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Abstract
In this paper, we investigate the uniqueness of solutions to a new fractional partial integro-differential equation (abbreviated

FPIDE) with a boundary condition by using a recently established matrix Mittag-Leffler function, Banach’s contractive principle,
and Babenko’s approach. Furthermore, we supply an example that employs the results derived in the paper via a python code
which computes an approximate value to the matrix Mittag-Leffler function.
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1. Background

Let τ ∈ Ω = [0, 1]n ⊂ Rn (n > 1). The partial Riemann-Liouville fractional integral of order β > 0
with respect to τi is given by [3]

(Iβτiχ)(τ) =
1
Γ(β)

∫τi
0
(τi − ζ)

β−1χ(τ1, . . . , τi−1, ζ, τi+1, . . . , τn)dζ,

and the partial Liouville-Caputo fractional derivative of order α ∈ (0, 1] with respect to τi is given by(
c∂
α

∂ταi
χ

)
(τ) =

1
Γ(1 −α)

∫τi
0
(τi − s)

−αχ ′s(τ1, . . . , τi−1, s, τi+1, . . . , τn)ds.

It follows from [8] that for α ∈ (0, 1],

Iατi

(
c∂
α

∂ταi
χ

)
(τ) = χ(τ) − χ(τ1, . . . , τi−1, 0, τi+1, . . . , τn). (1.1)

This paper will make use of the Banach space C([0, 1]n) with the following norm:

||χ|| = sup
τ∈[0,1]n

|χ(τ)| for χ ∈ C([0, 1]n).
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We will be concerned primarily with the study of the uniqueness of bounded solutions to the following
FPIDE with initial conditions, for αi ∈ (0, 1], βi > 0, in the space C([0, 1]n):

∑n
i=1 ai

c∂
αi

∂τ
αi
i

χ(τ) +
∑n
i=1 biI

βi
τi χ(τ) = f(τ,χ(τ)),

∀k ∈ {1, . . . ,n− 1} : τk = 0 =⇒ χ(τ) = 0,
τn = 1 =⇒ χ(τ) = 0, τ ∈ [0, 1]n,

(1.2)

where f satisfies certain conditions, ai (not all zeros) and bi are complex constants. Clearly without loss
of generality, we can take a1 = 1. Let aij > 0,γi > 0 for all i ∈ {1, . . . ,n}, j ∈ {1, . . . ,m}, and

M =


α01 · · · α0m γ0
α1 · · · α1m γ1
...

...
...

αn1 · · · αnm γn

 .

In this paper we apply the following notation:

n∏
i=1

Iαiτi = I
αn
τn
· · · Iα1

τ1
= Iα1

τ1
· · · Iαnτn .

Definition 1.1 ([6]). A matrix Mittag-Leffler function EM(z1, . . . , zm) is defined by the following series

EM(z1, . . . , zm) =

∞∑
l=0

∑
l1+···+lm=1

li>0

(
l

l1, . . . , lm

)
zl1

1 · · · z
lm
m

Γ(α01l1 + · · ·+α0mlm + γ0)

· 1
Γ(α11l1 + · · ·+α1mlm + γ1) · · · Γ(αn1l1 + · · ·+αnmlm + γn)

,

where zi ∈ C for i ∈ {1, . . . ,m} and (
1

l1, . . . , lm

)
=

l!
l1! · · · lm!

.

In [6], Li et al. showed that the series is always convergent using the gamma function. This is
a property that undoubtedly contributes to the famous Mittag-Leffler function and its generalizations’
usefulness and is something that we will make use of later in this paper.

On the other hand, Babenko’s approach [2], a technique introduced in 1986, is an effective means
for dealing with both integral and differential equations that have initial conditions or boundary value
problems as demonstrated in [4, 7], respectively. To demonstrate this method, we will solve the following
equation with initial conditions in the space C[0, 1]:{

cD
α
0 y(x) + λI

β
0 y(x) = x

n, β > 0, α ∈ (1, 2],
y(0) = 0,y ′(0) = 0,

where

cD
α
0 y(x) =

1
Γ(2 −α)

∫x
0
(x− s)−α+1y ′′(s)ds, α ∈ (1, 2],

and
I
β
0 y(x) =

1
Γ(β)

∫x
0
(x− s)β−1y(s)ds, β > 0.

