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Abstract: In this paper, we introduce the matrix Mittag–Leffler function, which is a generalization of
the multivariate Mittag–Leffler function, in order to investigate the uniqueness of the solutions to a
fractional nonlinear partial integro-differential equation in Rn with a boundary condition based on
Banach’s contractive principle and Babenko’s approach. In addition, we present an example demon-
strating applications of the key results derived using a Python code that computes the approximate
value of our matrix Mittag–Leffler function.
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1. Background

In this section, we introduce some basic notations, a new matrix Mittag–Leffler
function as well as Babenko’s approach with an illustrative example solving a fractional
differential equation.

Let y ∈ Ω = [0, 1]n ⊂ Rn (n ≥ 1) and x ∈ [0, 1]. It follows from [1] for α1 ≥
0, · · · , αn ≥ 0 that:

Iα1
1 · · · I

αn
n Z(x, y) =

1
Γ(α1) · · · Γ(αn)

∫ y1

0
· · ·

∫ yn

0

n

∏
k=1

(yk − sk)
αk−1Z(x, s1, · · · , sn)dsn · · · ds1.

In particular, for α2 = · · · = αn = 0, we have:

Iα1
1 Z(x, y) =

1
Γ(α1)

∫ y1

0
(y1 − s1)

α1−1Z(x, s1, y2, · · · , yn)ds1. (1)

Let 1 < α ≤ 2. Then, from [2]

Iα
x

c∂α

∂xα
Z(x, y) = Z(x, y)− Z(0, y)− Z′x(0, y)x, (2)

where the operator Iα
x is the partial Riemann–Liouville fractional integral of order α > 0

with respect to x with initial point zero [3]:

(Iα
x Z)(x, y) =

1
Γ(α)

∫ x

0
(x− ζ)α−1Z(ζ, y)dζ, (3)
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and c∂α

∂xα
is the partial Liouville–Caputo fractional derivative of order α with respect to x

(
c∂α

∂xα
Z
)
(x, y) =

1
Γ(2− α)

∫ x

0
(x− s)−α+1W

′′
x (s, y)ds, 1 < α ≤ 2. (4)

S([0, 1]×Ω) is defined as the Banach space with the norm given as:

‖Z‖S = sup
x∈[0,1],y∈Ω

|Z(x, y)| for Z ∈ S([0, 1]×Ω).

In this paper, we study the uniqueness of the solutions to the following equation with
the boundary condition for 1 < α ≤ 2 and m ∈ N in the space S([0, 1]×Ω) for constants
ak: 

c∂α

∂xα
Z(x, y) +

m

∑
k=1

ak Iα1k
1 · · · I

αnk
n Z(x, y) = f (x, y, Z(x, y)),

Z(0, y) = Z(1, y) = 0, (x, y) ∈ [0, 1]×Ω,
(5)

where αik ≥ 0 for all i = 1, · · · , n, k = 1, · · · , m, and f : [0, 1]×Ω×R → R is a function
satisfying certain conditions to be given. Equation (5), with its boundary condition, is new
and, to the best of our knowledge, has never previously been investigated. This research
has many potential applications since uniqueness is an important topic in many scientific
areas, such as control theory, and the method used clearly opens up new directions for
studying other types of equations with initial or boundary problems.

A function Z is a solution of the problem (5) if it satisfies the equation over S([0, 1]×Ω)
and its boundary condition Z(0, y) = Z(1, y) = 0.

Let αij ≥ 0, γi > 0 for all i = 0, · · · , n, j = 1, · · · , m, and

M =


α01 · · · α0m γ0
α11 · · · α1m γ1
· · ·

αn1 · · · αnm γn

. (6)

Definition 1. A matrix Mittag–Leffler function is defined by the following series:

EM(z1, · · · , zm) =
∞

∑
l=0

∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
zl1

1 · · · z
lm
m

Γ(α01l1 + · · ·+ α0mlm + γ0)

· 1
Γ(α11l1 + · · ·+ α1mlm + γ1) · · · Γ(αn1l1 + · · ·+ αnmlm + γn)

, (7)

where zi ∈ C for i = 1, 2, · · · , m and(
l

l1, · · · , lm

)
=

l!
l1! · · · lm!

.

