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Considering the importance of using nonlinear evolution equations in the investigation of many
natural phenomena, in this paper, we consider the (2 + 1)-dimensional Date-Jimbo—Kashi-
wara—Miwa ((2 4 1)-dimensional DJKM) equation, we will investigate the solutions for this
equation. Using the multiple exp functions method, we obtain analytical solutions for this
equation, which are one-soliton, two-soliton and three-soliton solutions and these solutions
include three categories of soliton wave solutions, i.e., one-wave solutions, two-wave solutions
and three wave solutions. We have performed all calculations with a computer algebra system
such as Maple and have also provided a graphical representation of the obtained solutions.
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1. Introduction

In nonlinear sciences, nonlinear partial equations are widely used in fields such as
nonlinear optics, quantum mechanics, molecular biology, surface water waves and
other cases. On the other hand, many physical phenomena that exist in nature are
described by exact solutions of nonlinear partial differential equations (PDEs).
Nonlinear wave solutions play a fundamental role in various scientific fields such
as geochemistry, optical fibers, chemical physics, fluid mechanics, plasma physics,
solid-state physics, chemical kinematics, etc. Therefore, for nonlinear models in
nature and industry, analytical and semi-analytical solutions have been investi-
gated with many methods including the tanh—coth method, the sine-cosine
method, the tanh-function method, the homogeneous balance method, inverse
scattering transformation, Darboux transformation, Hirota bilinear method and
so on.'™® For example, the generalized bilinear equation of Kadomtsev—Pet-
viashvili-Benjamin—-Bona—Mahony was investigated by Hirota’s efficient bilinear
method and exact solutions were obtained from this equation. By converting
nonlinear equations to ordinary differential equations (ODEs) with variable
coefficients, we can use these techniques to obtain logical solutions. Among the
methods for accurate solutions of nonlinear equations, there is now a single
method that determines the relationship between ordinary solvable differential
equations and nonlinear PDEs. Nowadays, various solutions such as periodic
waves, single waves and so on, have been proposed for scattered and nonlinear
scattered equations. The authors also found in their studies that by using the
substitution of high-order polynomial functions in bilinear equations, the exact
solutions of some nonlinear equations that are of the type of rogue-type multiple
lumps waves can be constructed.”'® There are various solutions to nonlinear
equations, and these solutions are not limited to traveling wave solutions. Then,
there are direct methods to obtain these solutions for nonlinear equations. For
example, for important equations such as the Korteweg—de Vries (KdV) equa-
tions, the Toda lattice equations and the Hirota bilinear equations, there are
multi-soliton multiple wave solutions and multiple periodic wave solutions, re-
spectively.!* 17 Lump-type solutions and interaction phenomenon as well as lump
wave solutions have been obtained for the (2+1)-dimensional breaking soliton
equation, variable-coefficient Kadomtsev—Petviashvili equation, and Kadomtsev—
Petviashvili-Benjamin—-Bona—Mahony equation, respectively. Describing the
propagation of nonlinear waves with nonuniform velocities is another task pro-
vided by the nonlinear evolution equations and their solutions. Many char-
acteristics of natural phenomena with continuous and variable fields are shown by
converting a nonlinear evolution equation into a nonlinear evolution equation of a
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integrated. One of the important long water wave equations describing the
propagation of nonlinear and weakly scattered waves in heterogeneous media is
Date—Jimbo-Kashiwara—Miwa equation.'® In this paper, we propose a method to
obtain the exact soliton wave solutions of the desired nonlinear equation.
We investigate the conformable Date—Jimbo-Kashiwara— Miwa (CDJKM)
equation as follows':
o (0 (0D

(buuuu’u + 4<I)uqu)u + Qq)uuucpv + Gq)uvq)uu - Aq)vm‘ - 2/’0% (% <¥>) = 07 (1)
where ® = ®(u, v, s) and p is a constant and 0 < ¢ < 1. For 0 < ¢ < 1, the desired
derivative is the conformable fractional derivative which is defined as follows for
the function u : [a,00) — R and starting from a of order (:

u(®+ 20 —a)'=%) —u(d)

@Z’u(a):lin& . , 0>a, 0<(<1.

