Received: 19 January 2023 Revised: 4 April 2023 Accepted: 6 June 2023

DOI: 10.1002/mma.9486

RESEARCH ARTICLE WILEY

A nonlinear fractional partial integro-differential equation
with nonlocal initial value conditions

Chenkuan Li'® | Reza Saadati’®® | Donal O'Regan3® | Radko Mesiar*>0 |
Andrii Hrytsenko!

!Department of Mathematics and
Computer Science, Brandon University, In this work, we study a new nonlinear partial integro-differential equation with

Brandon, Manitoba, Canada nonlocal initial value conditions and investigate the solutions of this equation.

2 i 7 i . . . . o . . . . .

School Of?athﬁmalucs’ Ira}‘: University of By considering an equivalent implicit integral equation via series, we prove
Science and Technology, Tehran, Iran . . . , ,
_ . the uniqueness of solutions of the equation by Babenko's approach, Banach's
3School of Mathematical and Statistical

Science, University of Galway, Galway, contraction principle, and the multivariable Mittag-Leffler function. We also
Ireland demonstrate the application of our key theorem with an illustrative example.
4Department of Mathematics, Faculty of

Civil Engineering, Slovak University of KEYWORDS

Technology in Bratislava, Bratislava,

Slovaki Babenko's approach, Banach's contractive principle, multivariate Mittag-Leffler function, nonlinear
ovakia
partial integro-differential equation
SInstitute of Information Theory and

Automation, The Czech Academy of

M LASSIFICATION
Sciences, Praha, Czech Republic scc S8 ¢ &

35A02, 35C15, 45E10, 26A33
Correspondence

Reza Saadati, School of Mathematics, Iran
University of Science and Technology,
Narmak, Tehran 13114-16846, Iran.
Email: rsaadati@eml.cc

Chenkuan Li, Department of Mathematics
and Computer Science, Brandon
University, Brandon, Manitoba, Canada.
Email: lic@brandonu.ca

Communicated by: S. E. Mikhailov

Funding information

Natural Sciences and Engineering
Research Council of Canada,
Grant/Award Number: 2019-03907

1 | INTRODUCTION AND PRELIMINARIES

Let b > 0 and cy, c1, c; € C[0,b]. We consider the uniqueness of solutions for the following NPDIE for 2 < ¢ < 3,
O<e<l,andov > 0:
L (0, 0) + ¢o(0)2-D(0, 0) + C1()D(0, 0) + C2 ()P0, 0) = (6,0, (0, 7)), an
®0,0) = ’1/01 ®(9,0)do, %CD(O, 0)= /01 w(0)®(0,0)do, (D;'(O, c) =0, .
where (0,0) € [0,1] X [0, b],  is a constant, y € C[0,1], and : [0,1] X [0,b] X R — R satisfies certain conditions to be
given later. Assume that v € Rt and ¢ € [0, b], the operator I? is the partial Riemann-Liouville fractional integral of order
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v W.r.t o with initial point zero (see [1]),
v _ 1 ’ _ v—1
D) (0,0) = o /0 (6 = )" @0, )d¢,

and % is the partial Liouville-Caputo fractional derivative of order ¢ with respect to 6 € [0, 1]

c0° 1 /9 2 gy
®)6,0) = 0 — 5703 (s,0)ds, 2 <¢ <3,
(rieg >( DTG og )y TV B G 2se

and similarly,

0° 1 o
o = —5)"¢ D! <1.
<00E ) 0,0) -9 /0 (0 —5)"*D(s,0)ds, 0<e<

A function @ is said to be a solution of Equation (1.1) if it satisfies the equation and its three initial conditions.
If w(0) = n for all § € [0, 1], then Equation (1.1) is

00¢ 26¢

L D0, 6) + co(0) =D, 6) + ¢1(6)D(0, 0) + ()LD, 0) = F(B, 5, D0, 0)),
®(0,0) = ZD(0,0) =1 i @(0,0)do, ®/(0,0) = 0.

