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Abstract We study the existence of weak solutions for a system and a coupled system of A-Hilfer fractional
differential equations on compact domains using the Lax—Milgram and Minty—Browder theorems. Furthermore,
we provide an illustrative example, and a regularity result to imply that the obtained solution is classical.
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1 Introduction

Fractional differential equations (in short FDEs) are useful in a variety of domains, including physics, biology,
and engineering, (see [1-7] and references therein). The variational approach to FDEs articulated in boundary
value issues, p-Laplacian problems, critical point theory (CPT) problems, and so on is gaining popularity [§—10].
For example, Jiao and Zhou [11] used CPT to prove the existence and uniqueness of solutions for FBV equations
on a variational structure. In addition, [12] applying the same theory proved the existence and uniqueness results
for fractional p-Laplacian in the Caputo sense, under the Dirichlet boundary condition with mixed derivatives
and integral boundary constraints. Fattahi and Alimohammady [13] studied the existing solutions for an FBV
problem utilizing non-smooth CPT and variational approaches in 2017. For more results, one can see [14,15]
and references therein.

Motivated by the research described above and to further investigate in the field, the main goals of our study
focus on the following:

1. Applying the Lax—Milgram theorem we prove the existence and uniqueness of solutions to a class of FDEs.
Moreover, we present a regularity result for the solution and demonstrate an example using our main theorem.
2. Applying the Minty- Browder theorem to extend our result to a system of coupled of FDEs.
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2 Preliminaries

We begin by recalling some fundamental definitions of A-Riemann-Liouville fractional integral, A-Hilfer frac-
tional derivative and variational definitions and related results. We refer readers to [14,15] and references therein
for more details.

Definition 1 Let « € (0, 1] and & € [0, 1]. The A-fractional derivative space(in short A-FDS) Hg’g’A =
HE’Q’A([O, 7], R)) is defined as the space C{°([0, 7], R). That is,

HEOA = {z? € L2([0, TV R) : #DEH 0 € £2([0, T). Ry and 10" V0 (0) = 1 Vo (T) = o}

= C5°([0, T, R)),

with the norm
. 1/2
0
12llyggon = (12112, + 17255 011%,)

The A-FDS HS’Q’A is a reflexive and separable Banach space, for0 <« <land0 <6 < 1.
The following Theorems 1 and 2, as well as Remark 1 can be found from [14, 15].

Theorem 1 Let k > 1/2 and 6 € [0, 1]. If the sequence {0, } converges weakly to o in Hg’e’A, then 0, —> ©

in C[0,T].

(A(T) — A(0))<~1/2
I'k)Q2k — 1)1/2

Remark 1 For all vo € M5 we have [[10]|oc < 1v0] .-
2

We recall the generalizations of the Lax—Milgram theorem [14,15] and Browder—Minty theorem [16], which
will play an important role in presenting existence results of our FDEs and coupled system of FDEs respectively
below.

The Generalization of the Lax—Milgram Theorem

Theorem 2 Let H be a Hilbert space, B(wy, w2) : H x H — R be a continuous coercive bilinear form, and
F : H — H* satisfy:

(K1) For some positive constant C we have ||F (w)|| < C for all o € N1(0), where N1(0) stands for unit ball
in H.

(K2) If {wy} is a sequence in 'H so that w, — o weakly in 'H, then the sequence {F(wy)} has a subsequence
{F(wp,)} such that F(wy,) — F(w) weakly in 'H.

Then for some constant Cy > 0, there exists an element & € H such that B(®, w) = . < F(®), w >, for all
w € Hand |\ < 1.

