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This paper considers the Galerkin spectral method for solving linear
second-kind Volterra integral equations with weakly singular kernels on large
intervals. By using some variable substitutions, we transform the mentioned
equation into an equivalent semi-infinite integral equation with nonsingular
kernel, so that the inner products from the Galerkin procedure could be evalu-
ated by means of Gaussian quadrature based on scaled Laguerre polynomials.
Furthermore, the error analysis is based on the Gamma function and pro-
vided in the weighted L2-norm, which shows the spectral rate of convergence is
attained. Moreover, several numerical experiments are presented to validate the
theoretical results.
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1 INTRODUCTION

The purpose of this paper is to study the second-kind weakly singular Volterra integral equations (WSVIEs) of the forms:

u(t) = 𝑓 (t) +

t

∫
0

(t − s)−𝛼k(t, s)u(s)ds, t ∈ I, (1)

where I = [0,T], 𝛼 ∈ (0, 1), 𝑓 (t) and k(t, s) are given continuous functions, and u(t) is an unknown function that needs to
be determined. The WSVIEs (1) have essential applications in various fields of science and engineering, such as seismol-
ogy, heat conduction, chemical reactions, electrochemistry, crystal growth, physics, and astrophysics [1–9]. Besides, it is
well-known that such equations can also arise as solutions to a large class of initial and boundary value problems [10].

Many authors have discussed the existence, uniqueness, and regularity of solutions for a class of WSVIEs, including
important special cases, in different functional spaces [10–14]. Recently, Li and Beaudin [15] studied the uniqueness of
solutions of the second-kind Abel integral equation with variable coefficients in L(I) and Abel's system in L(I) × L(I),
respectively. Further, Li and Srivastava investigated the uniqueness of solutions to the generalized Abel integral equations
in Banach spaces [16].
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Owing to the weakly singular nature of its kernel, Equation (1) has an infinite set of singular points when s is near
t, an analytical solution cannot be obtained except for special cases [17–19], so numerical methods are highly desired.
Despite these difficulties, various methods have been developed and successfully applied, such as Jacobi spectral collo-
cation method [20], piecewise polynomial collocation method [21], collocation method based on the globally continuous
piecewise polynomials [22], multi-domain spectral collocation method based on nonpolynomials approximations [23],
Block-pulse functions approach [24], hp-version of the discontinuous Galerkin time-stepping method [25], and discontin-
uous Galerkin approximations [26]. For further methods concerning nonlinear WSVIEs, interested readers are referred,
for instance, to [27–30] and the references therein.

Although each of these methods has its own advantages, most of them are not suitable for large intervals, which can limit
their usefulness and applications in many areas. For example, in astrophysics and heat transfer, the interval of interest
may span a large distance or time period. In these cases, solving the WSVIEs on a smaller interval may lead to inaccurate
results, as important features of the solution may be missed and lead to loss of accuracy in the solution. So, the main
aim of this paper is to provide an efficient spectral Galerkin approach to solving Equation (1) on large intervals, using
scaled Laguerre polynomials (SLPs). In order to achieve our goal and remove the singularity near the diagonal, we first
use an appropriate exponential mapping, which transforms the singular integral operator of Equation (1) to an equivalent
nonsingular kernel operator, but defined on the half line, and then use the scaled Gauss–Laguerre quadrature rule to
approximate the latter. Moreover, we establish the convergence analysis for the approximate and iterated approximate
solutions of Equation (1) in scaled Laguerre–Galerkin method with order ((𝛽N)−

m
2 ), where m is the smoothness degree

of the solution, N is the highest degree of the SLPs used in the approximation, and 𝛽 is a positive scaling factor which can
be used to fine-tune the spacing of collocation points.

The rest of paper is organized as follows. Section 2 introduces the theoretical frameworks of our study. Sections 2.1
and 2.2 mainly describe SLPs approximations and Galerkin method in order to consider the approximate solution of
Equation (1). In addition, the convergence results are presented in Section 2.3. Finally, we present numerical experi-
ment results to demonstrate feasibility of the suggested technique in Section 3 and further summarize the entire paper in
Section 4.

2 THEORETICAL FRAMEWORK

Let L2
w𝛽
(R+) be a weighted Hilbert space, for an arbitrary positive real number 𝛽 > 0 and w𝛽(t) = e−𝛽t > 0, defined as

L2
w𝛽
(R+) =

{
u |u is measurable on R+ and ||u||w𝛽

< ∞
}
, (2)

with the following inner product and norm:

(u, v)w𝛽
=

∞

∫
0

u(t)v(t)w𝛽(t)dt, ||u||w𝛽
= (u,u)

1
2
w𝛽
. (3)

Consider the following integral operator equation:

u(t) −u(t) = 𝑓 (t), t ∈ [0,T], (4)

where

u(t) =

t

∫
0

(t − s)−𝛼k(t, s)u(s)ds.