If on (a,b), D{u(d) exists, then D fu(a) = limy_,+ D ¢u(d). The CDJKM equation
turns out to be (24 1)-dimensional Date-Jimbo-Kashiwara—Miwa ((2+ 1)-
dimensional DJKM) equation when the fractional derivative ( = 1. For the first
time, Guo and Lin introduced the CDJKM equation and Kumar et al. successfully
investigated the solutions for this equation via the sine-Gordon expansion and the
improved Bernoulli sub equation methods.?’?! Many researchers have investi-
gated the (24 1)-dimensional Date-Jimbo-Kashiwara—Miwa ((2+ 1)-dimen-
sional DJKM) equation,”” ?* but no one used our desired method to solve the
CDJKM equation. The multiple exp function (MEF) method is a direct and
systematic solution method for nonlinear PDEs in mathematical physics that
generalizes Hirota’s perturbation scheme and obtains exact multiple wavelet
solutions. This method is a suitable method for obtaining construct solitary and
soliton solutions of nonlinear evolution equations because it has a wider appli-
cation for use in nonlinear wave equations. This method was first presented by Hi
and Wu and it can be used in all kinds of nonlinear evolution equations. Con-
sidering the optimality of the MEF method in dealing with nonlinear equations,
we choose this method to obtain the exact traveling wave solutions of the desired
equation. Therefore, one of our reasons for choosing this method is to emphasize
its power because it can be used for various nonlinear equations. This method is a
new tool in mathematics to obtain solitary and periodic solutions and also is a
coherent framework in which other methods can be placed.

We propose a MEF method and investigate precise wave one-soliton, wave two-
soliton and wave three-soliton solutions to the (2 + 1)-dimensional Date—Jimbo—
Kashiwara—Miwa ((2 + 1)-dimensional DJKM) equation.

This paper is arranged as follows. In Sec. 2, we describe the MEF method, which is
the method of obtaining multiple wave solutions for nonlinear equations. In Sec. 3,
using the method presented in the second section, we obtain multiple soliton wave
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solutions for the (2+ 1)-dimensional Date-Jimbo-Kashiwara—Miwa ((2+ 1)-
dimensional DJKM) equation. Section 4 concludes.

2. A Multiple Exp-Function Method
We consider the (1 4 1)-dimensional PDE
H(u,s,®,,P,,...)=0.

We present the proposed method for this equation, which is a type of differential
polynomials. This method is also valid for nonlinear equations and higher dimensions
of equations.

o In the first step, we introduce a sequence of new variables that includes PDEs with
a solution. ©, = ©,(u, s), 1 < £ < m, by solvable PDEs, where, ©,, = 7,0,,0,, =
—71,0,,1 <l <m and ~v,1<¢<m, are the angular wave numbers and
70,1 < £ < m, are the wave frequencies. Since nonlinear differential equations are
not directly solvable, by going through the first step, we can make accurate
solutions of nonlinear equations. By solving linear equations as follows:

O, = keexp(sy), =7y —T18, 1<l<m,

where ky,1 < £ < m, are any constants, positive or negative, we can obtain ex-
ponential function solutions for these equations.
By selecting the desired x;, 1 < ¢ < m constants, there will be more choices for the
solutions obtained, see Ref. 25 for more details. The function ©,,1 </ <m is a
combination of all single waves. Each function ©, also describes a single wave and
a multiple wave solution.
According to the obtained solutions, the reason for naming the introduced method
is determined solutions obtained above offer reasons as to why the approach is
called the MEF method.
The introduction of linear differential equations and their application to other
systems is also used, in which case the solutions are varied.?® The use of linear
differential equations is used in various methods to accurately solve PDEs. For
example, in T-F-type method, the mapping method, the F-E-type methods, the
JEF method, and G'/G-E method uses this idea.'?-*" 30

o In this step, we consider solutions using the new variables ©,,1 < /¢ <m

_ \Il(ely ®2a tt @m)
() = ¥6,,6,,...,0,)’
m 1

V= Z Z \I/pq,lj@f;Gg’ (2)

