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Abstract

In this paper, we investigate the uniqueness of solutions to a new fractional partial integro-differential equation (abbreviated
FPIDE) with a boundary condition by using a recently established matrix Mittag-Leffler function, Banach’s contractive principle,
and Babenko’s approach. Furthermore, we supply an example that employs the results derived in the paper via a python code
which computes an approximate value to the matrix Mittag-Leffler function.
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1. Background

Lett € QO =1[0,1]" € R™ (n > 1). The partial Riemann-Liouville fractional integral of order 3 > 0
with respect to 1; is given by [3]

1 (™
(I%X) (T) = FrAav J (Ti - C)ﬁ_lx(Tl/ oo /Tifll C/ Ti+1/ oo /Tn)dC/

and the partial Liouville-Caputo fractional derivative of order « € (0, 1] with respect to T; is given by

Caoc 1 o —oy,!
E)T"‘X (1) = m . (ti —s) *Xs(T1/- -+, Tio1,8, Tig1, .-, Tn)ds.
i

It follows from [8] that for « € (0, 1],

aOC
I3 <5T?¢x> (1) = X(F) = X(Tt, 0, Tit, 0, Tie o T ): .
1

This paper will make use of the Banach space C([0,1]™) with the following norm:

Ixll = sup [x(7)| forx e C([0,1]™).
Ttel01]n
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We will be concerned primarily with the study of the uniqueness of bounded solutions to the following
FPIDE with initial conditions, for «; € (0,1], B; > 0, in the space C([0,1]™):

YR @i 5% x (1) + Ly bilkix(t) = (T x(1),
Vke{l,...n—1}:mc =0 = x(1) =0, (1.2)
T =1 = x(t) =0, Tt€l0,1]™,

where f satisfies certain conditions, a; (not all zeros) and b; are complex constants. Clearly without loss
of generality, we can take a; = 1. Let aj; > 0,y >0forallie{1,...,n},j €{1,...,m}, and

Xo1 -+ Xom Yo

X1 -0 m Y1
M =

Xn1 - Xnm Yn

In this paper we apply the following notation:

n

|| o [%n L ¥ = %1 %
=1 I =10 - I

i=1
Definition 1.1 ([6]). A matrix Mittag-Leffler function En1(z1,...,2zm) is defined by the following series

I I

s l z .
Em(z,...,z2m) = ( > 1 UL
M m éll—l—m;m—l ]-1/~~/lm r(oc()lll +- - +0C0m]vm +Y0)

1,20

1
Mol + - 4+ oamlm +v1) -+ Tlanili + -+ dnmlm +vn)’

1 o
Uoolm/) Ll Ll

In [6], Li et al. showed that the series is always convergent using the gamma function. This is
a property that undoubtedly contributes to the famous Mittag-Leffler function and its generalizations’
usefulness and is something that we will make use of later in this paper.

On the other hand, Babenko’s approach [2], a technique introduced in 1986, is an effective means
for dealing with both integral and differential equations that have initial conditions or boundary value
problems as demonstrated in [4, 7], respectively. To demonstrate this method, we will solve the following
equation with initial conditions in the space C[0, 1]:

where z; e C forie{1,...,m} and

{ D&yY(x) +AIPy(x) =x™, B >0, x € (1,2],
y(0) =0,y'(0) =0,

where

DSy(x) = — J"(x— s)~*Hly"(s)ds, a € (1,2,

and

Igy(x) = F(l[ﬁ)JO (x—s)ﬁ_ly(s)ds, f>0.

It can be readily shown that

15 (¢Dgy(x)) = y(x) —y(0) —y’(0)x = y(x).
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Applying I§ to both sides of the equation, we obtain

Mn+1)x"re

1T+ AL Py (x) = I8x™ = :

As per Babenko’s approach, we treat the operator (1 + ?\IS‘ HS) as a variable:

4 T(n41)xnte
= (1T+A[FPT T
vl = {1+ ) Mn+oa+1)
- i(—l)‘?@l“““ﬁ) Mn+1)xmre
= 'm+oa+1)

_ o (_)\ch—o—ﬁ)l
=T+ 1" g%ﬂuw+m+n+a+ﬂ

=In+ 1)Xn+(XEcx+[5,n+oc+l (_)\XOH_B ),

where .
z
zZ)=) ———, K v>0,z€C,
) ;) Mul+v) ™
is the 2-parameter Mittag-Leffler function, and

11(06+(5) no _ r(n+a+1)xn+oc+l(oc+[5).
MNl(ee+P)+n+o+1)

Thus we can infer that
||y|| <Tn+ 1)Eoc+[3,n+cx+1(|}\|) < 0.