In order to avoid the singularity, we consider a transformation s(., .) ∶ [0,T] × R+ → [0, t] by

s = 𝜃t(x) = t(1 − e−x).
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REMILI ET AL.

Then, the integral part in Equation (1) becomes

t

∫
0

(t − s)−𝛼k(t, s)u(s)ds =

∞

∫
0

k(t, 𝜃t(x))t1−𝛼e−(1−𝛼)xu(𝜃t(x))dx. (5)

Proposition 1. Assume that

max
0≤t≤T

t

∫
0

(t − s)−𝛼|k(t, s)|2ds = M < ∞. (6)

Then, we have ||u||w𝛽
≤ M𝛽𝛼−1Γ(1 − 𝛼)||u||w𝛽

, (7)

where Γ(.) is the Gamma function defined by

Γ(𝜈) =

∞

∫
0

t𝜈−1e−tdt.

Proof. By applying the Cauchy–Schwarz inequality, we get

|u(t)|2e−𝛽t ≤
⎛⎜⎜⎝

t

∫
0

(t − s)−𝛼|k(t, s)|2ds
⎞⎟⎟⎠
⎛⎜⎜⎝

t

∫
0

(t − s)−𝛼e−𝛽(t−s)|u(s)|2e−𝛽sds
⎞⎟⎟⎠

≤ M
⎛⎜⎜⎝
∞

∫
−∞

(t − s)−𝛼e−𝛽(t−s)|u(s)|2𝜒[0,t](s)e−𝛽sds
⎞⎟⎟⎠ .

Let us define
g(t) = t−𝛼e−𝛽tH(t), (8)

where H is the Heaviside function, and let

ũ(s) = |u(s)|2𝜒[0,t](s)e−𝛽s, (9)

so that we can write

(g ⋆ ũ)(t) ∶=

∞

∫
−∞

g(t − s)ũ(s)ds.

Obviously, we have ||ũ||1 = ||ũ||1,(−∞,∞). Moreover, it's not hard to prove that

||g||1 = 𝛽𝛼−1Γ(1 − 𝛼).

Indeed,
∞

∫
0

t−𝛼e−𝛽tdt = 𝛽𝛼−1

∞

∫
0

t−𝛼e−tdt = 𝛽𝛼−1Γ(1 − 𝛼).

Hence, by using Young's theorem 4.15 [31, p. 104], we obtain

||g ⋆ ũ||1 ≤ ||g||1||ũ||1 = 𝛽𝛼−1Γ(1 − 𝛼)||ũ||1. (10)

This implies

||u||w𝛽
≤ M||g ⋆ ũ||1 ≤ M𝛽𝛼−1Γ(1 − 𝛼)||u||w𝛽

. (11)

This completes the proof of Proposition 1. □
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Next, consider the SLPs of degree n defined by (see, e.g., [32])

𝛽
n(t) =

1
n!

e𝛽t𝜕n
t (t

ne−𝛽t), n ∈ N, t ∈ R+, (12)

with the following properties:

𝛽

0(t) = 1, 𝛽

1(t) = (1 − 𝛽t); (n + 1)𝛽

n+1(t) = (2n + 1 − 𝛽t)𝛽
n(t) − n𝛽

n−1(t), n ≥ 1, (13)

the leading coefficient of 𝛽
n(t) is (−𝛽n)∕n! and 𝛽

n(0) = 1. In the special case 𝛽 = 1, we obtain the classical Laguerre
polynomials Ln(t). Moreover, we have

𝛽
n(t) = Ln(𝛽t), n ∈ N.

Applying the weight function w𝛽(t) = e−𝛽t, we have the orthogonality relationship:

∞

∫
0

𝛽
n(t)𝛽

m(t)e−𝛽tdx = 1
𝛽
𝛿n,m, (14)

where 𝛿n,m is the Kronecker function. In addition, the set of SLPs forms a complete L2
w𝛽
(R+)-orthogonal basis. For any

function u ∈ L2
w𝛽
(R+), it can be expanded in series of SLPs:

u(t) =
∞∑

n=0
u𝛽

n𝛽
n(t), u𝛽

n = 𝛽

∞

∫
0

u(t)𝛽
n(t)w𝛽(t)dt. (15)

2.1 SLP approximations
Now, we define the weighted orthogonal projection operator P𝛽

N ∶ L2
w𝛽
(R+) → PN as

(P𝛽

N u − u, 𝜙)w𝛽
= 0, ∀𝜙 ∈ PN , (16)

where

P𝛽

N u(t) =
N∑

n=0
u𝛽

n,N𝛽
n(t), (17)

and PN denotes the set of all SLPs on R+ with a degree ≤ N.
Let 𝜉𝛽,NG,𝑗

and 𝜉
𝛽,N
R,𝑗 , 0 ≤ 𝑗 ≤ N be the zeros of 𝛽

N+1(t) and t𝜕t𝛽

N+1(t), respectively. They are arranged in ascending order.
Denote 𝜔

𝛽,N
Z,𝑗 , 0 ≤ 𝑗 ≤ N, Z = G,R, the corresponding Christoffel numbers, such that

∞

∫
0

𝜙(t)w𝛽(t)dt =
N∑
𝑗=0

𝜙

(
𝜉
𝛽,N
Z,𝑗

)
𝜔
𝛽,N
Z,𝑗 ∀𝜙 ∈ P2N+𝜆Z , (18)

where 𝜆Z = 1 and 0 for Z = G and Z = R, respectively. In fact, according to [32], the scaled Laguerre–Gauss and
Laguerre–Gauss–Radau weights are given, respectively, by