pg=11£,j=0
m J

T= Z Z qujj@ﬁ@'é,

p,q=1£,j=0
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where ¥, ,; and T, ,; are constants. These constants are determined by the main
(1 4 1)-dimensional PDE ((1 4 1)-dimensional PDE). Consider the differential
equations ©,, and ©,,. Using these equations, we can express the partial deri-
vatives of @ in terms of ©,1 < ¢ < m with u and s. If ¥g , is a partial derivative of
VU in terms of ©, and Tg, is a partial derivative of T with respect to ©, then we

can have
o - T it Ve,Op — W) ik Te,0,
s T2
=YY Ve, O+ UL T 6,0
- w
and
o — T L Ve,0p, — V) i Te,0,
[ TQ
Y e Ye,00 = VL v Ye,O
- - _

On this account, all the partial derivatives, including ®, and ®,, represented by
the new variables ©,,1 < ¢ < m are rational functions. Next, we place the newly
obtained partial derivatives in the principal (1 + 1)-dimensional PDE
((1 4+ 1)-dimensional PDE). Therefore, with the new variables ©,,1 < ¢ <m, a
logical function equation is created as follows:

M(uﬂga@la@% . '7@m) =0.

This is called the transformed equation of the original equation (1+ 1)-
dimensional PDE.

e In this step, we can obtain solutions of differential equations using computer
algebraic systems. Here, we come to a system of algebraic equations of all variables
Yo Tos Wpge5s Lpgej, Which we arrive at by equating the numerator of the logical
function M(u,s,0;,0,,...,0,,) with zero. We solve the system obtained from
algebraic equations to determine the polynomials of ¥ and Y as well as the power
of the wave s,,1 < £ < m. Since both the algorithms presented in this work and
the other algorithms obtained from these algebraic systems may be complex, we
can use computer programs to obtain solutions for these systems. Here, we use
the Maple algebraic system to obtain the solutions of the desired system. Thus, the
multiple wave soliton solution @ is obtained, which is shown as follows:

\Ij(ﬁlexp(’}/lu B T18)7 cey ’fmeXP(%nU B Tms)) (3)

b(u,s) =
7 T(Klexp(ylu - 7'15), ey ijexp(,}/mu - Trns))

According to the solutions of linear equations obtained at the beginning of the
algorithm, which are of exponential function-type, we call this algorithm the MEF
method. By considering different linear equations, we can obtain different solutions
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for nonlinear equations. For example, by considering linear sine-cosine equations,
we can obtain multiple periodic wave solutions for nonlinear equations by multiple
sine-cosine method. If m = 1 is considered in the proposed MEF method, this method
becomes the so-called exp-function method provided by He and Wu. See Ref. 31 for
more information. The algorithm presented in this paper is a direct and systematic
method that is used to obtain multi-soliton wave solutions. To perform complex
calculations of this algorithm, we can use computer algebraic systems such as Maple,
Mathematica, MuPAD and Matlab. This method also offers a generalization of the
Hirotas perturbation scheme to create multi-soliton solution.!” In this work, we
define different ¥ and T polynomials in each step to obtain the multiple soliton wave
solutions of the (24 1)-dimensional Date-Jimbo—Kashiwara—Miwa equation
((2 4 1)-dimensional DJKM).

3. Application of Multiple Exponential Function Method for the
(241)-Dimensional Date-Jimbo-Kashiwara—-Miwa Equation

We consider the (24 1)-dimensional Date—Jimbo—Kashiwara—Miwa equation
((2 4+ 1)-dimensional DJKM), which is defined as follows:

o (0 (0D
@ ) 4(buuvq)u 2(I)uuuq)v 6<I)uvq)uu - (bmm —2— (|- = 07 4
BT S(a() - o
where A = 1, = 1 and { = 1. To obtain the one-soliton wave, two-soliton wave and
three-soliton wave solutions of the above equation, we use the proposed MEF

method. To obtain these solutions, we introduce different polynomials of ¥ and Y at
each steps. These steps are as follows.