It can be readily shown that

Iα0 (cD
α
0 y(x)) = y(x) − y(0) − y

′(0)x = y(x).
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Applying Iα0 to both sides of the equation, we obtain

(1 + λIα+β0 )y(x) = Iα0 x
n =

Γ(n+ 1)xn+α

Γ(n+α+ 1)
.

As per Babenko’s approach, we treat the operator (1 + λIα+β0 ) as a variable:

y(x) = (1 + λIα+β0 )−1 · Γ(n+ 1)xn+α

Γ(n+α+ 1)

=

∞∑
l=0

(−1)lλlIl(α+β)0
Γ(n+ 1)xn+α

Γ(n+α+ 1)

= Γ(n+ 1)xn+α
∞∑
l=0

(−λxα+β)l

Γ(l(α+β) +n+α+ 1)

= Γ(n+ 1)xn+αEα+β,n+α+1(−λx
α+β),

where

Eµ,ν(z) =

∞∑
l=0

zl

Γ(µl+ ν)
, µ, ν > 0, z ∈ C,

is the 2-parameter Mittag-Leffler function, and

I
l(α+β)
0 xn+α =

Γ(n+α+ 1)xn+α+l(α+β)

Γ(l(α+β) +n+α+ 1)
.

Thus we can infer that
||y|| 6 Γ(n+ 1)Eα+β,n+α+1(|λ|) <∞.

Hence the series solution

y(x) = Γ(n+ 1)xn+α
∞∑
l=0

(−λxα+β)l

Γ(l(α+β) +n+α+ 1)
= Γ(n+ 1)xn+αEα+β,n+α+1(−λx

α+β)

is in C[0, 1]. There are numerous intensive studies on both the existence as well as the uniqueness of
solutions to fractional differential equations [1, 9, 10]. Let T > 0, a ∈ C[0, T ], g : [0, T ]×R → R and
f : C[0, T ]→ R. Very recently, Li [5] studied the uniqueness of solutions to a nonlinear integro-differential
equation with nonlocal boundary condition and variable coefficients for l < α 6 l+ 1 and l ∈N as given
below: 

CD
αχ(τ) + a(τ) Iβχ(τ) = g(τ,χ(τ)), τ ∈ [0, T ], β > 0,

χ(0) = −f(χ), χ ′′(0) = · · · = χ(l)(0) = 0,∫T
0 χ(τ)dτ = λ,

(1.3)

with λ being a constant. In particular when l = 1, equation (1.3) becomes{
CD

αχ(τ) + a(τ) Iβχ(τ) = g(τ,χ(τ)), τ ∈ [0, T ],
χ(0) = −f(χ),

∫T
0 χ(τ)dτ = λ.

For the remainder of the paper we will study the uniqueness of solutions to (1.2) in Section 2 using
the given matrix Mittag-Leffler function, Babenko’s approach, as well as Banach’s contractive principle.
In Section 3, we will provide an example of an equation of the form given in (1.2) in which we will apply
the results from Section 2.
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2. Uniqueness of solutions

Theorem 2.1. ∀i ∈ {1, . . . ,n} : αi ∈ (0, 1] and βi > 0, defined below, are M1 and M2. For formatting purposes,
we partition M1 and M2 into Ma, Mb, Mc1 , and Mc2 all given as:

Ma :=



0 α1 · · ·α1︸ ︷︷ ︸
n−3

α1 α1 0 α1 · · ·α1︸ ︷︷ ︸
n−3

α1

. . . . . .
αn−1 αn−1 · · ·αn−1 0 αn−1 αn−1 αn−1 · · ·αn−1 0
an an · · ·an an 0 0 0 · · · 0 0
0 0 · · · 0 0 0 an an · · ·an an


,

Mb :=



α1 +β1 α1 · · ·α1︸ ︷︷ ︸
n−3

α1 α1 α1 +β1 α1 · · ·α1︸ ︷︷ ︸
n−3

α1

. . . . . .
αn−1 αn−1 · · ·αn−1 αn−1 +βn−1 αn−1 αn−1 αn−1 · · ·αn−1 αn−1 +βn−1

0 0 · · · 0 0 0 αn αn · · ·αn αn
αn αn · · ·αn αn αn +βn 0 0 · · · 0 0


,

Mc1 :=


α1 0 α1 + 1
...