𝜔
𝛽,N
G,𝑗

= 1

𝜉
𝛽,N
G,𝑗

[
𝜕t𝛽

N+1

(
𝜉
𝛽,N
G,𝑗

)]2 , 0 ≤ 𝑗 ≤ N, (19)
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and

𝜔
𝛽,N
R,𝑗 =

⎧⎪⎨⎪⎩
1

𝛽(N+1)
, 𝑗 = 0,

1
(N+1)𝛽

N+1

(
𝜉
𝛽,N
R,𝑗

)
𝜕t𝛽

N

(
𝜉
𝛽,N
R,𝑗

) , 1 ≤ 𝑗 ≤ N. (20)

We further introduce the discrete inner product and discrete norm:

(u, v)w𝛽 ,Z,N =
N∑
𝑗=0

u
(
𝜉
𝛽,N
Z,𝑗

)
v
(
𝜉
𝛽

Z,𝑗

)
𝜔
𝛽,N
Z,𝑗 , ||u||w𝛽 ,Z,N = (u,u)1∕2

w𝛽 ,Z,N
. (21)

From (18) and (21), we infer that

(u, v)w𝛽
= (u, v)w𝛽 ,Z,N and ||u||w𝛽

= ||u||w𝛽 ,Z,N ,∀uv ∈ P2N+𝜆Z . (22)

In order to describe the approximation results, we introduce the weighted space Hm
𝛽
(R+). For any integer m ≥ 0, we

define the weighted Sobolev space

Hm
𝛽
(R+) =

{
u | t

k
2 𝜕k

t u ∈ L2
w𝛽
(R+), 0 ≤ k ≤ m

}
, (23)

equipped with the following semi-norm and norm:

|u|Hm
𝛽
(R+) =

‖‖‖t
m
2 𝜕m

t u‖‖‖w𝛽

, ||u||Hm
𝛽
(R+) =

( m∑
k=0

|u|2
Hk

𝛽
(R+)

)1∕2

.

The following lemma gives an error estimation between the approximate and exact solutions (see Theorem 2.1 in [33])

Lemma 1. For any u ∈ Hm
𝛽
(R+) and integer m ≥ 1,

‖‖‖P𝛽

N u − u‖‖‖w𝛽

≤ c(𝛽N)−
m
2 |u|Hm

𝛽
(R+), (24)

where c is a positive constant independent of N and u.

2.2 Scaled Laguerre–Galerkin method
In this subsection, the Galerkin method by means of the SLPs is applied for solving Equation (1), where the solution u is
assumed to belong to L2

w𝛽
(R+). Then, the projection u can be expanded by a finite series of SLPs as follows:

P𝛽

N u(t) =
N∑

n=0
u𝛽

n,N𝛽
n(t). (25)

Substituting (25) and (5) into the integral equation (1), we obtain the residual function:

R𝛽

N(t) =
N∑

n=0
u𝛽

n,N

⎛⎜⎜⎝𝛽
n(t) −

∞

∫
0

k(t, 𝜃t(x))t1−𝛼e−(1−𝛼)x𝛽
n(𝜃t(x))dx

⎞⎟⎟⎠ − 𝑓 (t), (26)

satisfying
(

R𝛽

N ,𝛽
m

)
w𝛽

= 0, for 0 ≤ m ≤ N. Let

h𝛽
n(t) =

∞

∫
0

k(t, 𝜃t(x))t1−𝛼e−(1−𝛼)x𝛽
n(𝜃t(x))dx =

(
t1−𝛼k(t, 𝜃t(.)

)
,𝛽

n(𝜃t(.))w(1−𝛼) , (27)
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then Equation (26) can be written as

R𝛽

N(t) =
N∑

n=0
u𝛽

n,N

(𝛽
n(t) − h𝛽

n(t)
)
− 𝑓 (t). (28)

Multiplying (28) by 𝛽
m(t)w𝛽(t) to both sides and then integrating from zero to infinity, we get

N∑
n=0

u𝛽

n,N

{(𝛽
n,𝛽

m

)
w𝛽

−
(

h𝛽
n,𝛽

m

)
w𝛽

}
=
(
𝑓,𝛽

m

)
w𝛽

, (29)

by noting the fact that (
R𝛽

N ,𝛽
m

)
w𝛽

= 0, m = 0, 1, … , .