The Browder-Minty Theorem

Theorem 3 ([16]) Assume that E is a separable, reflexive Banach space, and 2| : E —> E* is a monotone and
continuous mapping on finite dimensional subspace, and assume that 2 is coercive in the sense that

< Ap, ¢ >

ol —> 00 as ||g|lg —> oo.
Ylle

Then for all § € E*, there exists ¢ € B such that Ap = §.
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3 Existence results

We first prove that there exists at least a weak solution for the following FDE, then we state some conditions so

that the weak solution can be classical. Let « € (1/2, 1), 6 € [0, 1]. Assume H’D';‘?;A () and H’Dgf‘/\ (.) are the
A-Hilfer fractional derivatives left-sided and right-sided of order « and type 6, and consider

{ RN (M5 o) ) — AGo() = A [3(n, () + [ (s, w(s)ds], 0

00—1);A 0(0—1);A —
1 v 0) = 10V T ) = 0,

where the boundary conditions are given by the A -Riemann-Liouville left and right sided fractional integrals.
Moreover, X is a parameter, the operator g : [0, 7] x R — R is a continuous mapping, § : [0,7] x R — R
is an integrable function, and A is a bounded linear operator.

Definition 2 A function tv € Hg’e’A[O, 7T1is a weak solution of (1) if

T ) ) T n
fo (D5 M) D5 g ) — A ) ) din = /0 [g(n,m(n))JrM fo h(s,m(S))dS]Mn)dn,

for all ¢ € Hy ™[0, 7.

Also, a function to € C[0, 7] is a classical solution of (1) if it satisfies Equation (1) and its boundary
conditions.

Theorem 4 Assume that k € (%, 11, 0 € [0,1], g € C([0, T] x R, R) is a continuous mapping, b : [0, 7] x
R — R is an integrable function, and A is a bounded linear operator. Also take

—(A(T) — A V2 (A(T) — A(O))x—l/z:“

n
£ := max {g(n, V) —i—/o h(s,v)ds : (n,v) €[0,7] x |: Ok — D2 Tk — DI

2)

Then for every |A| < FDE (1) has at least one weak solution.

1
CMT)—AO)2

Proof To prove this theorem, we consider the following bilinear form B(tv, ¢)and show that it satisfies the
condition of the Lax—Milgram theorem:

T
Bwo.g) = [ (M0 D5 ) — Ao ) di.
Using Holder’s inequality and boundedness of the operator .A we obtain that
1B, )| < 1" D5 o2, 11" DG g ()l ., + AL, 1112, < (L4 LAl g0 (1] g50.43)

and |B(tv, )| > ||| |§_(K_9, - Therefore, B is a continuous, bounded and coercive bilinear form on Hg’e’A [0, 71].
2

Now, we set the operator © : HE’G’A[O, 7] — (HE’Q’A[O, T1)* as follows:

T
< 0O(w), ¢ >=/O (g, w(m) + F (@, () ¢ (mdn,

where F(n, w() = [ h(s, w(s))ds.
Assume that v € N;(0) C Hg’Q’A[O, 71, so [[tollce.a < 1, and by Remark 1 we have I'(x)(2« —
2
D2||wllso < (A(T) — A(0))*~1/2 forall n € [0, T]. So, we deduce that |g(n, (1)) + [y h(s, w(s))ds| < ¢,

where ¢ is defined in (2). For any arbitrary ¢ € HS’G’A with ||@| lggeo.a =1 we have
2

| < ©(w), ¢ > |

T
< /O (a0, w(n) + Fn, 0(m)) d(mdn

@ Springer



M. B. Ghaemi et al.

1/2

T
< (/0 [ (g(n, w(n) + F(n, w(n))) |2d77) [l ()] 2
<Tt,

where F(n, w(n)) = i h(s, w(s))ds. Choosing Cr = T /T we show that hypothesis (H 1) in the Lax-Milgram
theorem holds.

Next, we assume that {w,} is an arbitrary sequence in HS’G’A [0, 7] which is weakly convergent in the space.
Using Theorem 1 we have w, () — w(n) foralln € [0, 7]. Applying continuity of g(n, w (17))—i—f0’7 h(s, w(s))ds,
we come to

n n
a(n, wa(m) + /0 b(s, wn(s))ds — a1, () + /0 b(s. w(s))ds, @)

whenever n tends to infinity, and for all n € [0, 7]. Since {w,} is bounded, there exists a positive constant
C,, such that ||w,|| < Cq, for every n € N. In addition, from Remark 1 we have I'(k) 2k — 1)'/?||wp |00 <
Co(A(T) — A(0)* 12 for all n € [0, T]. Hence we can conclude that there exists a positive constant ¢’ such
that

n
lg(n, wn (1)) +/0 h(s, wn(s))ds| < ¢, (&)

for all n € [0, 7], and n € N. Therefore, from (4), (5) and the Lebesgue dominated theorem, we obtain that
T n n
fo lg(n, wn (M) — g(n, @ () + fo b(s, wn(s))ds — /0 (s, wn(s))dsldn <

T T pn
fo (a0, 0n () — 8, () dn + fo fo 1G5, 0 (5)) — (5. wn(s))ds|dn — .