Hence the series solution

(—AxxFB)L
ax+p)+n+o+1)

U(X) =In+ 1)Xn+“ Z N =In+1) n+“Ea+B,n+a+l(_7\Xa+B)
1=0

is in C[0,1]. There are numerous intensive studies on both the existence as well as the uniqueness of
solutions to fractional differential equations [1, 9, 10]. Let T > 0, a € C[0,T], g : [0,T] x R — R and
f: C[0, T — R. Very recently, Li [5] studied the uniqueness of solutions to a nonlinear integro-differential
equation with nonlocal boundary condition and variable coefficients for | < « <1+ 1and 1 € N as given
below:

cD*x(1) + ()Wx() g(t,x(1)), T€l0,Tl, B >0,
x(0) = —f(x), x"(0)=---=%x1(0) =0, (1.3)
jg x(T)dT

with A being a constant. In particular when | = 1, equation (1.3) becomes

cD*x(T) + ( ) IBx(T) = g(T,x(7)), T€0,T],
x(0) = —f(x fo x(T)dTt = A

For the remainder of the paper we will study the uniqueness of solutions to (1.2) in Section 2 using
the given matrix Mittag-Leffler function, Babenko’s approach, as well as Banach’s contractive principle.
In Section 3, we will provide an example of an equation of the form given in (1.2) in which we will apply
the results from Section 2.
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2. Uniqueness of solutions

Theorem 2.1. Vi € {1,...,n}: o; € (0,1] and B; > 0, defined below, are My and M. For formatting purposes,
we partition My and My into M, My, Mc,, and M, all given as:

[0 X1 [04] X1 X1 0 X101 04]
— —_—
n—3 n—3
Ma = ' ’
Kn—-1 &n-1 Kn—1 0 Xn—-1 &n-1 &n-1 Kn—1 0
aTL an an an 0 0 0 0 0
0 0---0 0 0 an An -+ Qn an
[0t + B4 oo o o o + B o0 o 1
W—/ W—/
n—3 n—3
Mb - ' ’
Kn—1 Xn—1'"*%n—-1 &Kn—1-+ Bn—l Kn—1 Xn—1 Xn—1°"*%n—-1 O&Kn—1-+ Bn—l
0 0---0 0 0 On O " Oy on
L (Xn (Xn"'“n (Xn o(n+[3n O 0“'0 O i
[ oy 0 oap+1 ] [ 0 o+ 1 ]
MC1 = Xn—1 O Xn—1 + 11~ MCZ = Xn—1 0 Xn—1 + 11/
an +PBn 0 an +1 oan+PBn 0 1
0 0 1] | 0 0 an+l

let
Ml = (Ma|Mb|Mcl)/ MZ — (Ma|Mb|Mcz)~

Suppose f : [0,1]™ x R — R is continuous and bounded. Then () is a solution to equation (1.2) if and only if it
is both bounded and satisfies the following implicit integral equation in the space C([0, 1]™):

=3 0 X (h L Jabalca e

L1
1=0 Lt t Ly =1 s Hn
lyn—
(=) (b)) b b () e
n—1 P 0€k11+21{;11 ockln+i+Z‘-f2;i o i+ B (Lon—14k+lan—14k )+ ok

) H (I,) 7k ik
k=1

n—1 4n—1 3n—1
. (ITn)Zizl onli+3 Ty anli+Bnlin—1+on (ITn:_l)Zi:n+1 anli+PBnlan_1 f(t, (1))
o0
1
=0 L a1 U,..., 4n

(=bp)br o (—by) bbb L ppEnt (1)

n—1 Y calit XY caclngit Ziton caclit B (lan— 1+ lan—111)+oue
. H (Ip,) i#k i#k
8
1
I )Zin:_ll oL+ 3 {250 onlitBalin—t (1
n

~
I

3n—1
)Zi:n+l onli+PBnlsn_1+on f(T, X(T))'

—

Th=1

Proof. By equation (1.1), applying the operator I7! to >_I* | a; 5221 x(7) yields aix(t) + X i, ai L3} gi?x('c).
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Similarly, applying 13217} to > i, a1 <%+ a =x(7) yields

a1192x (1) + L% (1) + Z a2 ame(T).