Using the orthogonality condition of the SLPs, Equation (29) turns out to be

u𝛽

m,N

𝛽
−

N∑
n=0

u𝛽

n,N

(
h𝛽

n,𝛽
m

)
w𝛽

=
(
𝑓,𝛽

m

)
w𝛽

, 0 ≤ m ≤ N. (30)

To solve (30) in practice, we must numerically evaluate these occurred inner products. Thus, use the numerical inte-

gration scheme (21) and (22) based on the set of scaled Laguerre–Gauss nodes and weights
{
𝜉
𝛽,N
Z,𝑗 , 𝜔

𝛽,N
Z,𝑗

}N

𝑗=0
as follows:

(
h𝛽

n,𝛽
m

)
w𝛽

≈
N∑
𝑗=0

h𝛽
n

(
𝜉
𝛽,N
Z,𝑗

)𝛽
m

(
𝜉
𝛽,N
Z,𝑗

)
𝜔
𝛽,N
Z,𝑗 , (31)

(
𝑓,𝛽

m

)
w𝛽

≈
N∑
𝑗=0

𝑓

(
𝜉
𝛽,N
Z,𝑗

)𝛽
m

(
𝜉
𝛽,N
Z,𝑗

)
𝜔
𝛽,N
Z,𝑗 , (32)

where, according to (27), we have

h𝛽
n

(
𝜉
𝛽,N
Z,𝑗

)
≈
(
𝜉
𝛽,N
Z,𝑗

)1−𝛼 N∑
k=0

k
(
𝜉
𝛽,N
Z,𝑗 , 𝜃𝜉𝛽,NZ,𝑗

(
𝜉

1−𝛼,N
Z,k

))𝛽
n

(
𝜃
𝜉
𝛽,N
Z,𝑗

(
𝜉

1−𝛼,N
Z,k

))
𝜔

1−𝛼,N
Z,k .

Let us denote

u =
[

u𝛽

0,N , … ,u𝛽

N,N

]T
, f =

[
𝑓

(
𝜉
𝛽,N
Z,𝑗

)
, … , 𝑓

(
𝜉
𝛽,N
Z,𝑗

)]T
, w = diag

((
𝜔

1−𝛼,N
Z,k

)N

k=0

)
,

D =
{(𝛽

0

(
𝜉
𝛽,N
Z,𝑗

)
, … ,𝛽

N

(
𝜉
𝛽,N
Z,𝑗

))}N

𝑗,n=0
, M =

((
𝜉
𝛽,N
Z,𝑗

)1−𝛼
k
(
𝜉
𝛽,N
Z,𝑗 , 𝜃𝜉𝛽,NZ,𝑗

(
𝜉

1−𝛼,N
Z,k

)))N

𝑗,k=0
,

and

W = diag
((

𝜔
𝛽,N
Z,𝑗

)N

𝑗=0

)
, d =

{(𝛽

0

(
𝜃
𝜉
𝛽,N
Z,𝑗

(
𝜉

1−𝛼,N
Z,k

))
, … ,𝛽

N(𝜃𝜉𝛽,NZ,𝑗

(
𝜉

1−𝛼,N
Z,k

))}N

𝑗,k=0
.

Then, (30) leads to the matrix system
(I∕𝛽 − DWMwd′)u = DWf. (33)

2.3 Convergence analysis
We are ready to present the convergence analysis of the following Galerkin solution:

u𝛽

N = P𝛽

Nu𝛽

N + P𝛽

N𝑓. (34)
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To begin, we define the iterated solution as
ũ𝛽

N = u𝛽

N + 𝑓. (35)

Applying P𝛽

N to both sides of Equation (35), we obtain

P𝛽

N ũN = P𝛽

NuN + P𝛽

N𝑓. (36)

It follows that P𝛽

N ũ𝛽

N = u𝛽

N from Equations (34) and (36). So, the iterated solution ũ𝛽

N satisfies the following equation:

ũ𝛽

N = P𝛽

N ũ𝛽

N + 𝑓. (37)

We quote the following lemma from [34, Theorem 2.3.5].

Lemma 2. Let  be a Banach space. Assume L ∶  →  is bounded and (I − L) ∶  →  is one to one and onto.
Further assume ||L− Ln|| → 0 as n → ∞. Then, for all sufficiently large n, the operator (I − Ln)−1 exists and is uniformly
bounded on  .

Next, we prove the following lemma, which is useful in our convergence analysis.