Clearly, the above series converges since there is a positive number δ such that

Γ(α11l1 + · · ·+ α1mlm + γ1) ≥ δ,

· · · ,

Γ(αn1l1 + · · ·+ αnmlm + γn) ≥ δ.
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In particular,

EP(z1, · · · , zm) = E(α01,··· ,α0m), γ0
(z1, · · · , zm)

=
∞

∑
l=0

∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
zl1

1 · · · z
lm
m

Γ(α01l1 + · · ·+ α0mlm + γ0)
, (8)

which is the multivariate Mittag–Leffler function given in [4], with

P =


α01 · · · α0m γ0
0 · · · 0 1
· · ·

0 · · · 0 1

. (9)

Moreover,

EP0(z) = Eα01,γ0(z) =
∞

∑
l=0

zl

Γ(α01l + γ0)
, z ∈ C, (10)

which is the well known two-parameter Mittag–Leffler function, with

P0 =


α01 0 · · · 0 γ0
0 0 · · · 0 1
· · ·
0 0 · · · 0 1

. (11)

Remark 1. In 2018, Garrappa and Popolizio [5] also defined the matrix Mittag–Leffler function to
study fractional calculus. They called it the Mittag–Leffler (ML) function with matrix arguments,
which is based on the spectrum of the matrix with the Jordan canonical form, and is totally different
from Definition 1.

Babenko’s approach [6] is an efficient tool for dealing with integral and differential
equations with initial conditions or boundary value problems [1]. The method itself is
similar to the Laplace transform while working on differential and integral equations with
constant coefficients, but it can be applied to equations with continuous and bounded
variable coefficients. To show this method in detail, we will derive the solution to the
following equation with the initial conditions in the space C[0, 1] for constant λ:{

cDα
0 x(t) + λ cDβ

0 x(t) = t2, 0 < β < α, 1 < α ≤ 2,
x(0) = x′(0) = 0,

(12)

where

cDα
0 x(t) =

1
Γ(2− α)

∫ t

0
(t− s)−α+1x′′(s)ds, 1 < α ≤ 2,

and

cDβ
0 x(t) =

1
Γ(1− β)

∫ t

0
(t− s)−βx′(s)ds, if 0 < β ≤ 1.

From (2), one has
Iα
0 (cDα

0 x(t)) = x(t)− x(0)− x′(0)t = x(t). (13)

Applying Iα
0 to the first equation in (12), we have(

1 + λIα−β
0

)
x(t) = Iα

0 t2 =
2

Γ(α + 3)
tα+2. (14)
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Treating the operator
(

1 + λIα−β
0

)
as a variable, we informally derive using

Babenko’s approach

x(t) =
2

Γ(α + 3)

(
1 + λIα−β

0

)−1
tα+2 =

2
Γ(α + 3)

∞

∑
l=0

(−1)lλl Il(α−β)
0 tα+2

= 2tα+2
∞

∑
l=0

(
−λtα−β

)l

Γ(l(α− β) + α + 3)
= 2tα+2Eα−β, α+3

(
−λtα−β

)
, (15)

using

Il(α−β)
0 tα+2 =

Γ(α + 3)
Γ(l(α− β) + α + 3)

tl(α−β)+α+2. (16)

This infers that

‖x‖ ≤ 2
∞

∑
l=0

|λ|l
Γ(l(α− β) + α + 3)

= 2Eα−β,α+3(|λ|) < +∞, (17)

which claims that the series solution

x(t) = 2tα+2
∞

∑
l=0

(
−λtα−β

)l

Γ(l(α− β) + α + 3)
= 2tα+2Eα−β, α+3

(
−λtα−β

)
, (18)

is in C[0, 1].
We can also readily show x ∈ C[0, 1] from a different point of view: Eα−β, α+3

(
−λtα−β

)
is an entire function of t so it is continuous. Hence, x(t) is continuous.