3.1. One-wave solutions

We consider the function ® = ®(u, v, s) as follows:
(5)

where U and Y are one degree polynomials defined as follows:

\II(U,’U,S) :f0+f1®17 T(u,v,s) :g0+glela @1 :exp(711L+glv_T18)7 (6)
where fy, fi,99 and g; are constants to be determined. Then, due to the (5), we
obtain

_ Jo + fiexp(yi1u + 61v — 745) (7)
9o + g1exp(y1u + v — 715)

D (u,v,8)

Now substituting Eq. (7) into Eq. (4), we have

17100 + 6671 @" Y + 66177(@)? — 19" + 21 7] 2" = 0. (8)
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By the MEF method and simplifying, we have
1
3 (Gsexp(5(71u + 610 — 718)) + Guexp(4(y1u + 6v — 715)) + Gzexp(3(y1u + v
— 715)) + Goexp(2(11u + v — 715)) + Grexp(1(v1u + ¢ v — 715))) =0, (9)

where Y = (go + g1 (exp(11u + 510 — 715)))°.
Setting each coefficient of exp(m(y,u + ¢v — 715)), m = 1,2,3,4,5, we obtain a
set of algebraic equations for f, fi, go, 9:. Then,
G5 = —fogivia + figogivios — 2fogivimi + fogist + 2f190917im1 — fig09ist = 0,
Gy = 26fog0g17151 — 26195917161 + 12617191f8 — 24f0 frgngivis: +12fFgigTvia
+4fo0909171T1 — 2fog091s — 4f1989ivimi +2f19891s] =0,
Gs = —66fog097v151 + 66.f19097v1s1 — 36390917 51 + T2f0f1909717 i1
—36/Tg0g17i51 + 12fogtgivim — 6fogdeict — 12f190977im + 6 /19891
= 07
Gy = 26fog0givis1 — 26 f19001vis1 + 12f398917 61 — 24f0 frgigirier + 12f 7957 s
+4fogi9ivim — 2fog9ist — 4f991viT + 2f1959:151 = 0,
G = —fogogrvis + frgoviss — 2fog0917 i1 + fogogist + 2f1907 T — figgsi = 0.
(10)
Solving the system of the aforementioned algebraic equations with the aid of Maple,
we obtain

91(290m + fo)
fo=to h= %7 G=9» 91=91, N =7, S1=51,
0
(11)
_alyi—=si)
T = — 5.3
271
By placing these items in Eq. (7), we have
D(u,v,s)
2exp(y1u + 610 — 715)gogiv1 + exp(y1u + v — 715) fogi
__ —2exp(niu+61v — T15)gogim + 2959171 — exp(11u + 610 — 715) fogr
90(90 + grexp(y1u + v — 715))
(12)
The solution diagram, for some values, is drawn as follows.
3.2. Two-wave solutions
Consider the polynomials ¥ and T of degree two as follows:
U(01,05) =2[710; + 720 + fia(v1 +72)010,], (13)

T(01,0;) =140 + 0, + f1,0,0,,
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where O, = kpexp(yiu + v — 715),1 < ¢ < 2. Now, using the above polynomials
and according to Eq. (5), we define the ® function, which gives us two-wave
solutions, as follows:

2[1101 + 7203 + fia(71 +72)010;]
By placing Eq. (14) in Eq. (4) and using the multiple exponential method and solving
the algebraic system as in the first case, we have

O (u,v,8) = (14)

= 218 = 2y i + 9ieE — 2 + i
Y3+ 2013 i + i = 2mmeie + 56t
K1 =K1, K=Ky, 7T1=71 Y2=72 S1=¢61, S2 =S (15)
_alyi—si) _ lya—<))
T = 2 o T2 = 2 :
2v1 273

By placing these items in Eq. (14), two-wave solutions are obtained.