Lemma 3. Consider 0 < 𝛼 < 1 fixed, and assume that I− ∶ L2
w𝛽
(R+) → L2

w𝛽
(R+) is one to one and onto; then, we have

|| −P𝛽

N ||w𝛽
→ 0, as N → ∞. (38)

Furthermore, for all sufficiently large N, the operator
(

I −P𝛽

N

)−1
exists as a bounded operator from L2

w𝛽
(R+) to

L2
w𝛽
(R+) and ‖‖‖‖(I −P𝛽

N

)−1‖‖‖‖w𝛽

< +∞. (39)

Proof. According to Proposition 1, for all u ∈ L2
w𝛽
(R+), we have

‖‖‖u −P𝛽

N u‖‖‖w𝛽

=
‖‖‖‖(

u − P𝛽

N u
)‖‖‖‖w𝛽

≤ M𝛽𝛼−1Γ(1 − 𝛼)‖‖‖P𝛽

N u − u‖‖‖w𝛽

. (40)

From Lemma 1, we come to

‖‖‖u −P𝛽

N u‖‖‖w𝛽

≤ cM𝛽𝛼−1Γ(1 − 𝛼)(𝛽N)−
m
2 |u|Hm

𝛽
(R+). (41)

Since Γ(1 − 𝛼) < ∞ for every fixed 𝛼 ∈ (0, 1), then ‖‖‖ −P𝛽

N
‖‖‖w𝛽

→ 0, as N → ∞. By Lemma 2, the inequality (39)

holds. This completes the proof of Lemma 3. □

In the following, we would like to present the estimation analysis of u𝛽

N and ũ𝛽

N to the exact solution u by the above
lemmas.

Theorem 1. Let u be the exact solution of the integral equation (I − )u = 𝑓 , the approximate solution u𝛽

N be
obtained by using the spectral Galerkin method for solving

(
I − P𝛽

N
)

u𝛽

N = P𝛽

N𝑓 , and the iterated solution ũ𝛽

N satisfy(
I −P𝛽

N

)
ũ𝛽

N = 𝑓 . Then, ‖‖‖u − ũ𝛽

N
‖‖‖w𝛽

≤ C̃𝛼,𝛽(𝛽N)−
m
2 |u|Hm

𝛽
(R+), (42)

and ‖‖‖u − u𝛽

N
‖‖‖w𝛽

≤ C𝛼,𝛽(𝛽N)−
m
2 |u|Hm

𝛽
(R+), (43)

where C̃𝛼,𝛽 and C𝛼,𝛽 are positive constants depending on 𝛼 and 𝛽.
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REMILI ET AL.

Proof. From the integral equation

u = u + 𝑓, (44)

we get

u − ũ𝛽

N = u −P𝛽

N ũ𝛽

N = u −P𝛽

N u +P𝛽

N u −P𝛽

N ũ𝛽

N , (45)

and

u − ũ𝛽

N =
(

I −P𝛽

N

)−1(I − P𝛽

N)u. (46)

Hence, ‖‖‖u − ũ𝛽

N
‖‖‖w𝛽

≤ ‖‖‖‖(I −P𝛽

N

)−1‖‖‖‖w𝛽

‖‖‖‖(
I − P𝛽

N

)
u
‖‖‖‖w𝛽

. (47)

It follows from Proposition 1 and Lemma 1 that

‖‖‖u − ũ𝛽

N
‖‖‖w𝛽

≤ ‖‖‖‖(I −P𝛽

N

)−1‖‖‖‖w𝛽

M𝛽𝛼−1Γ(1 − 𝛼)‖‖‖u − P𝛽

N u‖‖‖w𝛽

, (48)

≤ ‖‖‖‖(I −P𝛽

N

)−1‖‖‖‖w𝛽

M𝛽𝛼−1Γ(1 − 𝛼)c(𝛽N)−
m
2 |u|Hm

𝛽
(R+). (49)

Now, we estimate an error between the approximate and exact solutions where u𝛽

N = P𝛽

N ũ𝛽

N

u − u𝛽

N = u − P𝛽

N ũ𝛽

N

= u − P𝛽

N u + P𝛽

N u − P𝛽

N ũ𝛽

N .
(50)

This implies ||u − u𝛽

N ||w𝛽
≤ ||u − P𝛽

N u||w𝛽
+ ||P𝛽

N ||w𝛽

‖‖‖u − ũ𝛽

N
‖‖‖w𝛽

. (51)

From (48), (51), and Lemma 1, we get

||u − u𝛽

N ||w𝛽
≤ (

1 + ||P𝛽

N ||w𝛽
||(I −P𝛽

N)
−1||w𝛽

M𝛽𝛼−1Γ(1 − 𝛼)
) ||u − P𝛽

N u||w𝛽

≤ (
1 + ||(I −P𝛽

N)
−1||w𝛽

M𝛽𝛼−1Γ(1 − 𝛼)
)

c(𝛽N)−
m
2 |u|Hm

𝛽
(R+).

(52)

This completes the proof of Theorem 1. □

TABLE 1 The L2
w𝛽

-errors for Example 1 with 𝛼 = 0.5 and n = 1. N 4 8 16 32||u − u𝛽

N ||w𝛽
3.47e−02 1.71e−04 4.22e−09 1.75e−13||u − ũ𝛽

N ||w𝛽
3.47e−02 1.71e−04 4.22e−09 1.75e−13

TABLE 2 The maximum
absolute errors and CPU time
for Example 1 with 𝛼 = 0.5 and
n = 1.