...
...

αn−1 0 αn−1 + 1
αn +βn 0 αn + 1

0 0 1

 , Mc2 :=


α1 0 α1 + 1
...

...
...

αn−1 0 αn−1 + 1
αn +βn 0 1

0 0 αn + 1

 ,

let
M1 = (Ma|Mb|Mc1), M2 = (Ma|Mb|Mc2).

Suppose f : [0, 1]n ×R → R is continuous and bounded. Then χ(τ) is a solution to equation (1.2) if and only if it
is both bounded and satisfies the following implicit integral equation in the space C([0, 1]n):

χ(τ) =

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)
al2

2 · · ·a
ln
n (−a1)

ln+1 · · · (−an−1)
l2n−1

· (−b1)
l2n · · · (−bn)l3n−1bl3n

1 · · ·bl4n−1
n (−1)l4n

·
n−1∏
k=1

(Iτk)

∑n
i=1
i 6=k

αkli+
∑n−1
i=1
i 6=k

αkln+i+
∑4n−1
i=2n αkli+βk(l2n−1+k+l3n−1+k)+αk

· (Iτn)
∑n−1
i=1 αnli+

∑4n−1
i=3n αnli+βnl4n−1+αn (Iτn=1)

∑3n−1
i=n+1αnli+βnl3n−1 f(τ,χ(τ))

−

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)
al2

2 · · ·a
ln
n (−a1)

ln+1 · · · (−an−1)
l2n−1

· (−b1)
l2n · · · (−bn)l3n−1bl3n

1 · · ·bl4n−1
n (−1)l4n

·
n−1∏
k=1

(Iτk)

∑n
i=1
i 6=k

αkli+
∑n−1
i=1
i 6=k

αkln+i+
∑4n−1
i=2n αkli+βk(l2n−1+k+l3n−1+k)+αk

· (Iτn)
∑n−1
i=1 αnli+

∑4n−1
i=3n αnli+βnl4n−1 (Iτn=1)

∑3n−1
i=n+1αnli+βnl3n−1+αn f(τ,χ(τ)).

Proof. By equation (1.1), applying the operator Iα1
τ1 to

∑n
i=1 ai

c∂
αi

∂τ
αi
i

χ(τ) yields a1χ(τ)+
∑n
i=2 aiI

α1
τ1

c∂
αi

∂τ
αi
i

χ(τ).
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Similarly, applying Iα2
τ2 I

α1
τ1 to

∑n
i=1 ai

c∂
αi

∂τ
αi
i

χ(τ) yields

a1I
α2
τ2
χ(τ) + a2I

α1
τ1
χ(τ) +

n∑
i=3

aiI
α2
τ2
Iα1
τ1

c∂
αi

∂ταii
χ(τ).

If we continue this process, applying
∏n−1
i=1 I

αi
τi to

∑n
i=1 ai

c∂
αi

∂τ
αi
i

χ(τ) will produce

n−1∑
i=1

ai

n−1∏
k=1
k6=i

Iαkτk χ(τ) + an

n−1∏
i=1

Iαiτi
c∂
αn

∂ταnn
χ(τ).

Hence, applying the operator
∏n
i=1 I

αi
τi to

∑n
i=1 ai

c∂
αi

∂τ
αi
i

χ(τ) will yield

n−1∑
i=1

ai

n∏
k=1
k6=i

Iαkτk χ(τ) + an

n−1∏
i=1

Iαiτi
(
χ(τ) − χ(τ1, . . . , τn−1, 0)

)
.

Therefore, applying the operator
∏n
i=1 I

αi
τi to both sides of equation (1.2), gets us

n−1∑
i=1

ai

n∏
k=1
k6=i

Iαkτk χ(τ) + an

n−1∏
i=1

Iαiτi (χ(τ) − χ(τ1, . . . , τn−1, 0)) +
n∑
i=1

bi
( n∏
k=1

Iαkτk
)
Iβiτi χ(τ)

=

n∏
i=1

Iαiτi f(τ,χ(τ)).