If we continue this process, applying [ i~ ks tto Y it a;s Py (xlx( T) will produce

Zalnl +anHIT1 aT““

k;él

Hence, applying the operator [ [i; I7] to Y ' ; a; %X(T) will yield

Z aq H 13X (T) 4 an H 155 (x X(T1,...,Tn-1,0)).

k;él

Therefore, applying the operator [ [i-; I7} to both sides of equation (1.2), gets us

Zal H [X%x(T) + an H I3H(x x(T1,.+.,Tn-1,0 Z H I"‘k If51
i=1 =

‘L:

k;_él (21)
= [ [ (e x(v)
i=1

For t,, =1, we come to

IS ESCIEET §EERCSIUES Wy § S

i=1
k7é1
+bn H 18RI Py (1 H 16T (T, x (1))
Thus
n—1 n—1 n—1
—an H 15x(t1, -, Tn1,0) = [ [ IS f(rx(0) — ) ap [ ] 18918 x(7)
i=1 i=1 k=1
kAL (2.2)
n—1 n—1
— 3 by ([T 1Bix(t) — b H Ik St Pry ().
i=1 k=1
Substituting (2.2) into (2.1) we get
n—1 n—1 n—1
Z a; H 1x(1) + an [ [ 1x( H SIS f(rx() — ) ap [ 18IS x(1)
i=1 i=1 k=1
k#l k#1
n n n

- Z bi H IS Ier_ IBix(T) — b H I Py () + ) bi (] [ 1) 1Bix(r) = [ [ 184(r, x(v).

k=1 i=1 k=1 i=1
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Using Babenko’s approach,

n—1 n n—1 n—1 n—1 n—1 n—1
a0 = (1 e[ Trs v [T - X o [Tt~ X o [Tt
i=1 k=1 i=1 i=1 k=1 i=1 k=1
k#1 k#1
n—1 n n —1 n n—1
o[ et 1) (T[meexo) - [Tmsfexo)
k=1 i=1 k=1 i=1 i=1
0o n—1 n n—1 n—1 n—1 n—1 n—1
=S (e[ on [T5 - X e TT s, - X v [Tzt
1=0 i=1 k=1 i=1 i=1 k=1 i=1 k=1
k#i k#1
n—1 n n 1 n n—1
—bp [ ISP+ Y b (T 1018 - 1) <H 1%f(t,x(1) — | | Iz‘gli‘:_lf(w,x(r)))
k=1 i=1 k=1 i=1 i=1
0 1 n L n lh n—-1 n
_ 1 o o [
=3t 5 (g ) (ITm) (e TT 1) " (eI m)
1=0 L+ + =1 k=2 k=1 i=1

k#n—1

a1 n-1 lon—1
_ X TXn A X TXn
a [ 1 ITn_> ( an1 ] I ITn_1>
= k=1
k#n—1

n—1 lon n—1 Lan—2 n—1 lan—1
: (—bl I1 Ig‘;lg‘:llﬁf) <—bn1 I Ii‘fli‘;‘ﬁs_f) (—bn I1 Ii‘,fli‘:ﬂﬁ“)
k=1 k=1 k=1
n 1311 n 1471,1 n n—1
- (m I 1%;IE’:> . (bn T 1%;15’:) (1)ln (H 1 x(t) — ]| I%:Ii‘:_lf(T,x(T))>
k=1 k=1 iz1 iz1

DXCD N (R Lo A

1=0 L+l =1 <o lin
by (b B by b ()

T g oL+ XY i+ Zion aaclitBre(lon 1 k+lan - 14%)