T = 1 T = 10 T = 20

N ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ CPU (s)
4 1.43e−02 1.22e−02 7.59e−02 5.92e−02 1.44e−01 3.10e−01 0.255482
8 8.03e−05 8.76e−05 3.19e−04 4.13e−04 1.73e−03 3.60e−03 0.268771
16 1.65e−09 1.81e−09 8.37e−09 1.33e−08 3.89e−08 7.57e−08 0.309112
32 4.88e−14 3.82e−14 1.85e−13 4.05e−13 3.88e−12 5.76e−12 0.439622

TABLE 3 The L2
w𝛽

-errors for Example 1 with 𝛼 = 0.5 and n = 2. N 8 16 32 64||u − u𝛽

N ||w𝛽
1.05e−01 2.16e−04 7.43e−10 3.39e−12||u − ũ𝛽

N ||w𝛽
1.05e−01 2.16e−04 7.43e−10 4.31e−12
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REMILI ET AL.

T = 1 T = 10 T = 20

N ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ CPU (s)
8 9.86e−03 1.03e−02 3.57e−01 3.59e−01 1.39e+00 1.49e+00 0.319806
16 1.41e−05 1.83e−05 7.44e−04 7.83e−05 2.48e−03 2.76e−03 0.378017
32 8.33e−11 6.41e−11 2.11e−09 2.57e−09 1.54e−08 1.87e−08 0.486933
64 7.06e−13 5.57e−13 6.39e−12 8.41e−12 3.11e−11 6.86e−11 0.978953

TABLE 4 The maximum
absolute errors and CPU time
for Example 1 with 𝛼 = 0.5 and
n = 2.

5 10 15 20 25 30 35
−12

−10

−8

−6

−4

−2

0

2

N

lo
g 10

(L
2 w
�−

er
ro

rs
)

�=0.3
�=0.5
�=0.7
�=0.9

FIGURE 1 Convergence rates of the SLGR method with 𝛽 = 0.2: Example 1 for n = 2 and various 𝛼.

3 NUMERICAL EXPERIMENTS

We are going to present several examples for solving WSVIEs. The approximate and iterated approximate solutions
obtained by the proposed Galerkin method will be compared with the exact solution. The computations are executed with
Matlab software on a Core i5-2520M CPU running at 2.5 GHZ and 4 GB RAM. In addition, the CPU times are recorded
in seconds.

Example 1. Consider the following linear WSVIEs:

u(t) = tn + tn+1−𝛼B(n + 1, 1 − 𝛼) −

t

∫
0

(t − s)−𝛼u(s)ds, t ∈ [0,T], (53)

where B(𝜈, 𝜆) is the Beta function defined by

B(𝜈, 𝜆) =

1

∫
0

x𝜈−1(1 − x)𝜆−1dx for 𝜈, 𝜆 > 0.

The exact solution of this problem is u(t) = tn, which is an increasing function on R+. In Tables 1–4, we display the
numerical errors versus N for n ∈ {1, 2}, 𝛼 = 0.5, and different values of T, obtained by using the SLGR scheme
described above with 𝛽 = 0.5. From these numerical results, it can be clearly seen that the error history is decayed
according to N and agrees well with the theoretical results, indicating as predicted in Theorem 1 that the numerical
solutions will converge faster than any algebraic power. The CPU time remains very low amount in spite of the incre-
ment of N. In addition, Figure 1 illustrates that the performance of the method degrades as 𝛼 is close to 1, since the
upper bounds include the Gamma function Γ(1 − 𝛼) and Γ(1 − 𝛼) → ∞ as 𝛼 is near 1. Figure 2 shows the absolute
stability of the proposed method over a large enough interval.
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REMILI ET AL.

FIGURE 2 Absolute stability of the SLGR method: Example 1 for n = 2, 𝛼 = 0.5, and T = 1000. [Colour figure can be viewed at
wileyonlinelibrary.com]

TABLE 5 Comparison of the absolute errors for
Example 2.

|u(x) − u𝜷

N (x)| |u(x) − ũ𝜷

N (x)| Method in [24]
x N = 32 N = 64 N = 32 N = 64 N = 32 N = 64
0 1.48e−11 1.57e−12 00 00 8.77e−04 7.00e−06
0.2 9.49e−11 4.75e−14 9.96e−11 3.00e−14 5.65e−04 2.07e−06
0.4 3.22e−09 1.96e−12 3.22e−09 1.88e−12 1.70e−06 2.50e−07
0.6 2.44e−08 3.31e−11 2.45e−08 3.30e−11 4.24e−05 7.42e−06
0.8 9.95e−08 2.42e−10 9.95e−08 2.42e−10 5.00e−06 3.99e−05
1 2.86e−07 1.11e−09 2.85e−07 1.11e−09 1.32e−05 3.78e−06

Example 2. Consider

u(t) = (t + 1)−
1
2 + 𝜋

8
− 1

4
arcsin

(1 − t
1 + t

)
− 1

4

t

∫
0

(t − s)−
1
2 u(s)ds, t ∈ [0,T], (54)

whose exact solution is u(t) = (t + 1)−
1
2 , which is a very slow decaying function at large distance. For the sake of

comparison, Table 5 shows that the absolute errors obtained at some equally-spaced points of the unit interval by
using the SLG scheme with 𝛽 = 6 are much more better than those previously obtained by using block-pulse function
approach [24].

