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1 | INTRODUCTION

The Riemann-Liouville fractional integral I* of order « € R* is defined for the function ¢(x) as

IO = % /) (x— 1) ¢ (r)dr, x € [0,1].

In particular,
¢ =¢,
from [1].
The Liouville-Caputo fractional derivative «D” of order f € (1, 2] of the function ¢(x, £ (x)) is defined as [2, 3]

2 X
(D p)x) = <IH %¢> (0 = ﬁ /O (= PPz, (()dr.

Assume m,l € N, ¢;,y : [0,1] X R — R are mappings fori = 1,2,---,l,and y : C[0,1] — R is a functional. The
aim of this paper is to study the uniqueness, existence, and Hyers-Ulam stability for the following nonlinear fractional
integro-differential equation with a functional boundary condition for 1 < @ < 2 and constants A;:

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
© 2024 The Authors. Mathematical Methods in the Applied Sciences published by John Wiley & Sons Ltd.

Math. Meth. Appl. Sci. 2024;1-20. wileyonlinelibrary.com/journal/mma | 1


https://doi.org/10.1002/mma.10208
https://orcid.org/0000-0001-7098-8059
https://orcid.org/0000-0002-6770-6951
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fmma.10208&domain=pdf&date_stamp=2024-05-16

2 Wl LEY LI ET AL.

m l
cD* | £00) - g A TP (x) - ;I“f¢z(x, ()| =wx, (), x€[0,1], (1.1)
C0) =&, (@) =y©),

where {; is a constantin R, g; > 0 and a; > 0.

Equation (1.1) is new and, to the best of our knowledge, has not been previously investigated. Another motivation of
considering this equation is to demonstrate how the use of an inverse operator of a bounded integral in a complete space
can be used to study the nonlinear fractional differential equation with functional boundary condition.

Fractional differential equations including PDEs with boundary conditions have played an important role in diverse
disciplines of applied sciences and engineering. For example, computational fluid dynamics methods are directly related
to boundary data [4], and the assumptions of circular cross-sections in fluid flow problems cannot be justified in many
cases. The concept of nonlocal boundary conditions acts as a natural tool to handle this issue since such conditions can
be applied to arbitrarily shaped structures. There have been many interesting studies in the area dealing with various
nonlinear boundary value problems [5-15]. Ahmad and Ntouyas [16] considered the following nonlocal boundary value
problem of hybrid fractional integro-differential equation by means of several fixed-point theorems:

$00=X by, ()

o i=1 —
D'\ — iz | T 8. E()). x €10,1],

€)= u(), {Q)=A4,

wherel < a <2, f € C([0,1]xR,R\{0}),g € C([0,1]xXR), h; € C([0,1]xR),1 < f; <2,i=1,2,---,m,u : C[0,1] - R,
and A € R.
As usual, we define the Banach space C[0, 1] with the norm

I€]l = max |G| < +oo.
x€[0,1]

The multivarite Mittag-Leffler function [3] is defined by

0 k zl -..Zm
Eama s s Adm) =
o p@ ) = Y, <k1,---,km>F(a1k1+-~+amkm+ﬁ)

k=0 k,+-+k,, =k

wherez = (21, -+ ,2Zm) € C", a;, > 0fori=1,2,---,m, and

k K
ki, km ) kil k!

Babenko's approach [17] is a useful tool for studying the uniqueness and existence of integro-differential equations
with initial or boundary conditions. To illustrate this in detail, we consider the following nonlinear fractional
integro-differential equation with an integral boundary condition:

{ cD*y(x) + alfy(x) = fx,yx)), x€[0,1], 0<a<1,>0, (12)

¥0) = b [ yodx,

where a, b are constants.
Applying the operator I* to Equation (1.2), we get

yx) = y(0) + al*’ y(x) = I f (x, y(x)),
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LI ET AL. Wl LEY 3

which derives
1/2
(14 aI**?) y(x) = I° f (x, y(x)) + b / y(x)dx.
0

To use Babenko's approach, we first define an operator A by

A — z (_1)kak1(a+ﬂ)k
k=0

over the space C[0, 1] and shall prove this operator is uniformly convergent. In fact, we have the following for any ¢ €
C[0,1]:

lAg| = —Dkakre+hke

oy
s2|a|"|

a+
k-
< ||¢||Z|a| S +ﬁ)k+1) = b1l Euep.a(lal) < +oo.

174 g

Furthermore,
(1+al**?) A=A (1+ al**’)

o0 o0

— Z (_1)kakl(a+ﬂ)k + aIa+ﬂ Z (_1)kakI(a+ﬂ)k
k=0 k=0

=1+ Z (=1)kak[@tPk 4 Z (—1 Yk g+ atpern)

k=1 k=0
=1,
by using the identity

o 0
a1a+ﬂ Z (_1)kakl(a+ﬂ)k — Z (_l)kak+ll(a+ﬂ)(k+l)’
k=0 k=0

since A is uniformly convergent over C[0, 1]. Assume that B is another operator satisfying
B(1+aI**’) = (1+al")B=1.