It follows from [2] that
(I2®) (8,0) = D0, 0).

It is well known that fractional partial differential equations have been used in many fields such as quantum mechanics,
fluid dynamics, and plasma physics [3]. In 2016, Petitta [4] considered the following boundary value problem and obtained
solutions for this equation and investigated the uniqueness and regularity of the solutions:

LSO=pinQ,0<s<1,
®(6) =0, on R"\ Q,

where Q is a bounded domain of R", u is a bounded Radon measure on 2, and £° is given as
L'd(c) = PV / (®(0) — @(c + y)K(y)dy,
Rn
and K is a non-negative kernel satisfying

A A

This class of kernels contains the fractional Laplacian (—/\)* as a particular case, that is,

(o) —D(oc+y)
|y|n+23

(=A\)®(o) := Cn,sPV/

):

where

45s(s — )T ("*2”)

7202 — 5)

Cns =

In [5], the author extended the fractional Laplacian (—/\)*® over a space to all values of s > 0 and s # 1,2, - - -, based
on the normalization in distribution theory (in the sense of Schwartz), Pizzetti's formula, and surface integrals in R".
Recently, Mahor et al. [6] investigated several fractional equations and obtained analytical solutions using the fractional
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Fourier transform and MLF for these equations. The fractional heat-diffusion equation is one of these equations, which
is considered as follows:

00%

o 0% +
{ L §(0,0) = ho—d(0,0), 0 ER,O ER*, 0<¢ <1,
¢(c,0) = y(o),

where ¢(o, 0) is the temperature function and 2 € R is the thermal conductivity.
In the following, we introduce the multivariable Mittag-Leffler function (MMLF) and Babenko's approach (B-A); we
solve the fractional kinetic equation in detail. In this paper, we consider the Banach space C([0, 1] X [0, b]) with the norm

[|®] = sup |D(8, 0)| for @ € C([0,1] X [0, b]).
0€[0,1], o€[0,b]

Definition 1 ([7]). The two-parameter Mittag-Leffler (M-L) function is represented by the following series:

&)

h
<
E £ = T -7 . ~°
@ ;)F(gh s

where ¢, e > 0 and z € C (the complex plane). The MMLF is defined as follows:

h

o0 hl m
E ],.A.,m,s(zlv""z )= < > ’
) ; ,;)hzhh M ohm ) TRy + -+ Gl + €)

1120, ... shpy>0

where ¢;,e >0,fori=1,2,---,mand

h _ h!
hi,=o« hm ) 7 oyl by

One of the useful tools for dealing with differential equations with initial conditions as well as integral equations is
B-A. This method is generally the same as the Laplace transform, while working on equations with constant coefficients.
However, this method is widely used for differential and integral equations with continuous variable coefficients and
boundary value problems [8]. In the following, to show some details of this approach, we will deduce the solution to the
following fractional kinetic equation investigated by Saxena and Kalla in [9]

N(8) — Ny (6) = —c'I'N(6), v > 0, (1.2)

where N(6) denotes the number density of a given species at time 6, Ny = N(0) is the number density of that species at
time & = 0 and c is a positive constant.
Clearly, Equation (1.2) can be written as

(14 ¢"I)) N(6) = Now(6).

Treating the factor (1 + cvlg) as a variable, we derive from B-A

N(©) =No(1+¢"I)) " y(0) = Ny 3. (~1)"('I})"y(6)
h=0

=No ), (=1 I;*w(0)
h=0
1

0
_ ~\hv-1
T /0 0 - O w(O)d¢

=Now(0) +No ) (=1)"¢"
h=1
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00 0
=Noy (0) + No 2 (—1)h+1chv+vm / O — Oy (O)dg
h=0 0
=N, (9)—N v/a(g_z:)v—li(_l)h hvw ( )dé’
=Noy o€ ; = 4 T + V)ll/ ¢

(4
= Noy (6) — Noc" / 0 =)' 'Ey, (=c"(0 = O w()d,
0

which is well defined. We should note that this is indeed Abel's equation of the second kind. There are some recent
studies on several general classes of fractional-order kinetic equations using various approaches [6, 10-12]. In addition,
researchers have investigated the existence and uniqueness for various types of fractional integro-differential equations,
with boundary conditions and the Hilfer derivative, via different methods [13-16].