It follows, for an arbitrary ¢ € HE’Q’A with ||¢||HK,0.A = 1, that
2

T
< O(wp) — O(w), ¢ »= I/ (Fi1(m, wn(m) — Fi(m, o) mydn| = [|F1(n, @a(n) — F1(n, @)l 2 — 0,
0
where F1(n, w(n)) = (g(n, w(n)) + F(n,r0(n))). This implies condition (K 2) of the Lax—Milgram theorem
also holds. By Theorem 2 we get the desired result. O
Remark 2 Clearly, we have the following from the above result:

e Choosing A(n) = n in (1), then there exists at least a solution in the Caputo fractional derivative sense for
1
FDE (1), whenever 8 — 1 and |A| < Q_
n

e Taking A(n) = n*, (k > 0)in (1), then there exists at least a solution in the Katugampola fractional derivative

sense for FDE (1), whenever 8 — 0 and |A| < =

e Similarly for A(n) = n*, (k > 0) in (1), then there exists at least a solution in the Caputo—Katugampola

1
UL

fractional derivative sense for FDE (1), whenever &6 — 1 and |A| <

3.1 Regularity result

To prove our regularity result, we first recall some preliminaries.
Definition 3 Let u, v, w € L?[0, 7]. Then for all ¢ € Cg°10, 7] we define

T . T
/0 u(m DA g (i = /0 V(B (),
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and

T oA T
/0 u (DI g (i = /0 w(né (i,

where H@gngu(n) = v(n) and H@g’f”\u(n) = w(n). The functions v and w are called the weak left and the
weak right fractional derivative of u(#), of order x € (0, 1] and type 6 € [0, 1], respectively.

Lemma 1 ([14,15]) Let Q@ = [0, T and w(n) € L2(Q), if

° H@gf;Aw(n) exists and it is almost everywhere equal to a function in C(2), then w(n) is a.e. equal to a

function w(n) € C(L). Moreover, H@gf;Aw(n) exists for every n € Q, and w(n) belongs to C(S2).
° H@';G,;Aw(n) exists and it is almost everywhere equal to a function in C(Q2), then w(n) is a.e. equal to a

Sfunction w(n) € C(2). Furthermore, H@';Q;Aw(n) exists for every n € (), and w(n) belongs to C(2).

Now, we state our regularity result with the similar proof of Theorem 10 in [14] and Theorem 3.1 in [8].

Theorem 5 Assume that k € (%, 11, 0 € [0,1], g € C([0, 7] x R, R) is a continuous mapping, § : [0, T] x
R —> R is an integrable function, and A is a bounded linear operator. Also, let ¢ be defined in (2), and

A < W Then every weak solution of FDE (1) is classical.

Proof Let v(n) be a weak solution of equation (1) and take L(n) := Av(n) + A(g(n, v(n)) + fO" h(s, v(s))ds).
From the definition of weak solution, we have

7 0;A ;A 7
/0 ("o e D e ) dy = /O L@ (ndn,

forall ¢ € HZ’G’A [0, 7']. From Definition 3 we claim L(n) = HC‘Z_)'E’—@AH’}_DS;Q; A v(n). Moreover, from Remark 1
and Theorem 1, we imply L() = H@'(?’-(i;A H@gf;A v(n) belongs to C[0, 7). It follows from Lemma 1 that
H@"T’QJAH@gf;A v(n) exists forall n € [0, 7]. In addition, it belongs to C[0, 7] and H’L:)gf;A v(n) is a.e equal to
an element of C[0, 7']. Moreover, the first part of the Lamma 1 shows that there exists H @gf A v(n) forall [0, 7],
and by Remark 1, we derive that H@gf“\v(n) = H9 %2 (1) ae. on [0, T]. Therefore, H@'%G_;Aﬁggf;[\v(n)

0+
exists for any n € [0, 7]. Since L(n) = HD'%H_;AHQSf;Av(n) is a.e equal and both are continuous, hence we
conclude that L () = H@'%G,;AH’DS;O;AU(n) for all € [0, 7], which is our desired result. O] o

We are ready to demonstrate an application of our main result by the following example:

Example 1 Let

3/4,1/4;€" 3/4,1/4;e" _ .