Then, clearly, A = B by applying the operator A to both sides. Hence, A is a unique inverse operator of (1 + aI‘”ﬂ). This
implies that

1/2
yx) = (1+ al‘”ﬂ)_l <1“ fl,yx)+b / y(x)dx)
0

1/2 co
= Z( DFa TP £ (x, y(0)) + b / yedx Y (=Dt TeP*

paare k=0
1/2 o (a+p)k

_ k Kk p(a+pk+a DRk —

kz(«)( Vel f(x”xmb/ Yoo 3, (Ve T

The above integral equation is clearly equivalent to Equation (1.2) with the initial condition, since

1/2 1/2
y0)=0+b / yx)dx(1+0)=b / y(0)dx,
0 0
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4 Wl LEY LIET AL,
by noting that « > 0 and

x(a+ﬂ)k—a
T(a+pk+1—a)

o0 1/2 el
cD*yx) +al’y(0) = Y (=D TP f(x, y00) + b / yodx Y (~1)d*
k=0 0 k=1

< ke g+ [t p)ie+D) b 12 dx < K k+1 x(@HPk+p
+ k:zo(_l) a S0, y00) + /0 »(x) Za(_l) S P Y
Clearly,
D DR TR £, yx) = £ y00) + Y (—DFaF Ik f(x, yx)
k=0 k=1
= [0, y0) + Y (D@ IEPED £ (x yx))
k=0
= 6, y00) = D (~DFa I TPED £ (x, y(x)).
k=0
Similarly,

x(a+ﬂ)k—a x(a+ﬁ)k+ﬁ

1/2 o0 1/2 0
1k qk - _ _1\kk+1
b/o y(x)dxkz:;( R Ty b/o y(x)dxkz::g( e N pk 1+ )

Therefore, y(x) satisfies Equation (1.2).
Furthermore, we assume f is a continuous and bounded function over [0, 1] X R, and

b
D=1- TE(oﬁﬂ, p(lal) > 0.

Then, y is uniformly bounded on [0, 1]. Indeed,

[~

lal* Ib|
Iyl < su |G|+ —
,Zg T(@+ Pk +a+ 1) gperniye 2

VIl Ewsp. 1y(lal).

Thus,

1
¥l < Earp.asr(al) — sup [f(xy)] < oo,
(e p)El0,1]xR

which claims y is uniformly bounded. If the function f further satisfies the following Lipschitz condition:

[ f(x,21) — f(x,22)| < L|z1 — 2], z1,22 €R,

and bl
q = LE@u1p,«+1)(lal) + TE(aHi, p(al) <1,

then Equation (1.2) has a unique solution in C[0, 1] by Banach's contractive principle. To prove this, we define a mapping
M over C[0,1] as

a+Bk

=) 1/2 [+3)
_ _ 1k kra+pk+a 1)k —2&
(My)) = Y (15 T £ x, y)) + b /0 Y(x)dxkz:;( Ve R

k=0

Then, My € C[0, 1]. We need to show M is contractive. Clearly,

b]
(IMy1 — My;|| < LEg4p,o+n(laD) [[y1 = y2ll + 7E(a+ﬂ, vdaD ly1 = y2ll = g lly1 — »2ll .

Since q < 1, Equation (1.2) has a unique solution in C[0, 1] using Banach's contractive principle.
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LI ET AL. Wl LEY 5
2 | UNIQUENESS

In this section, we are going to provide sufficient conditions for the uniqueness of Equation (1.1) based on Banach's
contractive principle, an implicit integral equation, and Babenko's approach.

Theorem 1. Assume m,l € N, ¢;,y : [0,1] X R — R are continuous and bounded functions fori = 1,2,---,1, and
y : C[0,1] - R is a functional. In addition, we suppose

A
v=1-Eg,. .z, 24l Mml)zlﬁ(llf _||_1)
1

Then, Equation (1.1) with the boundary conditions is equivalent to the following implicit integral equation in C[0, 1]:

C(x) = Z Z <k1’ . k ’ km> Allcl e ,{I;;"Iﬂlk1+"'+ﬂmkm+aw(x’ C(x))

k=0 k)+--+k, =k
l

+ Z i Z (k1, . k ’km) /1];1 .. .A%Iﬁlkl+"'+ﬂmkm+a[¢i(x7 ¢0)

i=1 k=0 k,+-+k, =k
< k k, Ky
+C1kz Z <k1,~~-,km>ﬂl'”ﬂm
=0 k,+-+k,,=k
[ xﬂ1k1+"'+ﬂmkm xﬂ1k1+"'+ﬂmkm+1 ]
L(prki+ -+ Bukm + 1) T(rika + - + fmkm + 2)

o 2.1)
k K Pkt B+l
+7() < > e At
kz:;kz,; o ki ke " T(Biki + -+ Pk +2)
prky 4+ Pk, +1
~ Iy Q) ( ) PR i qu—
= ]{z_:‘)k+§( =k klv ! F(ﬁ1k1++ﬁmkm+2)
= 5 y . Pkt Bk 1
- 4 17t < > L
; =! ]§) ky+ % =k kl’ ! " 1—‘(ﬁlkl +-+ ﬁmkm + 2)