The main goal of this paper is to transform Equation (1.1) into an equivalent implicit integral equation in the series
using B-A, which is derived in Section 2. Also, with the help of Banach's contraction principle (BCP), the uniqueness of
the solutions in C([0, 1] X [0, b]) is studied. In Section 3, we present the application of proven results with an example, and
finally, we summarize the entire work in Section 4.

2 | MAIN RESULTS

Theorem 2. Letb > 0,2 < ¢ £3,0 < e <1,v > 0, 5 be a constant and cy, c1, 2, w € C[0,b]. We assume F

[0,1] X [0,b] X R — R is a bounded and continuous function, and
2|1l + mo|n| + M) Ec_¢ ¢, o)1 (Mo, my, myb?) < 1,

where

m; = max |ci(6)|, and M = max |w(o)|,
c€[0,b] c€[0,b]

fori=0,1,2. Then ® is a solution of Equation (1.1) if and only if it satisfies the following implicit integral equation in
the space C([0,1] X [0, b]):

@.0)= Y (-1 D < . ,5’2’ s ) ' (o)cr (o)
h=0

hy+h,+hs=h
7120, 320, h3>0

TR (0 (LY E(6, 6, D0, 0))

NI ( n }ilz’m)cg‘(a)ci‘z(a)
h=0

hy+hy+hs=h
h120, 1220, h320

96— +Shy+chy
I'((¢ —e)hy + chy +chs +1)
- h
- h;) VY h ( B o s ) ¢y’ (6)¢)*(0)

hy+hy+h;=
7120, 7320, h320

1
n / (c2()) (8, 5)dg
. 2.1)

Q(Q—E)h1+§hz+§h3+€—5
IF'c—PHhi+chr+chs+¢c—f+1)
- h
+ hZ_:‘) G ( Iy o s ) ' (o)er (o)

hy+h,+h;=h
h120, hy>0, h3>0

1
n / (e2(0)I2) " co(0)D(B, 5)dO
0

(SO, +hy+chy+1 !

T — ) +chy +chs +2) J,

w(0)(c2(o)2) 5 D(8, 0)d6.
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Proof. It can be clearly seen that

o° @’ (0, 0)
¢ c _ _ & __t 2
I‘9 50° ®(0,0) =D(0,0) — P(0,0) q)t(O, 0)0 —2! 0

1 1
=®0,0) -1 / (0, 5)do — / w(0)D(0, 5)do 6,
0 0

andsince0 < e <1
cae c—p Cae
FYe @9, 0) = co(0)1, I W@(Q, o)

=co(0) I, (®(0,0) — D(0,0))
co(0)05 Py 1
Cc—f+1) Jo

I5 co(o)

=co(0)I; (8, 0) — (8, 5)do.

Applying the operator Ig to the equation

&

c0°
D0, 0) + co(o)

205 ;Zf ®(0,0) + c1(0)D(0,0) + CZ(O')Ig_(I)(H, o) = F(0,0, D0, 0)),

we get
(1+ co(@)I;“ + c1(0)I; + ca(0)I;I2) (6, o)

e 1 1
co(0)0° >’1/ o, o')d0+/ w(0)D(0, 5)db 6.
0 0

=I;F(0, o, P0,0)) + <1 + m

Using B-A, we obtain
D0, 0) = (1+ co(0)I; © + (o)l + cz(a)I;I:;)‘1

co(0)0~¢ ! !
. |:I;F(9,0', o(0,0)) + <1 + m) 7]/ D0, 0)do + / v (0)D(0, c)do 9]
0 0

o)

= Y (D (eI +er(0)] + cao)ST2)"
h=0

o(0)0°* : :
. [IgF(G, c,®(0,0)) + <1 + Tc—ext 1)) 11/ (0, 0)do + / v (0)D(0, 0)do 0]
0 0