3.3. Three-wave solutions

Similar to the second case, for ©, = exp(v,u + ;v — 74s),1 < £ < 3, we consider the
repentance of ¥ and T as follows:

U(01,01,0) = 2[v10; + 720, + 7303 + f12(71 +72)0105 + fis(71 +73)©103
+ fa3(v2 +73)0205 + frafizfas(v1 + 72 +73)©10:034],
X T(0,05,03) =140+ 0, + O3+ [1,0,0, + 150,04
+ 239203 + f12f13 /23010203, (16)

and using the above polynomials and according to Eq. (5), we define the u function,
which gives us three-wave solutions, as follows:

2[7101 + 7202 + 71303 + fi2(71 +72)010; + fiz(11 +73)0103
+ fa3(72 +73)©203 + fiafisfos(v1 + 72 + 73)010,0;] . (17)
140, + 60+ 03+ [1:0,0; + [130,0;3 + [230,03
+/12/13/23©10,03

By placing Eq. (17) in Eq. (4) and using the multiple exponential method and solving
the algebraic system as in the first case, we have

O(u,v,s) =

1 =293 + iy + e — 2viesise + st

f12 - )
YivE+ 2933 + 3+ 933 — 2y + 7362
=0 Y973 = 29308 4+ 9375 + 7365 — 299735963 + V33
13 — Y 23 —

Vo 27375 + 575 + Y555 — 272755263 + Y355
K1 = K1, Ko =RKg, RKR3=R3 Y1=71, Y2=72, 73=73 S1 =S

4 2 4 2

_ _ _§1(’Y1—§1) _§2(72—§2)
S2 = G2, 3 =63 T = 2 9 ) 2 — 2 9
Y1 V2

)
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(a) b)

-8~

(d)

Fig. 1. (Color online) The figure of the one-wave solutions.
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V96 + 293361 — 4y 3vsss — By Iviar + 6v1v3cs + 4vivia — dvivics
— e +viriss — 3yicia + 3yiaed — vl 4 2y1vast — 43 (18)
2(71 —v3)%73

T3 =

By placing these items in Eq. (17), three-wave solutions are obtained. The following
diagrams show the solution of three waves for different values.

Remark 1. Here, by considering a CDJKM equation and using the MEF's method,
we have obtained solutions for the equation, which are of the type of one-wave
soliton, two-waves soliton and three-waves soliton. We have also presented

-4~ T T T
-60 -40 -20 0 20 40 60 -60 -40 -20 0 20 40 60

=

(a) (b)

-0.59

-1.59

=29 T T —
-60 -40 -20 0 20 40 60

v

© (d)

Fig. 2. (Color online) The figure of the two-wave solutions.
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two-dimensional and three-dimensional graphical representations of the obtained
solutions, and in the following, we state all the values used to draw these graphs.
Figure 1 illustrates the one-wave solution for the values of

(a) 90 = _1791 = _27f0 = _1a71 = _2a8 = 07<1 = _5O’u = [_272]’U: [_272]7
(b) 90 =5,91 =8, fo=5,71 =8,5; =50,v=1,7, = =3,u=[-2,2],s =[-2,2],
() g9=1,0=2,fo=1,71=2,6, =50,0v=1,7[1] = =3,u =[-2,2],s = [-2, 2],
d g=191=2,fo=1,7=2,s=0,¢, = =25,u = [-2,2],v = [-2,2].

Figure 2 illustrates the two-wave solution for the values of
(a) M = 1a72 = _27’4’1 = 17’{‘2 = 253 :%agl = _5Oa§2 = —20,’11 = laTl = _37
Ty = —2,u = [—60, 60],

(b) Y1 = 1572 = _2751 = 17’4‘2 = 2,’(1, = 1a§l = _507§2 = _2071] = 17T1 = _35
T, = =2, s = [—60, 60],

Fig. 3. (Color online) The figure of the two-wave solutions.
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(C) 71 = 17’72 = _27'%1 = 1752 = 27” = 178 = 17§1 = _507§2 = _2077—1 = _37
Ty, = —2,v = [—60, 60],
(d) Mm=Lv==-2,k=1kKk =25 :%,§1 = —50,¢y = =20,v = 1,7y = =3,
Ty = —2,u = [-2,2],v =[-2,2].
Figure 3 illustrates the two-wave solution for the values of
(a’) 71 = 1772 = _27K:1 = 1a“€2 = 275 = %7§1 = _507§2 = _207U = 17T1 = _37
Ty = —2,u = [-60, 60], v = [—60, 60],
0
8
6 -0.0005
[
ol
-0.00104
D
2
-0.0015
2 40 60
-0.0020
_'2 _'1 6 i 2
(@) (b)
84 8
64 67
o
N
L] 3
2
2
o
o
i’
2
-0 -4 -20 0 20 40 P P