To illustrate the important role of 𝛽-parameter, we compare in Figure 3 the exact solution with the numerical ones
obtained using the SLG scheme with different values of 𝛽. It can be seen that for N = 8, both approximate and iterated
approximate solutions obtained with 𝛽 = 1.6 exhibit an observable error in a neighborhood of the right extremity of
the interval, while the numerical solutions obtained with 𝛽 = 0.6 are almost identical to the exact solution.

Example 3. Consider

u(t) = 𝑓 (t) +

t

∫
0

(t − s)−
1
4 (t + s)e−tu(s)ds, t ∈ [0,T], (55)
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REMILI ET AL.

FIGURE 3 Plots of the approximate (square), iterated (cross), and the exact (solid line) solutions of Example 2.

where 𝑓 (t) is chosen so that the exact solution is u(t) = (t2 − c1t)(t − c2), with c1 and c2 being real constants. Tables 6
and 7 show the numerical errors versus N for c1 = T∕3, c2 = T∕2 with different values of T, obtained by the SLGR
scheme with 𝛽 = 0.5.

In Figure 4 (left), we plot log10 of the maximum error of the approximate solution, while on the right, we plot the
corresponding log10 of the weighted error for c1 = 0.5, c2 = 0.9, and T = 1. The two errors exhibit a similar decay with
respect to N. In particular, for larger N (N ≥ 32), better numerical results can be obtained by choosing suitable 𝛽 > 1.

Furthermore, we plot in Figure 5 the absolute errors of the numerical solutions for c1 = 250, c2 = 400, and
T = 500, obtained with N = 64 and different values of 𝛽. As we can see from this figure, the approximate solution (left
panels) is very sensitive to 𝛽-parameter, while conversely for the iterated solution (right panels), the corresponding
scheme is more robust and retains a high order of convergence on the whole interval. In order to upgrade the con-
vergence of the approximate solution and avoid this sensitivity, which is actually due to the distribution of the scaled
Laguerre–Gauss–Radau nodes that are clustered near the endpoint t = 0, it is necessary to adjust the grid points over
the large interval (see Figure 6). This means that for fixed N, even if it is small, the scaling strategy can gain better
accuracy simply by decreasing 𝛽. For example, with N = 4 and 𝛽 = 0.01, the matrix corresponding to the Galerkin
system (33) is diagonal, its condition number is close to one, and the SLGR coefficient matrix is gained as

u = [−1,925, 000 − 1,975, 00010,000, 000 − 6,000, 0001∕93,206, 756]T.

Figure 7 shows that the SLGR method gives us results with higher degree of accuracy.
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REMILI ET AL.

TABLE 6 The L2
w𝛽

-errors for
Example 3 with 𝛽 = 0.5.

c1 = 1∕3, c2 = 1∕2 c1 = 10∕3, c2 = 5 c1 = 20∕3, c2 = 10

N ||u − u𝜷

N ||w𝜷
||u − ũ𝜷

N ||w𝜷
||u − u𝜷

N ||w𝜷
||u − ũ𝜷

N ||w𝜷
||u − u𝜷

N ||w𝜷
||u − ũ𝜷

N ||w𝜷

8 1.41e−02 1.41e−02 8.21e−03 8.21e−03 3.01e−02 3.01e−02
16 3.97e−04 3.97e−04 4.59e−04 4.59e−04 5.29e−04 5.29e−04
32 3.03e−08 3.03e−08 3.05e−08 3.05e−08 3.08e−08 3.08e−08
64 1.85e−12 6.26e−14 1.20e−12 7.16e−14 2.04e−12 2.84e−13

TABLE 7 The maximum absolute errors and CPU time for Example 3 with 𝛽 = 0.5.

T = 1 T = 10 T = 20

N ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ CPU (s)
8 1.53e−03 6.34e−04 1.23e−02 1.01e−02 1.75e−01 3.83e−02 0.299341
16 7.15e−06 1.43e−05 7.05e−04 6.91e−04 8.01e−04 7.82e−04 0.334617
32 1.22e−09 1.31e−09 4.81e−08 4.71e−08 4.74e−08 4.74e−08 0.458201
64 1.58e−13 1.38e−13 6.82e−12 1.19e−13 2.09e−11 3.77e−13 0.942056
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FIGURE 4 Convergence rates of SLGR method with various 𝛽: Example 3 with c1 = 0.5, c2 = 0.9, and T = 1.