= Z (-1)" Z <h1, }?2, hs ) (co(d)Ig—f)hl(Cl(a)Ig)hz<cz(a)Iglg)ha

h=0 hy+hy+hy=h
h120, 1520, h3>0

—& 1 1
. [Igf(e,a, 0, 0)) + <1 + %) n / 0, 5)d6 + / w(0)D(0, 5)do e] .
0 0

Clearly,
-\ —€ —€ —& hy —e)h,
(co(@)5™)™ = co()5 Co()S ™ - - - o) = ch ()™

and (cl(a)Ig)h2 = ci’z(o)lghz. As for the term (cz(a)lglg)h3, we have

(@L1)" = (L) (@) - (c(@5I2) = I (e,

Therefore,

o
h h h —e)hy+chy+ch
20.0= T T () g, O oty
h=0 hy+hy+hy=h
h120,h>0,h3>0

co(0)0°~¢

. I:Ig/:(g’ 0,9(0,0)) + <1 + m

1 1
)n / D0, 0)do + / w(0)D(0,5)do 6
0 0
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2;(—1)’1 D < I, :2, h3>c31(a)c§’2(a>

hy+hy+hy=h
h120, 1320, h3>0

Iy TR (o)1) (9, 0, 00, 0))

NI Y RS EACERD
h=0

hy+hy+hs=h
h120, 1520, h3>0

06— +¢hy+chy
I'((¢—&e)hi +chy+chs+1)
- h
+ hZ_:‘) GO < B o s > ' (0)c!* (o)

hy+hy+hs=h
h120, hy>0, h3>0

1
n / (c2(0)2)2 (8, 5)d
0

—e)hy+ch,+ch _
I;§E)1€z€30gs

1
n / (c2(0)I2) 5 co(0)D(B, 6)do
0

Ic-p+1)
NI YN RS EACERD
h=0 hy+hy+hy=h

120, hy>0, h3>0

1
. Iég—f)h1+§hz+€h30 / w(0)(c2(0)I)5 (B, 6)db.

0
Using
plemOmehatehs pe—e Te-e+1) QS —Phy+chytchste—p
o (¢ —e)h +chy+chs+¢c—f+1)
[emOhtehytehs  _ Q6= +chatchytl ,
o T'((c — B)h1 + chy + chs + 2)
we have

00.0= 3 T (), 0L, ) e
h=0

hy+hy+hs=h
h120, 1520, h3>0

LIRS (0 )Y (0, 0., (0. 0)

DGO <h1,f?2,h3>031(0)0f2(6)
h=0

hy+hy+hy=h
h120, 1520, h3>0

1

Qe +chy+¢hy h
(c2(0)I5)"D(, 0)db

TG-—om+ch+tch+1) /s
ol h

+Y DY ( e hs)eﬁl(a)c?(a)
h=0

hy+hy+hs=h
h120, 1520, h3>0

9(§—6)h1+§h2+§h3+§—8
"T(g— P +chy+chs +¢c—f+1)
< h h hy hy
+ ;) CVEEDY < Iyl ) €0 (@) (@)

hy+hy+hs=h
h120, 1520, h3>0

1
n / (c2(0)I2) 5 co(0)D(O, 5)do
0

1

9(g—s)h1+gh2+gh3+1 h
W (0)(c2(0)I5)" P(8, 0)do.