Fractional nonlinear PDEs have been used to describe many different physical systems,
ranging from optical fibres to dynamical processes in various scientific fields [7,8]. There
are many interesting studies on the uniqueness and existence of solutions, based on the
theory of fixed points, for fractional nonlinear integro-differential equations with initial
value or boundary condition problems, as well as for integral equations [9]. Very recently,
Li [1] investigated the uniqueness of solutions for the following equation with the initial
conditions for any positive integer m:

∂m

∂xm Z(x, y)−
l

∑
k=1

λk(y)Iβ1k
1 · · · Iβnk

n Z(x, y) = f
(

x, y, Z(x, y), · · · ,
∂m−1

∂xm−1 Z(x, y)
)

,

Z(0, y) = 0, · · · ,
∂m−1

∂xm−1 u(0, y) = 0,

(19)

in the Banach space

Sm([0, x0]×Ω1) =

{
Z(x, y) :

∂m

∂xm Z(x, y) ∈ S([0, x0]×Ω1) and ‖Z‖m < ∞
}

,

where x0 > 0, Ω1 = [0, ω1]× · · · × [0, ωn] ⊂ Rn, and

‖Z‖m = max
{
‖Z(x, y)‖S , ‖ ∂

∂x
Z(x, y)‖S , · · · , ‖ ∂m

∂xm Z(x, y)‖S
}

.

The remainder of this paper is structured as follows. Section 2 studies the uniqueness
of the solutions to the problem (5) using the matrix Mittag–Leffler function given above,
Babenko’s approach and Banach’s contractive principle. Section 3 presents an example
to demonstrate the applications of the main results based on the value of a matrix Mit-
tag–Leffler function evaluated using our Python code. In Section 4, we provide a summary
of the work.
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2. Uniqueness of Solutions

Theorem 1. Let 1 < α ≤ 2, αij ≥ 0 for i = 1, · · · , n, j = 1, · · · , m, and

Mk =


α · · · α 2

α11 · · · α1m α1k + 1
· · ·

αn1 · · · αnm αnk + 1

, (20)

for k = 1, · · · , m. We assume that

A = 1− 1
Γ(α + 1)

m

∑
k=1
|ak|EMk (|a1|, · · · , |am|) > 0.

Then, Z(x, y) is a solution to the problem (5), if and only if it is bounded and satisfies the following
implicit integral equation in the space S([0, 1]×Ω):

Z(x, y) =
∞

∑
l=0

(−1)l ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m Il1α+···+lmα+α

x

· Iα11l1+···+α1m lm
1 · · · Iαn1l1+···+αnm lm

n f (x, y, Z(x, y))

−
∞

∑
l=0

(−1)l ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m

xαl1+···+αlm+1

Γ(αl1 + · · ·+ αlm + 2)

· Iα11l1+···+α1m lm
1 · · · Iαn1l1+···+αnm lm

n Iα
x=1 f (x, y, Z(x, y)) +

m

∑
k=1

ak

∞

∑
l=0

(−1)l

· ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m

xαl1+···+αlm+1

Γ(αl1 + · · ·+ αlm + 2)

· Iα11l1+···+α1m lm+α1k
1 · · · Iαn1l1+···+αnm lm+αnk

n Iα
x=1Z(x, y). (21)

Furthermore,

‖Z‖ ≤ 1
q

(
EQα(|a1|, · · · , |am|) +

1
Γ(α + 1)

EQ1(|a1|, · · · , |am|)
)

· sup
(x,y)∈[0,1]×Ω, w∈R

| f (x, y, w)| < +∞, (22)

where

Qα =


α · · · α α + 1

α11 · · · α1m 1
· · ·

αn1 · · · αnm 1

, (23)

and we define

Q1 =


α · · · α 2

α11 · · · α1m 1
· · ·

αn1 · · · αnm 1

. (24)

Proof. Applying the operator Iα
x to the first equation in (5), we get

Iα
x

c∂α

∂xα
Z(x, y) +

m

∑
k=1

ak Iα
x Iα1k

1 · · · I
αnk
n Z(x, y) = Iα

x f (x, y, Z(x, y)). (25)
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According to (2), we get

Z(x, y)− Z(0, y)− Z′x(0, y)x = Iα
x f (x, y, Z(x, y))−

m

∑
k=1

ak Iα
x Iα1k

1 · · · I
αnk
n Z(x, y), (26)

which implies

−Z′x(0, y) = Iα
x=1 f (x, y, Z(x, y))−

m

∑
k=1

ak Iα1k
1 · · · I

αnk
n Iα

x=1Z(x, y), (27)

using the boundary condition

Z(0, y) = Z(1, y) = 0.

Hence,

Z′x(0, y) = −Iα
x=1 f (x, y, Z(x, y)) +

m

∑
k=1

ak Iα1k
1 · · · I

αnk
n Iα

x=1Z(x, y), (28)

which infers that

Z(x, y) +
m

∑
k=1

ak Iα
x Iα1k

1 · · · I
αnk
n Z(x, y) =

Iα
x f (x, y, Z(x, y))− xIα

x=1 f (x, y, Z(x, y)) +
m

∑
k=1

ak Iα1k
1 · · · I

αnk
n xIα

x=1Z(x, y). (29)

Therefore,(
1 +

m

∑
k=1

ak Iα
x Iα1k

1 · · · I
αnk
n

)
Z(x, y) =

Iα
x f (x, y, Z(x, y))− xIα

x=1 f (x, y, Z(x, y)) +
m

∑
k=1

ak Iα1k
1 · · · I

αnk
n xIα

x=1Z(x, y). (30)

Using Babenko’s method and the multinomial theorem, we have

Z(x, y) =

(
1 +

m

∑
k=1

ak Iα
x Iα1k

1 · · · I
αnk
n

)−1

·
(

Iα
x f (x, y, Z(x, y))− xIα

x=1 f (x, y, Z(x, y)) +
m

∑
k=1

ak Iα1k
1 · · · I

αnk
n xIα

x=1Z(x, y)

)

=
∞

∑
l=0

(−1)l

(
m

∑
k=1

ak Iα
x Iα1k

1 · · · I
αnk
n

)l

·
(

Iα
x f (x, y, Z(x, y))− xIα

x=1 f (x, y, Z(x, y)) +
m

∑
k=1

ak Iα1k
1 · · · I

αnk
n xIα

x=1Z(x, y)

)

=
∞

∑
l=0

(−1)l ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m
(

Iα
x Iα11

1 · · · Iαn1
n
)l1 · · ·

(
Iα
x Iα1m

1 · · · Iαnm
n
)lm

·
(

Iα
x f (x, y, Z(x, y))− xIα

x=1 f (x, y, Z(x, y)) +
m

∑
k=1

ak Iα1k
1 · · · I

αnk
n xIα

x=1Z(x, y)

)
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=
∞

∑
l=0

(−1)l ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m Il1α+···+lmα+α

x

· Iα11l1+···+α1m lm
1 · · · Iαn1l1+···+αnm lm

n f (x, y, Z(x, y))

−
∞

∑
l=0

(−1)l ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m

xαl1+···+αlm+1

Γ(αl1 + · · ·+ αlm + 2)

· Iα11l1+···+α1m lm
1 · · · Iαn1l1+···+αnm lm

n Iα
x=1 f (x, y, Z(x, y)) +

m

∑
k=1

ak

∞

∑
l=0

(−1)l

· ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m

xαl1+···+αlm+1

Γ(αl1 + · · ·+ αlm + 2)

· Iα11l1+···+α1m lm+α1k
1 · · · Iαn1l1+···+αnm lm+αnk

n Iα
x=1Z(x, y).

Clearly, all above steps are reversible. It remains to be shown that Z ∈ S([0, 1]×Ω). In fact,

‖Z‖ ≤
∞

∑
l=0

∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
|a1|l1 · · · |am|lm

Γ(l1α + · · ·+ lmα + α + 1)

· 1
Γ(α11l1 + · · ·+ α1mlm + 1)

· · · 1
Γ(αn1l1 + · · ·+ αnmlm + 1)

sup
(x,y)∈[0,1]×Ω, w∈R

| f (x, y, w)|

+
1

Γ(α + 1)

∞

∑
l=0

∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
|a1|l1 · · · |am|lm

Γ(l1α + · · ·+ lmα + 2)

· 1
Γ(α11l1 + · · ·+ α1mlm + 1)

· · · 1
Γ(αn1l1 + · · ·+ αnmlm + 1)

sup
(x,y)∈[0,1]×Ω, w∈R

| f (x, y, w)|

+
1

Γ(α + 1)

m

∑
k=1
|ak|

∞

∑
l=0

∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
|a1|l1 · · · |am|lm

Γ(l1α + · · ·+ lmα + 2)

· 1
Γ(α11l1 + · · ·+ α1mlm + α1k + 1)

· · · 1
Γ(αn1l1 + · · ·+ αnmlm + αnk + 1)

‖Z‖

=

(
EQα(|a1|, · · · , |am|) +

1
Γ(α + 1)

EQ1(|a1|, · · · , |am|)
)

sup
(x,y)∈[0,1]×Ω, w∈R

| f (x, y, w)|

+
1

Γ(α + 1)

m

∑
k=1
|ak|EMk (|a1|, · · · , |am|)‖Z‖.

Since,

A = 1− 1
Γ(α + 1)

m

∑
k=1
|ak|EMk (|a1|, · · · , |am|) > 0,

we come to

‖Z‖ ≤ 1
A

(
EQα(|a1|, · · · , |am|) +

1
Γ(α + 1)

EQ1(|a1|, · · · , |am|)
)

· sup
(x,y)∈[0,1]×Ω, w∈R

| f (x, y, Z)| < +∞,

since f is bounded. Hence, Z ∈ S([0, 1]×Ω). This completes the proof of Theorem 1.
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Theorem 2. Let f : [0, 1]×Ω×R → R be a continuous and bounded function satisfying the
following Lipschitz condition for a positive constant B:

| f (x, y, w1)− f (x, y, w2)| ≤ B|w1 − w2|, w1, w2 ∈ R. (31)

In addition, we assume that 1 < α ≤ 2 and

D = B
(

EQα(|a1|, · · · , |am|) +
1

Γ(α + 1)
EQ1(|a1|, · · · , |am|)

)
+

1
Γ(α + 1)

m

∑
k=1
|ak|EMk (|a1|, · · · , |am|) < 1. (32)

Then, the problem (5) has a unique solution in the space S([0, 1]×Ω).

Proof. The nonlinear mapping T is defined over the space S([0, 1]×Ω) by

(T Z)(x, y) =
∞

∑
l=0

(−1)l ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m Il1α+···+lmα+α

x

· Iα11l1+···+α1m lm
1 · · · Iαn1l1+···+αnm lm

n f (x, y, Z(x, y))

−
∞

∑
l=0

(−1)l ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m

xαl1+···+αlm+1

Γ(αl1 + · · ·+ αlm + 2)

· Iα11l1+···+α1m lm
1 · · · Iαn1l1+···+αnm lm

n Iα
x=1 f (x, y, Z(x, y)) +

m

∑
k=1

ak

∞

∑
l=0

(−1)l

· ∑
l1+···+lm=l

l1≥0,··· ,lm≥0

(
l

l1, · · · , lm

)
al1

1 · · · a
lm
m

xαl1+···+αlm+1

Γ(αl1 + · · ·+ αlm + 2)

· Iα11l1+···+α1m lm+α1k
1 · · · Iαn1l1+···+αnm lm+αnk

n Iα
x=1Z(x, y).

It follows from Theorem 1 that T Z ∈ S([0, 1]×Ω). We shall show that T is contractive.
Indeed, for Z1, Z2 ∈ C([0, 1]×Ω), we get

‖T Z1 − T Z2‖ ≤ BEQα
(|a1|, · · · , |am|)‖Z1 − Z2‖

+
B

Γ(α + 1)
EQ1(|a1|, · · · , |am|)‖Z1 − Z2‖

+
1

Γ(α + 1)

m

∑
k=1
|ak|EMk (|a1|, · · · , |am|)‖Z1 − Z2‖

= D‖Z1 − Z2‖, (33)

from the proof of Theorem 1, noting that

| f (x, y, Z1)− f (x, y, Z2)| ≤ B|Z1 − Z2|. (34)

Since D < 1, the problem (5) has a unique solution in the space S([0, 1]×Ω) using Banach’s
contractive principle. This completes the proof of Theorem 2.



Fractal Fract. 2023, 7, 651 9 of 11

3. Example

Example 1. Consider the following equation:
c∂1.5

∂x1.5 Z(x, y) +
3

∑
k=1

1
2k Iα1k

1 · · · I
α4k
4 Z(x, y) =

19
50

cos(x2y2Z(z, y)) + x2 + |y| sin x,

Z(0, y) = Z(1, y) = 0, (x, y) ∈ [0, 1]× [0, 1]4,
(35)

where

(αij)1≤i≤3, 1≤j≤4 =

1.1 1.2 1.3 1.4
1.2 1.3 1.4 1.5
1.3 1.4 1.5 1.6

. (36)

Then, the problem (35) has a unique solution in the space S([0, 1]× [0, 1]4).