(2.1)

For τn = 1, we come to

n−1∑
i=1

ai

n−1∏
k=1
k6=i

Iαkτk I
αn
τn=1χ(τ) − an

n−1∏
i=1

Iαiτi χ(τ1, . . . , τn−1, 0) +
n−1∑
i=1

bi
(n−1∏
k=1

Iαkτk
)
Iαnτn=1I

βi
τi
χ(τ)

+ bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1 χ(τ) =

n−1∏
i=1

Iαiτi I
αn
τn=1f(τ,χ(τ)).

Thus

−an

n−1∏
i=1

Iαiτi χ(τ1, . . . , τn−1, 0) =
n−1∏
i=1

Iαiτi I
αn
τn=1f(τ,χ(τ)) −

n−1∑
i=1

ai

n−1∏
k=1
k6=i

Iαkτk I
αn
τn=1χ(τ)

−

n−1∑
i=1

bi
(n−1∏
k=1

Iαkτk
)
Iαnτn=1I

βi
τi
χ(τ) − bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1 χ(τ).

(2.2)

Substituting (2.2) into (2.1) we get

n−1∑
i=1

ai

n∏
k=1
k6=i

Iαkτk χ(τ) + an

n−1∏
i=1

Iαiτi χ(τ) +

n−1∏
i=1

Iαiτi I
αn
τn=1f(τ,χ(τ)) −

n−1∑
i=1

ai

n−1∏
k=1
k6=i

Iαkτk I
αn
τn=1χ(τ)

−

n−1∑
i=1

bi
(n−1∏
k=1

Iαkτk
)
Iαnτn=1I

βi
τi
χ(τ) − bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1 χ(τ) +

n∑
i=1

bi
( n∏
k=1

Iαkτk
)
Iβiτi χ(τ) =

n∏
i=1

Iαiτi f(τ,χ(τ)).
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Using Babenko’s approach,

χ(τ) =

(
1 +

n−1∑
i=1

ai

n∏
k=1
k6=i

Iαkτk + an

n−1∏
i=1

Iαiτi −

n−1∑
i=1

ai

n−1∏
k=1
k6=i

Iαkτk I
αn
τn=1 −

n−1∑
i=1

bi
(n−1∏
k=1

Iαkτk
)
Iαnτn=1I

βi
τi

− bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1 +

n∑
i=1

bi
( n∏
k=1

Iαkτk
)
Iβiτi − 1

)−1( n∏
i=1

Iαiτi f(τ,χ(τ)) −
n−1∏
i=1

Iαiτi I
αn
τn=1f(τ,χ(τ))

)

=

∞∑
l=0

(−1)l
(n−1∑
i=1

ai

n∏
k=1
k6=i

Iαkτk + an

n−1∏
i=1

Iαiτi −

n−1∑
i=1

ai

n−1∏
k=1
k6=i

Iαkτk I
αn
τn=1 −

n−1∑
i=1

bi
(n−1∏
k=1

Iαkτk
)
Iαnτn=1I

βi
τi

− bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1 +

n∑
i=1

bi
( n∏
k=1

Iαkτk
)
Iβiτi − 1

)l( n∏
i=1

Iαiτi f(τ,χ(τ)) −
n−1∏
i=1

Iαiτi I
αn
τn=1f(τ,χ(τ))

)

=

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)( n∏
k=2

Iαkτk

)l1

· · ·
(
an−1

n∏
k=1
k6=n−1

Iαkτk

)ln−1
(
an

n−1∏
i=1

Iαiτi

)ln

·
(
−a1

n−1∏
k=2

Iαkτk I
αn
τn=1

)ln+1

· · ·
(
−an−1

n−1∏
k=1
k6=n−1

Iαkτk I
αn
τn=1

)l2n−1

·
(
−b1

n−1∏
k=1

Iαkτk I
αn
τn=1I

β1
τ1

)l2n

· · ·
(
−bn−1

n−1∏
k=1

Iαkτk I
αn
τn=1I

βn−1
τn−1

)l3n−2
(
−bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1

)l3n−1

·
(
b1

n∏
k=1

Iαkτk I
β1
τ1

)l3n

· · ·
(
bn

n∏
k=1

Iαkτk I
βn
τn

)l4n−1

(−1)l4n

( n∏
i=1

Iαiτi f(τ,χ(τ)) −
n−1∏
i=1

Iαiτi I
αn
τn=1f(τ,χ(τ))

)