_ H (I,,) 7k ik

k=1
Ly )Z{Zl Oénl'Hngsj onli+Bnlan—1 (IT :1)22;:.1 onli+Bnlan_1
n n—1
- (H 1%t x(0) — [ [ I‘T‘;IZ‘:_lf(T,x(T)))
i=1 i=1
We should note that the power of I, fork=1,2,...,n—11s
n n—1 in—1
Y oalit ) oalngit+ > oali+ Brllon— 14+ ln11x)-
i i i=2n

i=1 i=1
ik itk
Indeed, (i) the factor

n ll n lnfl n—1 ln
(IT) - (ons IT 1) (en [T1%)
k=2 1 i=1

k=
k£n—1
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generates the term ) {1 o ly; (ii) the factor
ik
n—1 Lnia n-1 Lon—1
(—(11 11 12‘;1;1‘:_1) s <—an_1 11 Ig‘glg‘:_1>
k=2 k=1
k#n—1

generates the term Z?;ll ol 4 4; (iii) the factor
ik

n—1 lon n—1 lan—2 n—1 lan—1
(<o TTrmzs) o (o [Tt ) (<o T rsisf)
k=1 k=1 k=1
n 1311 n 1'41171
(o TD) " (s T
k=1 k=1

generates the term Z%E;& o li + Pr(lon—1+k + lan—14k). As for the power of I, we get

n—1 in—1
Z anli + Z anli + Bnlan—1.
i=1 i=3n

Indeed, (i) the factor
n 1 n ln—l
([T) (s 11 1)
k=2 k=1
k#n—1
generates the term ZIL:_ll o ly; (i) the factor

n lSn n
(o TTet) " (o T T )
k=1 k=1

Lin—1

generates the term Z‘fz;i otnli + Pnlan—1. Finally, for the power of I —1,
3n—1
Y onli+Bulan
i=n+1
is similarly deduced by
n—1 Lnt1 n-1 lon—1
(canTTrerz) o (o IT meren)
k=2 k=1
k#n—1

n—1 lon n—1 Lan2 n—1 ln—1
(o [Trmarg) " (o [T ify) (<o Tmsree)
k=1 k=1 k=1
Hence,

x0=) ' > (hl )aéz“'a}m“(al)l““'--(an_1)12“1

1=0 L+t L =1 corlan
((=b1) 2 () B Tbp by (1) e
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n—1 T caclit XY caclngit Zion caclit B (lan—14k+lan—111 )+ ot
. H(ITk) i#£k i#k
k=1
-1 an—1 3n—1
. (ITH)Z?:l onli+) 050 anli+Bnlin—1+on (Ixn:ﬂZizT‘“ onli+PBnlan1 (1, x(1))
o0
1
Yo ¥ af -l () e ()2
1=0 Tt N lan
= =
|
by (b)) Bt bt (1) e
n—1 > “kli+ZT{;11 bt + Y n oic Lt B (Lon— 14k +lan—14k )+ ot
. H(ITk) i#£k i#k
k=1
n—1 . dn—1 . 3n—1 i
. (ITH)Zi:1 anli+3 05 onli+PBnlan_1 (ITn:1)len+l onli+Bnlan_1+on f(T,X(T))

All of the above steps are reversible. We must now show that x € C([0,1]™). Indeed,

o

L

Ixl<> > (1 . )|c11|ll - lan|™ag[' - ag g2t (note that a; = 1)
1=0 Lot Ly =1 N L7777 M

. |b1|lzn . |bn|l3n71|b1|13n . Ibn|l4“*1114n

) ||(IT1)“112+.-.+alln+“11n+2+”-+‘xllzn*1+(0(1+|31)12n+(X112n+1+--'+0(113n—1+((leFBl)13n+0(113n+1+'"+0€114n71+0ﬂ||
(e, ) on-1litton g ln ot onalntdon g lonat - alon o ln-st+(on 1+ Bn-1)lan—2

. (Lrn71)““’1L3n71+"'+o‘“’1l4“73+(°c“*1+[3n*1]l4n*2+°‘n7114n71+0€n71||

: ||(Irn)oc“ll+."+°(“l“—1+°‘“l3n+'"+04n14n—2+(Ocn+[3n)l4n_1+o¢n”

(L, 71)o‘nln+1+"‘+o‘n13n72+(‘Xn"'ﬁn)l?)nfl|| Il
=

- 1
£ 5 (L Yl dantelan g
17

1=0 lj+..4lyp=L1 - lan
. |b1|1zn - |bn|l3n—1|b1|13n . |bn|l4“—1114n
: ||(IT1)“112+."+(X11n+0{1l’“+2+“‘+o‘1]’2ﬂ71+(o‘1+|31)12n+“112n+1+'“+“113n—1+(0(1"‘[31)13n+0€113n+1+‘“+06114n71+0(1||