T — &)+ cha+ chs +2) /o
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The function ®(0, o) satisfies the initial conditions: First ®(0,c) = fo1 ®(0, 6)do, which is the term

VDY < > o) (o) =S / ) (6, 018
- o)C o n (o)l 3 .o ,
By thothy=0 hy, ha, T(c—ehi+cho+chi+ 1) J,

h120. hy>0, h3>0

and the rest being zero by setting § = 0. Similarly, %(D(O, o) = /01 w(0)DP(0,5)do, @;)’ (0,0) = 0, by noting thatg—e > 1.
Hence @ is a solution of Equation (1.1) if and only if it satisfies Equation (2.1). Next, in C([0, 1] X [0, b]), we show the
convergence of the right side of Equation (2.1), which is a series. Since ¢y, ¢1, ¢z € C[0, b], we let m; = max,eop|ci(o)],
fori=0,1,2. Then,

h hy__hy, h
@] < 2 Z (hl,hz,h3>m 1mzm 3

h=0 hy+h,+hy=h
7120, hy20, h3>0

bl)h3
: sup  |F(0,0,9(6,0)|
T((C — e)h1 + chy + chs + ¢ + DIWhs + 1) g.0reoimios]

h hy hy, h

D) il

hlah27h3 0 1 2
h=0 hy+h,+h;=h
1120, hy>0, h3>0

b"s ||
I'((c —e)hy + chy + chs; + DI(vhs + 1)

o0
h Al hy  hy
+ 2 <h1,h2,h3 My my'm,
h=0 h,+h,+hy=h

h120. hy>0, h3>0

Pl

, b ||
F((g —e)hi+chy+chs+¢c—e+1DI'(vhz3 +1)

+ Z ) <h1,:2,h3 > e iy my

h=0 h,+h,+hy=h
120, hy>0, h3>0

Pl

Mbuh3
I'((c —e)h1 + chy, + chs +2)['(vh; + 1)

Il
where M = max,ejop;|w(0)|. Applying the property I'(vh; + 1) > 1/2, we deduce

IRl <2E(—c.c. o), c+1 (Mo, My, myb?) sup |F(6,0,D(0,0))
(0,6)€[0,1]x[0.b]

+ 2[n|E—c,c, 00,1 (Mo, My, myb®) | P||
+ 2mo|n| Ec—e,c,¢), c—e+1 (Mo, My, myb*) ||®||
+ 2ME(g—s,g,g),2 (mg, my, myb®) ||®||

< 2E(g—5,g, <), c+1 (mp, my, mzbv) sup |F(0’ o, D0, O'))|
(8,0)€[0,1]x[0,b]

+ 2(|n| + moln| + M) Ec—¢.c.o),1 (Mo, my, myb®) || @] .

Fromq=1-2(n|+ mo|n| + M) E_, ¢ ¢)1 (Mo, M1, myb®) > 0, we have

2
”(I)” S _E(g—e,g,g),g+1 (mO’ m, mZbU) sup |F(05 o, ¢(97 O'))l < +00,
q (0.6)€[0,1]X[0,b]

since f is a bounded function. This implies that the series is well defined in the space C([0, 1] X [0, b]). This completes
the proof. O

In the following, we present and prove the uniqueness of the solutions of Equation (1.1) in the form of a theorem.
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Theorem 3. Letb > 0,2<¢<3,0<¢e<1,0>0,nbeaconstantandcy, c1, ¢z, f € C[0, b]. We assume the continuous
and bounded function F : [0,1] X [0, b] X R — R satisfies the following Lipschitz condition with a constant L > 0:

|F(H7 09)’1) - F(07 G7y2)| S Llyl - ,V2|7 (97 0-) € [07 1] X [0’ b]a Y1, )2 ER.
In addition, we suppose

2L+ |nl +moln| + M) Ec—¢.c.0.1 (Mo, my, mpb®) < 1,
where

m; = max |¢i(o)|, and M = max |y (o),
c€[0,b] c€[0,b]

fori=0,1,2. Then Equation (1.1) has a unique solution in the space C([0, 1] X [0, b]).