K “ . P B+
21_1¢(XC(X))Z Z <k1’...,km>ﬂl‘.‘Amr(ﬂ1k1+"'+ﬁmkm+2).

k=0 ky+--+k, =k

Furthermore,
1
1l S_E(Bl""’ﬂm)a 1Al 5 1 AmD) sup lw(x, )|
v (x,»)€[0,1]XR
1
1
+2 Z sup @i, WIE@, . p,), a+1(l A1l -+ [ Aml])
V o1 ®p)E01IXR
1] ly (D)
+—E(ﬂ1 . 10 A1, M'"l)"'—E(ﬂl 2l 1A o)
( sup lw(x, y)
x,y)€[0,1]X
Eg .. Al A
v F((X + 1) By B)s 2(| 1| | ml)
1 sup . [i(x, ¥)I
(. y)€[0,1]X
+ =Eg .. Ml A < too.
NSRS 2(|41] [Am]) 2 T+ D ©

Proof. We start by applying the integral operator I* to equation

m 1
£ = D 4 (0 = Y Thitx, (0) | = wrix, E(x)),

i=1 i=1
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6 Wl LEY LI ET AL.

to get

m 1
00 = D A IPE00) = Y ThiCx, () + o + e1x = Iy (x, £ (x)),
i=1 i=1

where ¢y, ¢; are to be determined using the boundary conditions.
It follows from setting x = 0 that
¢0)+c¢co =0,

which deduces ¢y = —¢;. From x = 1, we have

e = Iy (x, C00) + Z AT + ZI L i £ + 6 = ().

Thus,

m 1
(1 - a I”f) £0) =Ty, £00) + . 1%ghiCx, £00) + a1 = %) + 7 (O)x
i=1 i=1

— Iy (x, Lo — ZA I7 Cox — Z L bilx, o).

i=1

Following the proof in Section 1, we can show that the inverse operator of <1 - 2 AT ”f) uniquely exists in C[0, 1].
i=1
By Babenko's approach described above, we come to

m -1 1
() = (1 - 2 A m) lf"w(x, L)+ ) I, (0) + Gu(1 = x) + (O

i=1

— I w(x, COo)x — ZA I C o — le (i, c:(x»x]

i=1 i=1

0 m k l
=y <Z A Iﬁf) lf“w(x, L)+ Z i, £00) + G (1 =) + 7(£)x

k=0

— Iy, SO0 — Z A I o — Z L bilx, (:(x»x]

0 k .,
= 2 Z <k1 ek > /111{1 e ﬂ,]:,inlﬂlk1+ +B K+ II/(X, C(x))
b} s vim

k=0 k,+--+k,, =k

I o
k ot
DIDINP) (kl,. . ,km> A A IR ke g x, £ (1)

i=1 k=0 k,+--+k,,=k
o0

k ky K 781Ky 44 By
+Clz Z <k1,-~-,km>’11""1’"1 1-x)

k=0 k,+-+k,, =k

- k
+7(C)Z Z <k1, ,km> U o BB

k=0 k,+-+k,,=

- Ia 1[[/(x C(x)) Z Z <k1 > }lcl e ﬂI;;”Iﬂlkl""“‘"ﬂmkmx

k=0 k,+--+k,,=k

- i Ai Iﬁl 1§(X) Z Z <k > 11(] . /ll:y;'llﬂlkl"'"'*'ﬂmkmx
i=1 1,

k=0 k;+-+k,, =k
1
ai k ky L SRR .
—le:m(x,a(x))z > <k1,..-,k,,,>”1"*m1” x
i=1 k=0 k;+-+k,,=k

=Il+"'+17.
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Clearly,

RS k ky Ko 1By 4 Bk
13—612 Z <k1,~--,km>'11""1’“1 (1-x)

k=0 k; ++k,, =k
- k k k
=§1z Z ( >,111...Mn
k=0 ky+-+k,, =k ke ko
[ xPik Bk xPikit Bk +1 ]
F(ﬁ1k1+"'+ﬁmkm+1) F(ﬂ1k1+"'+ﬂmkm+2)

00 k k x xﬁ1k1+"'+ﬂmkm+1
Iy =y() < >/11--~/1WT ,
! ,§k+_§ L \kie k) T(Biky + - - - + Bk + 2)

K . . BBk, 1
_ _Ia )’ ... A m )
1W(x Z:(x))z Z <k1,...,km> 1 m F(ﬂ1k1+"'+ﬂmkm+2)

k=0 k,+-+k,,=k

k . k, ikttt
A I A pf ,
Z 1”‘)2 2 <k1,. y ,km> ! TGk + Pk + 2)

k=0 k,+-+k,,=k

and

k bk xPleke
ZI—1¢l(x C(x))z Z <k1,~ . ,km> Ay A T(Biky + -+ Pkm +2)

k=0 k,+-+k, =k

In summary,

C(x) = