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1 Introduction

Partial differential equations have played an important role in various scientific areas, such
as physics and engineering [1-8]. There are many interesting studies on uniqueness and
existence of solutions, based on the theory of fixed points, for fractional nonlinear PDEs
and corresponding initial or boundary value problems, as well as for integral equations
[9, 10]. Ouyang and Zhu et al. [11-13] studied the time fractional PDEs given below:

%u(t,x) - a(t)%u(t,x) =v(t, u(t1(8),%),...,u(t)(t),x)), tel0,Tol,
u(t,x) =0, (t,x)€[0,To] x 0L,
u(0,x) =¥ (x), x€€,
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where 0 < & < 1, the function a(¢) is a diffusion coefficient, [ is a positive integer, 2 C R’ is
a bounded domain with a smooth boundary 9%, ¥ € L2(Q2), and the function v: [0, Ty] x
R! — R satisfies certain conditions. Ouyang [11] investigated the existence of the local
solutions using Leray—Schauder’s fixed point theorem. Additionally, Zhu et al. [12, 13]
converted the above time fractional partial differential equations into a form of the time
fractional differential equations in the Banach space L2(£2), and, using Banach’s fixed point
theorem and strict contraction principle, derived results on the existence and uniqueness.

Leta(x) € C[0,T],g:[0,T] x R— R, and f: C[0, T] — R. Very recently, Li [14] studied
the uniqueness of solutions for the following nonlinear integro-differential equation with
a nonlocal boundary condition and variable coefficients for [ <o </ + 1:

cDu(x) + a(x)[Pu(x) = g(x, u(x)), x€[0,T],
w0)=—f(),  u'(0)=---=u?0)=0, (1.1)
fOT u(x) dx = A,

where A is a constant. In particular for / = 1, equation (1.1) turns out to be

cDu(x) + a(x)Pu(x) = glx,u(x)), x€l[0,T],
w(0) = ~f(w), [ ulx)dx=

This paper aims to study the uniqueness of solutions for the following new equation
withO<a <1land m=1,2,..., in the space S([0, 1]?):

Dt x) + 0 MLl T u(t %) = vt % u(t,x), i > 0,60,

w(0,2) + u(L,x) — Y (®) =0, (t,%) €[0,1]2, (2
where all A; are constants, ¥ (x) is a continuous function on [0,1],and v: [0,1]> x R — Ris
a function which satisfies conditions to be given. Equation (1.2) with its initial condition
is new and, to the best of our knowledge, has never been investigated earlier.

The remainder of the paper is organized in the following manor. Section 3 studies the
uniqueness of solutions for equation (1.2) by the newly introduced generalized multivari-
ate Mittag-Leftler function and Banach’s fixed point theory. Section 4 presents a demon-
strative example which illuminates applications of the key results based on the value of a
generalized multivariate Mittag-Leffler function calculated by our Python code. Finally, in
Sect. 5, we provide a summary of the work.

2 Preliminaries
We define If* as the partial Riemann-Liouville fractional integral of order « > 0 [15, 16]
given by

o _L ! _ -l
(I u) (£, %) = F(a)/o (t=9)"u(s,x)ds,

and % as the partial Liouville—Caputo fractional derivative of order « > 0 [15] by

(5= gy -9 0ca<s
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From [17, 18], we have for O <« <1,

(I?u) (t,x) = u(t,x),

s (%u) (&%) = u(t, x) — u(0,x).

The set S([0, 1]?) is a Banach space equipped with the following norm:

lull = sup |u(t,x)| forueS([0,11%),
te[0,1],x€[0,1]

where u is continuous on [0, 1]2.

Definition 1 A generalized multivariate Mittag-Leffler function is defined by the following

series:

,,,,,

Lebm

0 h
2 (i) Jud:
g Wi Lyeoisd) Dlondy + -+ + @l + T (Bl + -+ + Bl + 8)
1120»..,lm20

where a;,€,6 >0,8,> 0,4 €C for 1 <j <m and

Iy
lyevorbn) ~ WL

In particular,

.....

° / ;‘111 Im
:Z Z (ll,...,lm)F(alll+~~~+amlm+e)’

1=0 l+-+ly=l
11>0,...l;m>0

which is the multivariate Mittag-Leffler function given in [19] since I' (1) = 1. Moreover,

0,1 _ _
Eye(0)=Eqe(0) = ;:0 Falre) ¢ eC,

which is the well-known two-parameter Mittag-Leffler function.

Babenko’s approach [20] is a highly effective method that can be employed to solve var-
ious integral and differential equations [9, 17] by treating a bounded integral operator as a
“normal” variable and using the inverse operator to deduce solutions. The method itself is
similar to the Laplace transform while working on differential and integral equations with
constant coefficients, but it can be applied to equations with continuous and bounded
variable coefficients. To show this approach, we will consider the following equation in
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the space C[0, 1] (the space of all continuous functions on [0, 1]) for constants a and b:

CDgu(t) + acDglu(t) +bIfu(t)=t>, 0<p1<B<la>0,
u(0) =0,

(2.1)

where
Djutt) = s [ (-9
Dyu(t) = —— —8)"u'(s)ds
0 ra-p)Jo
and
1 t 1
Iu(t) = —/ (t—5)"""u(s)ds.
0 ['(a) Jo
Obviously,
B B _ _
Iy (CDO u(t)) = u(t) — u(0) = u(t).
Applying I§ to equation (2.1), we have
B+2

L+all ™ bl Y u(t) =102 = ————+¢
(+cl0 + bl )u() b TE13)

Considering the inverse operator of (1 + alg iy b]g "), we informally get by Babenko’s

technique
u(t) = (B +3) (1+ all ™ + blg“")‘ltﬁ+2
R 3 n(q1PP1 Brayn g2
S T(B+3) ;(_1) (aly™ +bIy™)"t
2 S n
“TB+3) >t Y (nl,n2>dn1](()/3—ﬂ1)ﬂ1bnz[(()ﬂ+a)n2tﬂ+2

= n 11 (B=BL)+na(B+a)+p+2
=2 —-1) ﬂnl bnz
nX:c;( p> (”1’”2> (B - Bu)m + (B +a)ny +  +3)

ny+np=n

& (B~B1)n1+(B+a)ny
t
— 2tﬁ+2 2 :(—l)n } : n apm ,
— ny, 1y L((B=B)m + (B+a)ny +f+3)

ny+ny=n

using

(B + 3)eB-POm+Breomf2

I(ﬂ—ﬁ1)n1+(ﬂ+a)nz B2 '
0 T((B - Bi)m + (B +a)ny+ p +3)

This implies that

> n |a|™ |b|"2
el <23 3 <n1,n2) C((B—Pom + (B +a)m+ B +3)

n=0 ny+ny=n
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= 2E(p_p, prap+3(lal, 1b]) < +00,

which gives that the series solution

o BN (BB (B
u(t) =2t Z( 1) Z (nl,nz)a b L((B = Br)m + (B +a)ny + B +3)

n=0 ni+ny=n

is an element in CJ[0, 1].

3 Uniqueness of solutions
Theorem 2 Let € C[0,1], A; be real constants, B;,y; >0 forall i =1,2,...,m, and v :
[0,1]? x R — R be a continuous and bounded function. In addition, we assume that 0 <

o <1and

2] (B1resBm) 1
7=1-3 ; D(y;+a+1)I(B; + l)E(V”a""'V’"W)’l(Mll"”, o) > 0.

Then u(t,x) is a solution to equation (1.2) if and only if it satisfies the following integral
equation in the space S([0,1]?):

= !
utx)=» (-1)" > (ll o >ﬂ;...y$

=0 H++ly=l
1020,..lm=0

« Ifl(a+y1)+...+lm(a+ym)+alflll+m+,3m1m V(t, %, Lt)

l .

_Z —1) Ak

ZZ( ) Z <l1,m,lm> 1 m
1=0 I+t =1

1120,.,lm >0

X Igl(a+V1)+“'+lm(a*‘}’m)lélelflll+~~~+ﬁmlm V(t, X, M)

1 — l .
+= Y (1) AL - Al
DI (,l,m,lm)l .
=0 I+t =l
11>0,...l;>0

X Ifl(a+V1)+"'+lm(a+Vm)]£31[1+---+ﬂmlmw(x)
I, & l
5
+—§ x,} (-1 § AL plm
24 ook
i=1 1=0 I +-+ly=1
11>0,..0[;,>0

X Itll (a+V1)+“‘+lm(a+Vm)Iflll+---+ﬁmlmlz/:iialfiu' (31)
Furthermore,

L (i)l
||| < —E1oPm [Aileees [ Al sup v(t, x, u)
q (y1+)es ym+o¢),a+1( m )(t,x)e[(),l]x[(),l]ueR’ |

1 1 (Bl
' ZI(F(a i) 1>E(“1*°‘ """ pmrana (Pab o)

X ( sup |v(t,x, u)’ + max |1/f(x)|) < +00.
(t%)€[0,1]x[0,1]ueR x€[0,1]

Page 5 of 11
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Proof Applying I to equation (1.2), we get
3 “
¢ AtVi [Pi -
I7 ﬁu(t, x) + ; NI If u(t,x) = If‘v(t, x, u(t, x)).

This implies that

u(t,x) — u(0,x) + Zkilqufiu(t,x) =I7v(t,x,u(t,x)), and

i=1

m
u(1,%) — u(0,x) + Z)Lilfzﬁy"lfiu(t,x) = I v(t, %, u(t, x)).
i-1

Using
—u(0,x) — u(1,%) = - (x),

we get
1 1w 1
w(0,%) = JY ) + o ;Aiffﬂ'fffu(t,x) - S lav(bx ult,»).

This further implies that

<1 + ZAJ?””I&)M(LJC)

i=1

1 1« - 1
= I7v(t,x, u(t, %)) + §w(x) *3 izzl)»ilgyllf'u(t,x) - Elf‘zlv(t,x,u(t,x)).

Using Babenko’s method, we deduce that

u(t,x)

m -1
= (1 + Z}\Jf”’]fi)

i=1

1 1 < , 1
x (17"(3% u(t,x)) + S¥ @)+ ;)\tlgy‘ff"u(t,x) - 51211"(”» M(t,x))>

o0 m l
- Z(—l)l( xilf*”l,‘f")
=0 i=1

1

1 1< .
x (ffv(wc, u(t, ) + Y@+ 5 ;Axlfli“lflu(t,x) - Slv(t u(t,x»)

[ee]
l
— Z(_l)l Z (l l )A'lll . A%I;a+yl)ll+ +(a+Vm)lmI£31[1+---+ﬂmlm
1reeerbm

=0 I+ 4l =l
11>0,...0;,>0
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(1 v(t, % u(t,x)) + = w(x) + = ZA A Piu(t, x) — —I"‘ *v(Ew ult, x)))

:Z(_l)l Z (ll “l. / >)‘ll1 Ki;”

=0 I+ 4l =l
1120,...0n=0

> 1;1(aﬂ/l)Jr“'”m(awm)mlflll+"'+ﬂ”‘l’” V(t, x, u)

s l

_Z _1) AL dm

22( ) Z (11,...,zm> ! "
=0 I+ 4l =l
1120,....l;m>0

X Ifl(0“'1’1)+“‘+lm(a+ym)lftzllflll+~-+/3mlm V(t, x, u)

1 o ! W,
B B (L)

l++lm=1
1>0,..,0;>0

X Iﬁl (0‘+V1)+"'+lm(0‘+ym)15111+»~~+ﬂmlm 1p(x)

D30 SEUND SHN (R LY

x Iﬁl(DHVI)*"'Jrlm(ﬂt*}’m)lfl11+~~+f3mlm1[)/:i‘{alfiu’

by the multinomial theorem. We will now show that « € S([0, 1]%). Indeed,

m=y ¥ (] bl
- ooy )T+ 1) + - + Ll + V) +a + 1)

=0 l+-+ly=l
1120, =0

1
sup v(t, %, u)
Cpr+- +luBm+ 1) gne01]x[01], ueR| |

Z Z [ Pt Aol
oz+1) yeoid ) TUi( + 1) + - + L + Y) + 1)

=0 11+ =l

1
X sup v(t, x, u)
CUipr+- +buBm + 1) tre0i]x(01], ueR| ‘

¥ %i 2 (11,..1.,1,)

1=0 l+-+ly=l
11>0,...0;>0

y Al A
Fha+y1)+-+ Lyl +y,) + DO B+ + LB + 1) xe[o 1]

1\ Il !
5;r(m+a+nr(ﬁl+1>z 2 <zl,...,1m)

=0 lL++ly=l
11>0 ,,,,, 1n>0

ax |y (x)|

Mg |1 Ry
X
Flhi(@+y)+- +lula+ym) + DTS+ + [P + 1)

flac]l.

Page 7 of 11
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Since

|l (Brresfm)]
1=1-3 ; T(yi+ o+ DI (B + 1) Grrevms), (b o) > O

we come to

1 ),
Il < —EL e (Bl ) sup W(txw)]
q (t,%)€[0,1]x[0,1]ueR

1 1
(B15+Bm),1
+ Z(m + 1>E(y11+a ,,,, yotat), (|)Ll|; o Aml)

X ( sup ‘V(t,x, u)} + max ’1/[(96)‘) < +00,
(tx)€[0,1]x[0,1]ueR x€[0,1]

since v is bounded. Hence u € S([0, 1]2). This marks the completion of the proof.

Theorem 3 Let € C[0,1], A; be real constants, y;,; > 0 for all i = 1,2,...
[0,1]? x R — R be a bounded and continuous function that satisfies the following Lipschitz

condition for M > 0:
[v(t, %, u1) = v(t,%,u0)| < Mluy —ua|, w1, uy €R.
Furthermore, we suppose that 0 <o <1 and

W= ME(ﬂl» +Bm)1 (|)\,1|,,|)\m|)

(Y140 Ym+a),a+1

1 < |2l B 1
+= + EPr-Pm) Ml
( C(a+1) 2 C(y;+a+ 0B +1) | ve v (1]

i=1

Then there is a unique solution in the space S([0,1]?) to equation (1.2).

Proof Let T be the mapping defined on the space S([0, 1]?) by

> !
(Tu)(t,x) = Z(—l)’ Z (h o )k’f---kif:

1=0 o+l =l
11>0,...,l;>0

> Iil(aﬂ/l)+"'+lm(a+ym)+alflll+"'+ﬂ”‘l’” V(t, x, u)

1 — l

_Z _1) AL dm

DICIED S R IR
=0 I+ 4l =l
1120,...,l;y>0

X Iil(‘Y*Vl)+"'+lm(l¥+1’m)l;lzllflll+--~+/3mlm V(t, X, u)

1 & l
+ =3 (1) AL A
22( D (ll,...,l,,) ! "
1=0 I+ +ly =l
[120,...,lm>0

X Ifl(a‘*'yl)+"'+lm(0‘+1’m)lflll+»~~+ﬂmlm 1'”(x)

Page 8 of 11
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l !
+—§ A E (1) § (1 l)kf...ki;”
-1 = Ltotly=l NP2 retm

11>0,...0;n>0

/ et ; ;
% Itl(a‘*l’l)*‘ + m(a‘*l’m)]flll+ +/3mlm1ty=11'alfzu.

From the proof of Theorem 2, we claim that 7 € S([0, 1]?). We will prove that 7 is con-
tractive. In fact, for u;, u, € S([0,1]%), we get from Theorem 2 that

( 1P
1T = Tunll < MEC 200t (1Rl s L) a1 = 102
M (B1

vvvvv Bm),1
+ MW+ 1) orean ,ym+a)1(|)\1| o) 1 — w2 |

+3 Zl Toria K')r( B (Bl Pl 1 = o]
= Willu — uz|,
by noting that
|V(t,x, uy) — v(t, x, u2)| < Mlu; — uy|.

Since W < 1, there is a unique solution to equation (1.2) in the space S([0, 1]?) by Banach’s
fixed point theorem. Hence Theorem 3 follows. d

4 Example
Example 4 Consider the following equation with a boundary condition:

3‘205 u(t,x) + e 12120 u(t, x) + - 12T u(t, x)

= & cos(txu) + £ + sinx, (4.1)

u(0,%) +u(l,x) =x>+1, (t,x)e[0,1] x [0,1].
Then there is a unique solution in the space S([0, 1]?) to equation (4.1).
Proof Let
1 ,
v(t,x,u) = s cos(txu) + t° + sinx.
Obviously,
1 1
’V(t,x, ur) — v(t, x, u2)| < —‘cos(txul) - cos(txu2)| < —|u1 - uy),
18 18
for all uy,u; € R, by noting that (¢,x) € [0,1] x [0, 1]. Therefore M =1/18, and

Br=05  pp=L11,

o =0.5, y1 = 1.5, Yo = 2.5,

)»—1 )»—1
1—15: 2—211
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from equation (4.1). We evaluate the following W given in Theorem 3 via Python language
to get

1 L1
(0.5,1.1),1
W= EE(LMOE’Z&O‘S),Q%1 (E’ ﬁ)

1 1 1
+ = +
2(wrm5+1) 15I(1.5 + 0.5+ )T(0.5 + 1)

1
N
mr@5+05+nru1+n)

F0511),1 1 1Y\ 9
X (1.5+0.5,2.5+0.5),1 Brﬁ ~0.120560441333871 < 1.

By Theorem 3, the result follows. O

Remark 5 The Python language is quite useful when computing the values of the multi-
variate Mittag-Leffler function or the newly introduced generalized multivariate Mittag-
Leffler function. These functions appear often in many fields and play an important role
in studying integral or differential equations with various conditions, as well as in finding
approximate solutions, such as for equation (2.1) as an example.

5 Conclusion

We have obtained a sufficient condition for uniqueness of solution to the new bound-
ary value problem (1.2) involving double integral operators by using the new generalized
multivariate Mittag-Leffler function, Babenko’s approach, as well as by applying Banach’s
fixed point theorem. Moreover, we made use of the Python language to aid in finding the
approximate value of a generalized Mittag-Leffler function, which currently seems un-
feasible to do so by any existing integral representations of the Mittag-Leffler function.
Finally, we presented an example that applies the results of the key theorems derived. The
technique used certainly works for different types of PDE and corresponding initial or
boundary value problems.
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