=

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)
al2

2 · · ·a
ln
n (−a1)

ln+1 · · · (−an−1)
l2n−1

· (−b1)
l2n · · · (−bn)l3n−1bl3n

1 · · ·bl4n−1
n (−1)l4n

·
n−1∏
k=1

(Iτk)

∑n
i=1
i 6=k

αkli+
∑n−1
i=1
i 6=k

αkln+i+
∑4n−1
i=2n αkli+βk(l2n−1+k+l3n−1+k)

· (Iτn)
∑n−1
i=1 αnli+

∑4n−1
i=3n αnli+βnl4n−1 (Iτn=1)

∑3n−1
i=n+1αnli+βnl3n−1

·
( n∏
i=1

Iαiτi f(τ,χ(τ)) −
n−1∏
i=1

Iαiτi I
αn
τn=1f(τ,χ(τ))

)
.

We should note that the power of Iτk for k = 1, 2, . . . ,n− 1 is

n∑
i=1
i 6=k

αkli +

n−1∑
i=1
i 6=k

αkln+i +

4n−1∑
i=2n

αkli +βk(l2n−1+k + l3n−1+k).

Indeed, (i) the factor ( n∏
k=2

Iαkτk

)l1

· · ·
(
an−1

n∏
k=1
k6=n−1

Iαkτk

)ln−1
(
an

n−1∏
i=1

Iαiτi

)ln
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generates the term
∑n
i=1
i 6=k

αkli; (ii) the factor

(
−a1

n−1∏
k=2

Iαkτk I
αn
τn=1

)ln+1

· · ·
(
−an−1

n−1∏
k=1
k6=n−1

Iαkτk I
αn
τn=1

)l2n−1

generates the term
∑n−1
i=1
i 6=k

αkln+i; (iii) the factor

(
−b1

n−1∏
k=1

Iαkτk I
αn
τn=1I

β1
τ1

)l2n

· · ·
(
−bn−1

n−1∏
k=1

Iαkτk I
αn
τn=1I

βn−1
τn−1

)l3n−2
(
−bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1

)l3n−1

·
(
b1

n∏
k=1

Iαkτk I
β1
τ1

)l3n

· · ·
(
bn

n∏
k=1

Iαkτk I
βn
τn

)l4n−1

generates the term
∑4n−1
i=2n αkli +βk(l2n−1+k + l3n−1+k). As for the power of Iτn , we get

n−1∑
i=1

αnli +

4n−1∑
i=3n

αnli +βnl4n−1.

Indeed, (i) the factor ( n∏
k=2

Iαkτk

)l1

· · ·
(
an−1

n∏
k=1
k6=n−1

Iαkτk

)ln−1

generates the term
∑n−1
i=1 αnli; (ii) the factor(

b1

n∏
k=1

Iαkτk I
β1
τ1

)l3n

· · ·
(
bn

n∏
k=1

Iαkτk I
βn
τn

)l4n−1

generates the term
∑4n−1
i=3n αnli +βnl4n−1. Finally, for the power of Iτn=1,

3n−1∑
i=n+1

αnli +βnl3n−1

is similarly deduced by

(
−a1

n−1∏
k=2

Iαkτk I
αn
τn=1

)ln+1

· · ·
(
−an−1

n−1∏
k=1
k6=n−1

Iαkτk I
αn
τn=1

)l2n−1

·
(
−b1

n−1∏
k=1

Iαkτk I
αn
τn=1I

β1
τ1

)l2n

· · ·
(
−bn−1

n−1∏
k=1

Iαkτk I
αn
τn=1I

βn−1
τn−1

)l3n−2
(
−bn

n−1∏
k=1

Iαkτk I
αn+βn
τn=1

)l3n−1

.

Hence,

χ(τ) =

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)
al2

2 · · ·a
ln
n (−a1)

ln+1 · · · (−an−1)
l2n−1

· (−b1)
l2n · · · (−bn)l3n−1bl3n

1 · · ·bl4n−1
n (−1)l4n
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·
n−1∏
k=1

(Iτk)

∑n
i=1
i 6=k

αkli+
∑n−1
i=1
i 6=k

αkln+i+
∑4n−1
i=2n αkli+βk(l2n−1+k+l3n−1+k)+αk

· (Iτn)
∑n−1
i=1 αnli+

∑4n−1
i=3n αnli+βnl4n−1+αn (Iτn=1)