Proof. Clearly,

f (x, y, Z) =
19
50

cos(x2y2Z(x, y)) + x2 + |y| sin x, (37)

and

| f (x, y, z1)− f (x, y, z2)| ≤
19
50
| cos(x2y2z1)− cos(x2y2z2)| ≤

19
50
|z1 − z2|, (38)

for all z1, z2 ∈ R, noting that (x, y) ∈ [0, 1]× [0, 1]4. Therefore, B = 19/50. We evaluate the
following D given in Theorem 2 using our Python code to get

D =
19
50

(
EQ1.5(1/2, 1/4, 1/8) +

1
Γ(2.5)

EQ1(1/2, 1/4, 1/8)
)

+
1

Γ(2.5)

3

∑
k=1

1
2k EMk (1/2, 1/4, 1/8) ≈ 0.9896 < 1. (39)

Using Theorem 2, the problem (35) has a unique solution in the space C([0, 1]× [0, 1]4).

The following is our Python code used to evaluate D given in Theorem 2:

import math
from sympy import gamma
def partition(n, m):

if m == 1:
yield (n,)

else:
for i in range(n+1):

for j in partition(n-i, m-1):
yield (i,) + j

def ME(M, z): #Matrix Mittag-Leffler function
m = len(M)
n = len(M[0])
zl = len(z)
result = 0
for l in range(0, 40): #approximate upper bound

for l_partition in partition(l, zl):
if all(map(lambda x: x >= 0, l_partition)):

combination = 1
for i in range(zl):

combination *= math.factorial(l_partition[i])
combination = math.factorial(l) / combination
gamproduct = 1
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for i in range(m):
gaminput = sum([M[i][j] * l_partition[j]
for j in range(zl)]) + M[i][zl]
gamproduct *= gamma(gaminput)

numerator = 1
for i in range(zl):

numerator *= z[i] ** l_partition[i]
result += (numerator / gamproduct) * combination

return~result

#Matrices
MQ15 = [[1.5, 1.5, 1.5, 2.5], [1.1, 1.2, 1.3, 1],
[1.2, 1.3, 1.4, 1], [1.3, 1.4, 1.5, 1], [1.4, 1.5, 1.6, 1]]
MQ1 = [[1.5, 1.5, 1.5, 2], [1.1, 1.2, 1.3, 1], [1.2, 1.3, 1.4, 1],
[1.3, 1.4, 1.5, 1], [1.4, 1.5, 1.6, 1]]
M1 = [[1.5, 1.5, 1.5, 2], [1.1, 1.2, 1.3, 2.1], [1.2, 1.3, 1.4, 2.2],
[1.3, 1.4, 1.5, 2.3], [1.4, 1.5, 1.6, 2.4]]
M2 = [[1.5, 1.5, 1.5, 2], [1.1, 1.2, 1.3, 2.2], [1.2, 1.3, 1.4, 2.3],
[1.3, 1.4, 1.5, 2.4], [1.4, 1.5, 1.6, 2.5]]
M3 = [[1.5, 1.5, 1.5, 2], [1.1, 1.2, 1.3, 2.3], [1.2, 1.3, 1.4, 2.4],
[1.3, 1.4, 1.5, 2.5], [1.4, 1.5, 1.6, 2.6]]
z = [0.5, 0.25, 0.125]
#Calculation in example
result = 0.38*(ME(MQ15, z) + (1/gamma(2.5))*ME(MQ1, z)) + (1/gamma(2.5))
*(0.5*ME(M1, z) + 0.25*ME(M2, z) + 0.125*ME(M3, z))
print(result)

Remark 2. The Python language is quite powerful in computing values of the multivariate Mit-
tag–Leffler function or the newly introduced matrix multivariate Mittag–Leffler function. Indeed,
these functions often appear in various fields and play an important role in studying integral
or differential equations with initial or boundary conditions, as well as in finding approximate
solutions.

4. Conclusions

We have derived the sufficient condition for the uniqueness of the solutions to the new
boundary value problem of the fractional nonlinear partial integro-differential Equation (5)
in Rn using the matrix Mittag–Leffler function, Babenko’s approach as well as Banach’s
contractive principle. Finally, we presented one example showing the applications of the
key results derived using the Python code, computing the approximate value of the matrix
Mittag–Leffler function.
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