H B (Y o)) o) = A [Se~on) + 4 f§ sin(sw(s)ds]

3/16;¢" 3/16;¢" (©)
Iy 7 w(0)=1""" w(l) =0,

where 5 € [0, 1], @?}/f /et ()and 7 @(3)44’1/ 4t (.) are the A-Hilfer fractional derivatives left-sided and right-

sided of order 3/4 and type 1/4. The function %e’”m(n) + % fon sin(sw(s))ds is clearly bounded for n € [0, 1],
and let

n (o _ 170.25 1,025
M := max {%e”v + %/ sin(sv)ds : (n,v) €[0,1] x |: e—1) e—1) :|} ~2.17.
0

I'0.75)4/0.5 T'(0.75)4/0.5

So Theorem 4 implies that (6) has at least one weak solution whenever |A| < i \;eTl =~ 0.36. Also, by Theorem 5

every weak solution of (6) is a classical solution.
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4 System of coupled fractional equations

We are going to extend the existence result discussed in the previous section to the following coupled system of
FDEs

HLIN (H " o) ) — A1 o)) = & (g1 01, (), o) + i b1 (5. 10(s), 0(s)ds)
HR A (D% o) ) = Ax(o() = A (@0, 0, 00D) + f§ ba(s, w(s), 0()ds) . ()
Ingr(GI*])QAm(O) — IQJIF(GI*])QAm(T—) =0,

02(62—1); A 6r—1); A —
1270 0) = 12V o1y = 0

where 7 € [0, 7T, 7D5%* () and #D% A (), for i = 1,2, are the A-Hilfer left and right sided fractional
derivatives of order % < ki < 1type 0 < 6; < 1, and the boundary conditions are given by the A -Riemann-
Liouville left and right sided fractional integrals. Moreover, A is a parameter, the operator g;, b; : [0, 7]xR?> —>
R, where g; (n, to(n), v(n)) are continuous mappings, and b; (s, r(s), v(n)), fori = 1, 2, are integrable functions,
and A;, fori = 1, 2, are bounded linear operators.

Definition 4 A pair of functions tv, v € HS’B’A [0, 7] are weak solutions of coupled system of FDEs (7), if

T
O A O A
/0 Hg M o () DEL " A 1 (mdy

T n
- /O [A1(m(n))+k(gl(n,m(n),b(n))Jr /O b1<s,m<s),n(s»ds)]m(n)dn
T
- / Hpgz Mo H D53 ¢ (n)dn
0
T n
—/O [Az(v(n))+k<gz(n,m(n),n(n))+/0 bz(s,m(S),U(S))dS>}¢z(n)dn =0

for all g1, ¢ € HY"2[0, T1.
To prove our main existence result, we first state the following growth conditions:
(i) There exist constants ¢;, d;, i = 1,2, and p € [2,2*) so that for all (n, v;, &) € ([0, T],R?),i = 1,2, we
have
lgi (. v, &) < 0i () + cilv|P! + dilg|P7,

where 0; € £9][0, 7] and g € (2%, 2]. Moreover, g; (1, 0, &) and g; (n, v, 0), fori = 1, 2, belong to L]0, 7]
as functions of 7.