∑3n−1
i=n+1αnli+βnl3n−1 f(τ,χ(τ))

−

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)
al2

2 · · ·a
ln
n (−a1)

ln+1 · · · (−an−1)
l2n−1

· (−b1)
l2n · · · (−bn)l3n−1bl3n

1 · · ·bl4n−1
n (−1)l4n

·
n−1∏
k=1

(Iτk)

∑n
i=1
i 6=k

αkli+
∑n−1
i=1
i 6=k

αkln+i+
∑4n−1
i=2n αkli+βk(l2n−1+k+l3n−1+k)+αk

· (Iτn)
∑n−1
i=1 αnli+

∑4n−1
i=3n αnli+βnl4n−1 (Iτn=1)

∑3n−1
i=n+1αnli+βnl3n−1+αn f(τ,χ(τ)).

All of the above steps are reversible. We must now show that χ ∈ C([0, 1]n). Indeed,

||χ|| 6
∞∑
l=0

∑
l1+...+l4n=l

(
l

l1, . . . , l4n

)
|a1|

l1 · · · |an|ln |a1|
ln+1 · · · |an−1|

l2n−1 (note that a1 = 1)

· |b1|
l2n · · · |bn|l3n−1 |b1|

l3n · · · |bn|l4n−11l4n

· ||(Iτ1)
α1l2+···+α1ln+α1ln+2+···+α1l2n−1+(α1+β1)l2n+α1l2n+1+···+α1l3n−1+(α1+β1)l3n+α1l3n+1+···+α1l4n−1+α1 ||

· · · ||(Iτn−1)
αn−1l1+···+αn−1ln−2+αn−1ln+···+αn−1l2n−2+αn−1l2n+···+αn−1l3n−3+(αn−1+βn−1)l3n−2

· (Iτn−1)
αn−1l3n−1+···+αn−1l4n−3+(αn−1+βn−1)l4n−2+αn−1l4n−1+αn−1 ||

· ||(Iτn)αnl1+···+αnln−1+αnl3n+···+αnl4n−2+(αn+βn)l4n−1+αn ||

· ||(Iτn=1)
αnln+1+···+αnl3n−2+(αn+βn)l3n−1 || · ||f||

+

∞∑
l=0

∑
l1+...+l4n=l

(
l

l1, . . . , l4n

)
|a1|

l1 · · · |an|ln |a1|
ln+1 · · · |an−1|

l2n−1

· |b1|
l2n · · · |bn|l3n−1 |b1|

l3n · · · |bn|l4n−11l4n

· ||(Iτ1)
α1l2+···+α1ln+α1ln+2+···+α1l2n−1+(α1+β1)l2n+α1l2n+1+···+α1l3n−1+(α1+β1)l3n+α1l3n+1+···+α1l4n−1+α1 ||

· · · ||(Iτn−1)
αn−1l1+···+αn−1ln−2+αn−1ln+···+αn−1l2n−2+αn−1l2n+···+αn−1l3n−3+(αn−1+βn−1)l3n−2

· (Iτn−1)
αn−1l3n−1+···+αn−1l4n−3+(αn−1+βn−1)l4n−2+αn−1l4n−1+αn−1 ||

· ||(Iτn)αnl1+···+αnln−1+αnl3n+···+αnl4n−2+(αn+βn)l4n−1 ||

· ||(Iτn=1)
αnln+1+···+αnl3n−2+(αn+βn)l3n−1+αn || · ||f||.

Therefore,

||χ|| 6
∞∑
l=0

∑
l1+...+l4n=l

(
l

l1, . . . , l4n

)
|a1|

l1 · · · |an|ln |a1|
ln+1 · · · |an−1|

l2n−1

· |b1|
l2n · · · |bn|l3n−1 |b1|

l3n · · · |bn|l4n−11l4n

·
(
Γ(0l1 +α1l2 + · · ·+α1ln + 0ln+1 +α1ln+2 · · ·+α1l2n−1 + (α1 +β1)l2n

+α1l2n+1 + · · ·+α1l2n−1 + (α1 +β1)l3n +α1l3n+1 + · · ·+α1l4n−1 +α1 + 1)
)−1

· · ·
(
Γ(αn−1l1 + · · ·+αn−1ln−2 + 0ln−1 +αn−1ln + · · ·αn−1l2n−2 + 0l2n−1

+αn−1l2n + · · ·+αn−1l3n−3 + (αn−1 +βn−1)l3n−2 +αn−1l3n−1 + · · ·+αn−1l4n−3

+ (αn−1 +βn−1)l4n−2 +αn−1l4n−1 +αn−1 + 1)
)−1

·
(
Γ(αnl1 + · · ·+αnln−1 + 0ln + · · ·+ 0l3n−2 + 0l3n−1 +αnl3n + · · ·+αnl4n−2
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+ (αn +βn)l4n−1 +αn + 1)
)−1