“
<

© (d

Fig. 4. (Color online) The figure of the three-wave solutions.
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(b) T = 1)72 :_27’{1 = 17’(‘72 :27u:17§1 :_507<2 :—20,’0: 177—1 = _37

Ty = —2,v = [—60, 60], s = [—60, 60],

(C) "= 1772 = _27'%1 = ]-7'%2 = 27§1 = _507§2 = —-20,v= ]-77-1 = _377-2 = -2,

u = [—60,60], s = [—60, 60).

Figure 4 illustrates the three-wave solution for the values of

(a) 71 :1772 = _2773:37/{1 = 17/{2 :2”’63: _3a52%7§1 = _507§2 = _207

¢3=—-20,v=1,7 =-3,79 = =2,73 = —4,u = [—60, 60],

(b) 71 :1772:_2773: 37/4’1: 1,/‘%222,1433:—3,’&:1,91 :_505§2: _207

S3 = _2071} = 1a7-1 = _3a7-2 = _27T3 = _475 = [_272])

(C) Y1 = 1?72 = _2773 :37H1 = 1a“i2 = 27’%3 = —3,U: 1,§1 = _507§2 = _207

S3 = —20,’1) = 1,7'1 = —3,7'2 = —2,7'3 = —4,5 = [—60, 60],

(d) " = 1772 = _2a73 = 375“1 = laRZ :27“{‘3: —3,U: 1a5: 17§1 = _507

T

-3
SRR

Gy = —20, C3 = —20, T = —3, To = —2,7'3 = —4, v = [—60, 60]

Fig. 5. (Color online) The figure of the three-wave solutions.
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Then Fig. 5 is drawn for the following values:

(a) i=1,79= —2,73 =3,k = 1,ky =2,k = —=3,5 = jgl = —50,¢y = —20,
¢3=—20,7y = =3,79 = —2,73 = —4,u = [—60, 60], v = [—60, 60],

(b)) v1=1,v9=-2,73=3,k =1,k = 2,k3 = -3, u=1,¢ = —50,¢, = —20,
¢3=—20,7y = =3,79 = =2,73 = —4,s = [—60, 60], v = [—60, 60],

() yi=1v==-2,73=3k = 1,k =2,k =-3, 0= %,gl = —50,¢y = —20,
¢3=—-20,v=1,7y = =3,79 = —2,73 = —4, s = [—60, 60],v = [—60, 60],

4. Conclusion

Due to the importance of nonlinear equations in physical and scientific phenomena,
this topic has always been the focus of many researchers. Obtaining solutions for
these equations with different methods, some of which we mentioned in the intro-
duction, has been one of the important scientific issues. In this paper, considering the
better efficiency of the MEFs method and its comprehensiveness compared to other
methods, we have obtained analytical solutions for a nonlinear equation. We applied
MEF method to obtain the exact soliton wave solutions of the following CDJKM
nonlinear equation:
¢
Do + 49400 ®Py + 29,0, P, + 69,9, — AP — 2;162 (Bi (%—f)) =0, (19)
u \Ou \ O0s

where ® = ®(u, v, s) and 4 is a constant and 0 < ¢ < 1. The CDJKM equation turns
out to be (2 4 1)-dimensional DJKM equation when the fractional derivative of the
order ( = 1. First, in the introduction section, we have provided explanations re-
garding the overall work done, referring to the main equation and the proposed
method. Then we have stated the required steps of the proposed method to solve the
equation. We consider the (2 + 1)-dimensional DJKM equation to perform numerical
calculations and we have done all our calculations with computer algebra systems
such as Maple. Also, we have provided 2D and 3D graphic representations of the
obtained solutions.
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