(ii) There exist constants ¢;, f;, i = 1,2, and p € [2, 2*) so that for all (5, v;, &) € ([0, 7], ]R2), i =1,2, we
have

i (n, v, &) < 8 () + e P~ + £8P,

where §; € £9[0, 7] and g € (2%, 2]. Moreover, h; (n, 0, §) and b; (n, v, 0), for i = 1, 2, belong to L9[0, 7]
as functions of 7.
(iii) Forall n € [0, 7], and v;, & € R such that v; # &;, fori = 1, 2, we have

gl(ns Ul?él)_gl(nv U27§2) = 92(177 Vl,fl)_QZ(ns V27§2)
> p and >
V] — 2 §&1—&

(iv) Forall n € [0, 7], and v;, & € R such that v; # &;, fori = 1, 2, we have

Jo'hi(s, vi, &) — bi(s, v2, §)]ds S 0% and Jo'[ha(s, vi, &) — ba(s, v2, £2)1ds -
V) — 1V %-1 _52

’
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eorem ssume that k € (5, 1], 60 € [0, 1], g € , x R, is a continuous mapping, § : [0, X
Th 6 A h (é 1,0 € [0,1], g € C([0,7] x R, R) pping, h : [0, 7]

R — R s an integrable function, and A is a bounded linear operator. Also suppose that the hypotheses (i) -(iv)

are satisfied and || A1 || + || A2]] < %. Then there exists a unique pair of functions (10, v) satisfying

the coupled differential equation (7) in the weak sense.

Proof Take the operator S : Hg’e’A[O, T — (HE’Q’A[O, T1D* as follows:

T T
< 81, 0), ($1. ) == / Hsl % R () T DL gy () + f Hiz 2 o (i H D22 g () dy
0 0
T n
—/O [Al(m(n))Jrk(gl(n,m(n),n(n))Jr/O b1(s,m(S),n(S))dS)]¢1(n)dn

T 1
—/O [Az(v(n))+)\(gz(n,m(n),n(n))Jr/O hz(s,m(S),n(s))ds)} $2(n)dn,

for all v, v, g1, ¢ € Hy "0, 7.
Note that from hypothesis (i) we derive that

T
—1 -1
‘/0 gi (n, w(m), oM gidn| < lloillgldillp + cilldillplIwllp " + dillgillpllvllp ™ < oo,

and from (ii) we come to
T n
/0 [/0 ba(s, r(s), U(S))dS} $2(ndn

for all tu, v, ¢1, Py € HE’Q’A[O, T1]. Moreover, due to boundedness of the operator A;, fori = 1, 2, we deduce

p—1 p—1
= 18illgllgillp + eillgillplivollp — + fillgillpllollp — < oo,

T
‘/o Ar(o(m)grdn| < [IAll(lIw]l2]lp11]2) < oo,

and

T
‘/(; A2(0(m)g2dn| < [|All(Iv][2]1¢2]]2) < oco.

Therefore, < S(tv, v), (¢1, ¢2) > € HE’Q’A[O, T]>k forallt, v, ¢1, ¢ € Hg’e’A[O, T]. So the operator S is well
defined.
Taking 1o, v; € ’H'z"e’A[O, T1,i = 1,2, we obtain that

< Sy, 01) —S(two, v2), (o] — w2, 01 —b2) > = < S(tvy, 1), (o] — W2, 01 —b2) >
— < S(2, v7), (o] — 102, 0] — b2) >

T

- /0 HDE 0y () DL (01 (n) — ro2(n)d
T n

—/0 [Al(ml(n))+k(gl(n,ml(n),m(n))Jr/O h](s,m(S),m(S))dSH (ro1 (1) — roa(n)dn
T

+ /0 iy, (D2 (o) (n) — w2 ()dn

T n
—/0 [Az(nl(n))+)\ (gz(n,ml(n),m(n)) +/0 bz(s,ml(S),vl(S))dS>] (v1(n) —v2(n)dn
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T
~ /0 H DL M () H DL (0, () — 1o ()l
Tr n
—l—/o Ai (o2 () + A (m(n, 102(1), v2(n)) +/0 bi(s, ro2(s), Uz(S))dS>:| (ro1 () —wa(n))dn
n
_ /0 D0y () 1D (01 (n) — w2 ()l
T —
.
0 L

T T
=/0 |”©$k"““(m1(n>—mz<n)>|2+/o 1HDE% (01 () — v2(n)I?