·
(
Γ(0l1 + . . . + 0ln +αnln+1 + · · ·+αnl3n−2 + (αn +βn)l3n−1 + 0l3n + · · ·+ 0l4n + 1)

)−1

· ||f||+
∞∑
l=0

∑
l1+...+l4n=l

(
l

l1, . . . , l4n

)
|a1|

l1 · · · |an|ln |a1|
ln+1 · · · |an−1|

l2n−1

· |b1|
l2n · · · |bn|l3n−1 |b1|

l3n · · · |bn|l4n−11l4n

·
(
Γ(0l1 +α1l2 + · · ·+α1ln + 0ln+1 +α1ln+2 · · ·+α1l2n−1 + (α1 +β1)l2n

+α1l2n+1 + · · ·+α1l2n−1 + (α1 +β1)l3n +α1l3n+1 + · · ·+α1l4n−1 +α1 + 1)
)−1

· · ·
(
Γ(αn−1l1 + · · ·+αn−1ln−2 + 0ln−1 +αn−1ln + · · ·αn−1l2n−2 + 0l2n−1

+αn−1l2n + · · ·+αn−1l3n−3 + (αn−1 +βn−1)l3n−2 +αn−1l3n−1 + · · ·+αn−1l4n−3

+ (αn−1 +βn−1)l4n−2 +αn−1l4n−1 +αn−1 + 1)
)−1

·
(
Γ(αnl1 + · · ·+αnln−1 + 0ln + · · ·+ 0l3n−2 + 0l3n−1 +αnl3n + · · ·+αnl4n−2

+ (αn +βn)l4n−1 + 1)
)−1

·
(
Γ(0l1 + . . . + 0ln +αnln+1 + · · ·+αnl3n−2 + (αn +βn)l3n−1 + 0l3n + · · ·+ 0l4n +αn + 1)

)−1
||f||,

which follows from the fact that

||Iατ f|| 6
||f||

Γ(α+ 1)
.

Hence,

||χ|| = EM1(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)||f||
+ EM2(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)||f|| <∞,

since f is bounded and
||f|| = sup

τ∈[0,1]n,w∈R

|f(τ,w)|.

Hence χ ∈ C[0, 1]n. This completes the proof of Theorem 2.1.

Theorem 2.2. Let f : [0, 1]n ×R → R be a bounded and continuous function satisfying the following Lipschitz
condition for a constant L > 0:

|f(τ, x) − f(τ,y)| 6 L|x− y|, x, y ∈ R.

Additionally, suppose αi ∈ (0, 1] for all i ∈ {1, . . . ,n} and

W := L
[
EM1(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)

+ EM2(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)
]
< 1.

Then equation (1.2) has a unique solution in the space C([0, 1]n).

Proof. We define a mapping S over the space C([0, 1]n) given by

(Sχ)(τ) =

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)
al2

2 · · ·a
ln
n (−a1)

ln+1 · · · (−an−1)
l2n−1

· (−b1)
l2n · · · (−bn)l3n−1bl3n

1 · · ·bl4n−1
n (−1)l4n

·
n−1∏
k=1

(Iτk)

∑n
i=1
i 6=k

αkli+
∑n−1
i=1
i 6=k

αkln+i+
∑4n−1
i=2n αkli+βk(l2n−1+k+l3n−1+k)+αk

· (Iτn)
∑n−1
i=1 αnli+

∑4n−1
i=3n αnli+βnl4n−1+αn (Iτn=1)

∑3n−1
i=n+1αnli+βnl3n−1 f(τ,χ(τ))
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−