TABLE 8 The L2
w𝛽

-errors for Example 4 with 𝛽 = 0.9. N 8 16 32 64||u − u𝛽

N ||w𝛽
1.09e−02 1.02e−03 5.18e−06 7.01e−11||u − ũ𝛽

N ||w𝛽
1.09e−02 1.02e−03 5.18e−06 7.01e−11

Example 4. Consider the following WSVIEs with convolution kernel:

u(t) = 𝑓 (t) + 𝜆

t

∫
0

(t − s)−
1
2 e−2(t−s)u(s)ds, t ∈ [0,T], (56)

where 𝑓 (t) is chosen so that the exact solution is u(t) = te−2t, which is a fast decaying function. Tables 8 and 9 show the
numerical errors versus N for 𝜆 = 1∕2, obtained by using SLG scheme with 𝛽 = 0.9. In Figure 8 (left), we plot log10 of
the maximum error of the approximate solution, while on the right, we plot the corresponding log10 of the weighted
error for T = 8𝜋. It can be seen that if the solution decays exponentially, better numerical results can be obtained by
choosing suitable 𝛽 > 1, while conversely for the solution decaying very slowly (cf. Figure 3), where u(t) = O(t−0.5).

Example 5. Consider

u(t) = Γ(2∕3)t − 1
40

t
8
3 + 1

27Γ(2∕3)

t

∫
0

s(t − s)−
1
3 u(s)ds, t ∈ [0, 1], (57)
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FIGURE 5 Plots of the absolute errors for approximate (left) and iterated (right) solutions of Example 3.
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FIGURE 6 Effect of scaling factor 𝛽 on the distribution of scaled Laguerre–Gauss–Radau nodes
{
𝜉
𝛽,N
R,𝑗

}N

𝑗=0
with respect to N. [Colour

figure can be viewed at wileyonlinelibrary.com]
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REMILI ET AL.

FIGURE 7 Additional numerical results of SLGR method: Example 3. [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 9 The maximum
absolute errors and the CPU
time for Example 4 with 𝛽 = 0.9.

T = 1 T = 4𝝅 T = 8𝝅

N ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ ||u − u𝜷

N ||∞ ||u − ũ𝜷

N ||∞ CPU (s)
8 1.11e−01 1.93e−02 1.34e−01 7.79e−02 1.65e+01 9.74e+00 0.316834
16 1.14e−02 1.49e−03 2.51e−02 1.46e−02 1.90e+01 1.01e+00 0.345824
32 6.08e−05 5.70e−06 3.12e−04 1.40e−04 2.46e−02 1.17e−02 0.499355
64 8.49e−10 6.22e−11 6.22e−09 2.35e−09 7.98e−07 3.26e−07 0.999244
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(A) log10 of maximum errors of the approximate solution with = 8 (B) log10 of 2 −errors of the approximate solution

FIGURE 8 Convergence rates of SLG method with various 𝛽: Example 4.

whose exact solution is u(t) = Γ(2∕3)t. Table 10 shows that the numerical results obtained by using SLG scheme with
𝛽 = 2.5 are much more better than those recently obtained by using the iterative method based on Picard iteration
with a suitable quadrature formula in [35], as well as the Bernstein approximation method in [36].
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Proposed method Method in [36] Method in [35]

N ||u − u𝜷

N ||∞ CPU (s) ||u − ũ𝜷

N ||∞ CPU (s) ||eN ||∞ CPU (s) ||eN ||∞

12 1.96e−07 0.005201 1.96e−07 0.032897 1.71e−08 0.178833 2.49e−05
18 5.16e−10 0.009871 5.16e−10 0.059632 9.35e−08 0.237854 1.30e−05
24 1.19e−12 0.012802 1.19e−12 0.066287 1.23e−07 0.316412 6.04e−06

TABLE 10 Comparison of the
maximum absolute errors for
Example 5.

4 CONCLUSION

In this paper, we developed and analyzed an efficient Galerkin spectral method using SLPs basis for WSVIEs on large
intervals. The building block of the spectral algorithm is some appropriate variable transformations and the SLPs basis,
where the inner products are evaluated by an appropriate quadrature rule. Using Young's inequality for convolution and
some existing lemmas, we proved the spectral convergence of the approximate and iterated approximate solutions in
the weighted L2-norm. Numerical results show that the proposed method has better convergence rate and outperforms
existing methods in terms of accuracy and efficiency. This is due to the great flexibility offered by the scaling parameter
to fine-tune the spacing of collocation points. In addition, solving the WSVIEs on large intervals is important because it
allows us to obtain more accurate and realistic solutions to a wide range of physical, biological, and engineering problems.
This certainly provides a better understanding of the behavior of the underlying system. Clearly, it would be interesting
and challenging to study nonlinear cases or other types of integral equations, such as those having variable coefficients
in front of the integral operator.
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