- ||(I"C )o‘n7111+'"+(anlln72+‘anlln+"’+(xnfll2n72+(xn7112n+"'+0‘n7113n73+((xnfl+|3n71)131172
n—1
(Le )(xn7113n71+"'+0(nfll4n73+(0(n71+anl)14n72+0‘n7114n71+(xn71||
n—1
. ||(IT )(xnll+'"+0Cnln71+0‘nl3n+'"+0Cnl4n72+(ocn"‘ﬁn)lélnfl||
n

(1, 71)‘-Xn]-n+1+"‘+‘X1113n72+(“n"'ﬁn)lﬁnfl""xn|| Il
=

Therefore,

o
1
7o Un

1=0 U+t Lyn =1
fbaf2n - o[ Bnt by [fon by [t e
~(POL + gl + -+ + X1l + Olp1 4+ g lngo -+ 4 dalon—1 + (1 + B1)lon
1
+oqloni1 + -+ x1lon—1 + (01 + B1)lan + X1lani1 + -+ lan—1 + o + 1))
o (Mlan i+ 4+ X aln2+ 0y 1 4+ X by + - o 1lon 2+ 0lon 1
+onbnt +anabns+ (@ 1+ Bn-1)lan2+an1lagn-1+- -+ oxn1lan-3
1
+ (14 Brn—1)ln—2+ dn_1lan—1 + xn_1+1))
c(Mlonli 4+ 4+ &nln_1+0ly + -+ 0lzgn_ + Olagn_1+ &nlan + - + Xnlan—2
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+ (0 4 Br)lan 1+ on +1))

A(POL + ... 4+ 0l + b1+ + &nlan2 + (0tn + Br)lan 1+ Olan 4+ -+ 0lgn +1))
o

.||f||+Z Z <l ! ) >|a1|11...|an|l“|a1|1n+1 gl
1=0 Lot Ly =1 N 27774

oyl [og Sty 50 ot e

(POl + oo+ -+ - + gl + Ol 1 + g lngo -+ -+ o lon—1 4 (01 + B1)lon

+oaloni1 4+ oalon 1+ (g 4 B1)lan + oalan1 4+ ol 1 +og +1)) 7

v (Tlotn—ali 4+ dno1ln2 +0ln 1 + Xn_q1ln + - &n_1lon—2 + 0lon_1

+onalbmt+-+an1lans+(n_1+Pn-1)lan2+ xn_1lagn_1+-- -+ xtn_1lan_3

+(otn1+Bn-1)lun2+taxn 1lyn-1+axn 1+ 1))71

(Mol + -+ anln—1 + O0ln + -+ 0lzn—2 + Olagn_1 + tnlan + - -+ + ctnlan—2

+ (otm + B )lam—1 +1))

A(POL + ... 4+ 0l + b1+ + &nlan 2 + (0tn + Br)lan 1+ Olan + - - + Olgn + otn +1)) Il

which follows from the fact that il

[ < ——.
21 < ey

Hence,

||X|| = EM1(|a1|/~--l|an|/|a1|/- . -/|aTL—1|/ |b1|l' . -/|bn|/ |b1|/- . 1|bT‘L|1]~)Hf||
+EM2(|a1‘I"'I|aTL|I|a1|I' . .,|(1n71|, |b1|/' sy |bTL|/ |b1|/- . I|bn|11)||f|| < 00,

since f is bounded and

Ifll= sup  [f(T,wW)]
Tel01]", weR

Hence x € C[0,1]™. This completes the proof of Theorem 2.1. O

Theorem 2.2. Let f: [0,1]™ x R — R be a bounded and continuous function satisfying the following Lipschitz
condition for a constant £ > 0:
|f(T/X) _f(T/UN < L|X_U|/ X, U S ]R

Additionally, suppose «; € (0,1] foralli e {1,...,n}and

W:=L [EM1(|C11|,. cey |an|/ |al|/ R |an71|/ |b1|r' sy |bn|/ |b1‘/' cey |bn|/1)
+ EM2(|(11|, ceey |an|/ |a1|/- cey |an—1|/ |b1‘/~ cey |bn|/ |b1|/- cey ‘bn|/1)]< 1.

Then equation (1.2) has a unique solution in the space C([0,1]™).