∞∑
l=0

(−1)l
∑

l1+···+l4n=l

(
l

l1, . . . , l4n

)
al2

2 · · ·a
ln
n (−a1)

ln+1 · · · (−an−1)
l2n−1

· (−b1)
l2n · · · (−bn)l3n−1bl3n

1 · · ·bl4n−1
n (−1)l4n

·
n−1∏
k=1

(Iτk)

∑n
i=1
i 6=k

αkli+
∑n−1
i=1
i 6=k

αkln+i+
∑4n−1
i=2n αkli+βk(l2n−1+k+l3n−1+k)+αk

· (Iτn)
∑n−1
i=1 αnli+

∑4n−1
i=3n αnli+βnl4n−1 (Iτn=1)

∑3n−1
i=n+1αnli+βnl3n−1+αn f(τ,χ(τ)).

Consider for χ1, χ ∈ C([0, 1]n),

||Sχ1 − Sχ2|| 6
(
EM1(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)

+ EM2(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)
)
||f(τ,χ1) − f(τ,χ2)||

6 L
(
EM1(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)

+ EM2(|a1|, . . . , |an|, |a1|, . . . , |an−1|, |b1|, . . . , |bn|, |b1|, . . . , |bn|, 1)
)
||χ1 − χ2|| =W||χ1 − χ2||.

Since W < 1, S is contractive. Therefore, by Banach’s fixed point theorem, there is a unique solution to
equation (1.2) in the space C([0, 1]n).

3. Example

Consider the following nonlinear FPIDE with the boundary condition for n = 3:
∑3
i=1 i

c∂
αi

∂τ
αi
i

χ(τ) +
∑3
i=1 0.1Iβiτi χ(τ) =

1
7500000 cos(τ1χ(τ)) − τ2,

where αi = 1
2i and βi = 1

5i , τ1 = 0 ∨ τ2 = 0 =⇒ χ(τ) = 0,
τ3 = 1 =⇒ χ(τ) = 0, τ ∈ [0, 1]3.

(3.1)

Then equation (3.1) has a unique solution in C([0, 1]3).

Proof. We begin by noting that

f(τ,χ) =
1

7500000
cos(τ1χ) − τ2

is a continuous and bounded function that satisfies the following Lipschitz condition:

|f(τ,χ1) − f(τ,χ2)| 6
1

7500000
| cos(τ1χ1) − cos(τ1χ2)| 6

1
7500000

|χ1 − χ2|,

for all χ1, χ2 ∈ R, by noting that τ ∈ [0, 1]3. Thus L = 1
7500000 . The matrices M1 and M2 used in the matrix

Mittag-Leffler functions in the calculation of W are given explicitly for this example as follows:

M1 =


0 1

2
1
2 0 1

2
7

10
1
2

1
2

7
10

1
2

1
2 0 3

2
1
4 0 1

4
1
4 0 1

4
29

100
1
4

1
4

29
100

1
4 0 5

4
1
8

1
8 0 0 0 0 0 0 1

8
1
8

133
1000 0 9

8
0 0 0 1

8
1
8

1
8

1
8

133
1000 0 0 0 0 1

 ,

M2 =


0 1

2
1
2 0 1

2
7

10
1
2

1
2

7
10

1
2

1
2 0 3

2
1
4 0 1

4
1
4 0 1

4
29

100
1
4

1
4

29
100

1
4 0 5

4
1
8

1
8 0 0 0 0 0 0 1

8
1
8

133
1000 0 1

0 0 0 1
8

1
8

1
8

1
8

133
1000 0 0 0 0 9

8

 .
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Using a Python code, we now evaluate W from Theorem 2.2:

W =
1

7500000

[
EM1(1, 2, 3, 1, 2, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 1)

+ EM2(1, 2, 3, 1, 2, 0.1, 0.1, 0.1, 0.1, 0.1, 0.1, 1)
]
≈ 0.998 < 1.

Thus, by Theorem 2.2, equation (3.1) has a unique solution in the space C([0, 1]3).

4. Conclusion

Further expounding upon the utility of the recently introduced matrix Mittag-Leffler function, in
conjunction with Babenko’s approach and Banach’s contractive principle, we have derived the sufficient
condition for the uniqueness of solutions to the boundary value problem of the FPIDE presented in this
paper. In order to demonstrate our main results, we provided a clarifying example derived via a Python
code in order to approximate the value of the matrix Mittag-Leffler function.
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