n
Az (v2(1)) + A (92(77, ,2(n), v2()) + /0 B2 (s, o2 (s), Uz(S))d'S)] (v1(n) — v2())dn

T

+/0 (A1 (v2(n) —1() + Alg1(n, w2(1), v2(n) — g1(n, 1(n), v1(1N))]) (W1 () — 102(n))dn
T n

+/0 ()\fo [h1(s, to2(s), ba(s)) — hl(s,m(S),m(S)]dS) (o1 (1) — w2(1)dn
T

+/0 [A2(02(n) — 01 (1) + A(g2(n, 02(n), v2() — g2(n, r01(n), v1(M)](01 () — V2())dn

T n
+/0 ()\fo [b2(s, m2(s), b2(s))ds — bz(s,ml(S),U1(S))]dS> (v1(n) — v2(n))dn.

Applying hypotheses (iii) and (iv) we infer
< Sui, vi) = S(uz, v2), (1 — uz, vy — v2) >> 0.

Thus S is a monotone operator. To complete our proof, it suffices to show that S is a coercive mapping. To do
so, we take (¢1, ¢2) = (o, v) in the definition of the operator S, then we get

T T
< 810, v), (10, 0) >= / (5 My ) 2 + / H D% Mo () Py
0 0
T n
—/0 [Amm(n))+A<gl<n,m<n>,n<n))+/o m(s,mm,u(s))dsﬂm(n)dn

T n
— /0 [Azw(n))+x(gz(n,m(n>,n(n)>+ /0 hz(s,mm,n(s))ds)]n(n)dn
> (o] |* + [[v]]> = [|AL] |72 — [l A2][]0] %

—3. (Iwlolg1 (. 0, 0@ 2o = plwwlZ — lol colg2(1, WD), Ol s + plol )

n n
—k <|m|u|/0 b1(s. 0. 0(s))ds| zs — p*[r0l — |n|u|f0 ba(s. w(s), 0)ds| zo + p*|n|zz> .

From Proposition 4.6 in [15], we imply that ||to]|zr < CwllH’Dgf;Am(n)ng, where Cy = WD=yOD" ppyg

. . ’ F(k+1)
for p = 2 in the last inequality we have

< 8w, v), (10, 1) >> [1 = Cy (I|A1]] = o — 2p")]lIw]* + [1 = Cy (| A2]] + 2o + 2p")]| 0]
—A (ol zrlgi(m. 0, 0()[ca — [vl2r|g2(n, w(n), 0)|4)

n n
x <|m|gp|/0 b1(s, 0, (s))ds| zo — |n|[;p|/0 bz(s,m(s),t))dsm)
> [1 = Cy (1ALl = Ap = Al 2+ [1 = Cy (1 Aal] + o + o™l o]

n
—Cpil|rol| (|91(77’0»U(77))|£‘1 +|/0 b1(s,0,U(S))dS|m>

n
—Cplloll (Igz(n, (1), 0)| s + I/O b2(s, w(s), O)dSILq> ;
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where C),, C/, are the Sobolev constants corresponding to tv, v. We now choose the following norm which is
equivalent to the standard product norm:

[|(ro, 0)[| := max{]|vo]], [[v]]}.
Hence we get

< S(w, v), (0, 0) == (1 — Cy (1A1] + [1A2]D) Il (vo, v)]|?

n
—Cy (w0, )| (Igl(ﬂ, 0, 0(m)lze — 192(n, (1), 0)[ e + I/O b1(s, 0, v(s))ds]|a

n
—I/O f)z(s,m(S),O)dSm),

where C I/p :=max{C,, C ;)}. Thus, by the above inequality we have

< S(to, ), (o, v) >
lim
[(ro,b)[|—>00 [[(ro, v)]|

Therefore the operator S is coercive. The desired resultimmediately follows from the Minty—Browder Theorem. O

5 Conclusion

Applying the generalized Lax—Milgram Theorem, we have studied the existence and regularity of weak solutions
to the nonlinear A-Hilfer fractional boundary value problem on certain function spaces, with an applicable
example. Additionally, we extended our obtained results to the system of coupled FDEs based on the Minty-
Browder FPT and some growth requirements.
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