Proof. We define a mapping 8 over the space C([0,1]™) given by

(e.¢]

1
(SX)(T) — Z(_l)l Z <l ) >Cl§2"'ah1(—a1)l“+l (_an—l)lznA
1=0 Ut Lgp=l N 177
((=b1) - (o) b by (1) e
n—1 22:1 0<k11+zr{;11 bt Yo ot LiF B (Lan 1+ Lan 1k )+ 00
. H (Ir,) i#£k i#£k
k=1

(1. )Z?:]l oLt im0 Lit B lan_1+an (L. 1) o an i+ Brlant (1, x(1))
n n=
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S 1
Syt Y (b ek el a s a
- A,

1
1=0 Lot Lan = s Hn
|
S(=bp) B (g ) B Tbp b (1)
n—1 i 0<k11+ZT{;11 bt imon oclit B (lon—1k+lan—14k ) +ouk
'H(Iw) i£k i£k
k=1

3n—1

(1, )Z?Qf onli+Y M5n onli+Brlan—1 (1 it Xn i+ Brlan_1+an (1, x(1)).
n

Tn:1)
Consider for x1, x € C([0,1]™),

18x1 — 8x2ll < (Em, (laal, ..., lanl a1l ..., lan—1l,[bil, ..., [bnl, [b1l,..., [bnl, 1)
+Em, (lail, . lanl lal, .. fan—l, b1l ... [bnl, o1l .., [onl, D)IIF(T, x1) — (T, X2
< L(Em,(latl, ..., lanl lail, ..., lan—1l,Ib1l, ..., [bnl, b1l,..., [bnl, 1)
+Em, (laal, ..o lanl lail, ..o lan—1l, b1l ..., onl, b1l . .., bl 1)) lIxa — X2l = Wiix1 — xall.

Since W < 1, § is contractive. Therefore, by Banach’s fixed point theorem, there is a unique solution to
equation (1.2) in the space C([0, 1]™). O
3. Example

Consider the following nonlinear FPIDE with the boundary condition for n = 3:

S t52mex() + Ty 0-AIRX(T) = 7agamg cos(ax(1)) — o,
where o = % and B; = 517, T1=0V1H =0 = x(1t)=0, 3.1)
=1 = x(1)=0, T€0,15.

Then equation (3.1) has a unique solution in C([0, 1]).

Proof. We begin by noting that
1

7500000

is a continuous and bounded function that satisfies the following Lipschitz condition:

flt,x) = cos(Tix) — T2

(T, x1) — (T, x2)| < | cos(Tyx1) — cos(Tix2)| < Ix1 —xal,

7500000 7500000

for all x1, X2 € R, by noting that T € [0,1]>. Thus £ = m. The matrices M; and M, used in the matrix
Mittag-Leffler functions in the calculation of W are given explicitly for this example as follows:

0 L 1ol zZ 1 1 7 1 1 g 3

2 2 2 10 2 2 0 2 2 2
19119 1 ®» 1 1T ®» I g5
M:4 4 4 4 100 4 4 100 4 4
1 L1900 0 0 0 11 188 5 91~
8 8 11 1 1 1338 8 1000 8
000 1l 1 1 1 5 g o o 1]

rn 1 1 1 7 1 1 7 1 1 37
03 2053 %5 2 372 1© 2 2 03
19119 1 ®» 1 1T ®» 1 g5
M:4 4 4 4 100 4 4 100 4 4
=L 19000 o o LI LI 18 g4
g8 8 1 1 1 1 1338 8 1000 9
00055 5 5 0 O 0 0 03
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Using a Python code, we now evaluate W from Theorem 2.2:

=———1Em,(1,2,3,1,2,0.1,0.1,0.1,0.1,0.1,0.1,1
W 7500000 M]( 7 /31 7 /0 IO IO /O /0 IO 7 )

+Em,(1,2,3,1,2,0.1,0.1,0.1,0.1,0.1,0.1,1) | = 0.998 < 1.
Thus, by Theorem 2.2, equation (3.1) has a unique solution in the space C([0,1]%). O

4. Conclusion

Further expounding upon the utility of the recently introduced matrix Mittag-Leffler function, in
conjunction with Babenko’s approach and Banach’s contractive principle, we have derived the sufficient
condition for the uniqueness of solutions to the boundary value problem of the FPIDE presented in this
paper. In order to demonstrate our main results, we provided a clarifying example derived via a Python
code in order to approximate the value of the matrix Mittag-Leffler function.
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