthermore, the
function with respect to s

I'(2s) sin (715 — 2sarctan ‘—916‘>
(1.2 + 1)8 ’
is well defined beyond the open interval (0, 1). This inspires us to investigate

the fractional Laplacian (—A)® arctan x for other values such as —1/2 < s <
0 by possible analytic continuation.

sgn(x)

Let £ =1,2,.... We define the normed space Wy (R) as
Wi(R) = {u(z) : u®*) () is continuous on R and ||ul|, < oo},

where

||ull, = max {sup lzu(z)|, sup |zu'(z)], sup [(z? + 1)u®®) (a;)‘} .
z€R z€ER rER
To conclude this paper, we would like to mention there is an application
of Theorem 5.1l in the reference [29], where Li and Beaudin constructed an
integral representation for the generalized Riesz derivative pzD2*u(z) for
k<s<k+1withk=0,1,..., and obtained for u(z) € Wi41(R)

92k+1(k 4 1/2)(2k) [
RZng;—i-lu(m) — ( / )( ) / y 2—2k
0

(—4)
2y2k’
X |u(z+y) — 2u(z) + u(z —y) —u®@(@)y? - — (2k)|u(2k)(a:) dy,
for K = 0,1,.... The above integral clearly extends the a-order Riesz

derivative in the classical sense, given as
rzDFu(x) = —Wa (RLD o & +RL D o) u(2),

where
1
‘I’aziaﬂ-, O[7é1,3,...,
20057

to all odd numbers 1,3, ..., for u(x) € Wi1(R).
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6. Conclusion

For the first time, we have extended the fractional Laplacian (—A)*

over the space C°(R") for all s > 0 and s # 1,2,-- -, based on the normal-
ization in distribution theory, Pizzetti’s formula as well as surface integrals.
Additionally, we have showed that such an extension is continuous at the
end points s = 1,2,--- on the space Cx(R") 2 S(R"™), and further pre-
sented a couple of examples to demonstrate computations using the main
results obtained, with the help of special functions and Cauchy’s residue
theorem. Finally, an application to extending the classical Riesz derivative
to odd numbers was also mentioned.
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