Proof. We consider the nonlinear mapping T over the space C([0, 1] X [0, b]) and define it as follows:

(T®)0,0)= Y (D" ) ( I, ,Z’ Iy ) ¢ (0)¢*(0)
h

h=0 hy+h,+hy=
h120, 130, h3>0

M () (LY F(0, 5, DB, 6))

FRED Y <hl,;f’2,h3>c§1<a>cf2<a>
h=0

hy+hy+hy=h
h120, hy>0,h3>0

9(§—£)h1+€hz+§h3 /1( ( )Iu)h q)(e )d9
: n C2(0)l;) D0, 0
T(C—eh +ch+chs+1) Jo

SDICIENDY (hl,filz,h3>cg’(0)0fz(6)
h=0

hy+hy+hy=h
1120, h3>0,h3>0

H(g—g)h1+gh2+§h3+g—£ 1

. 0yh3
NG Phitchtemte—pan [, O @000

St 3 (0 hn)dodo
h=0

hy+hy+hs=h
1120, 1320, h3>0

Q= +shy+¢hs+1 1

. v\hy
(e —om T e tehy12) J, VOO @0. 00

It follows from the proof of Theorem 2 that T® € C([0, 1] X [0, b]). We now show that T is contractive. Indeed, similar
to that in the proof of Theorem 2,

||Tq) — Tt()” < 2E(g—e,g,g),g+1 (mo, my, mzb”) sup

(0,0)€[0,1]x[0,b]

|F(0,0,®(0,0)) — F(0,0,9(0,0))|
+ 2|n|E(c-e.c.c).1 (Mo, my, myb®) ||@ — 9|

+ 2m0|’7|E(g—s,g,g),g—e+1 (mo, my, myb®) || @ — 9|
+ 2ME ¢ ¢ ¢),2 (Mg, My, myb°) || @ — 9|
S2LE ¢ ¢ ), c41 (mo, my, myb®) [|® = 9|

+ 21l + moln| + M) E(c—c ¢.¢),1 (Mo, m1, mpb®) || @ — 9|
<2(L+ |0l + mgln| +M)E(g—s,g,g),1 (mgy, my, myb®) || @ — 9|

Since 2 (L + |n| + mg|n| + M) Ec—¢.¢,0),1 (Mo, my, myb®) < 1, Equation (1.1) has a unique solution in the space C([0, 1]x
[0, b]) by BCP.

O
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3 | EXAMPLE

Example 4. We consider an NPDIE-NIVC as follows:

0625 2603 1+02

o B(0,0) +sino Lm®(0,0) + 22 B(0.,0) +cos o [,O(0,0) = L sin |6, o),
®(0,0) = = i} ®(0,6)do, L®(0,0) = = i 60(8,0)do, @(0,0) = 0.

Then, it has a unique solution in the space C([0, 1] X [0, 1]).

Proof. Clearly, my = m; =m, =1, and F(0,0,y) = % sin |y|, is a continuous and bounded function satisfying

1
IF(0.0.y1) = F(0,0.y2)| < = 1y1 = yal-
Thus, L = 1/21. Moreover, M = 1/22 and n = 1/40. Finally, we note

2L+ |nl + molnl + M) Eg—c,c,0),1 (Mo, My, mpb”)
= 2(1/21 + 1/40 + 1/40 + 1/22)E(2,2,5’2'5),1(1, 1, 1)

3
<—Ep25,25,1(1,1,1),

— 10
and
- h 1
Eg25,25,1(1,1,1) = < >
hz::; h1+h§h3=h hi,ha, hy ) T(2hy + 2.5hy + 2.5h3 + 1)
h120, >0, h3>0
<Y 2 _ —cosh <\/§) ~ 2.9146,
= (2h)!
since
h > n
2z =3
hi,h >
hy+hy+hy=h < 1,12, s
h120. hy>0, h3>0
1 L1 _ 1
T(2hy + 2.5, +2.5h3+1) ~ T(2h+1) ()
Hence,
2(L+ || + moln| +M)E_¢ ¢ 0,1 (Mg, my, myb’) < 1.
By Theorem 3, the NPDIE-NIVC has a unique solution in the space C([0,1] X [0, 1]). O

4 | CONCLUSION

In this article, we have considered the NPDIE with nonlocal initial value conditions. Our main work was to investigate
the uniqueness of solutions for this equation using an implicit integral equation, B-A, MMLF, and BCP. In the final part,
we have presented the numerical results of our key theorem by giving an illustrative example.
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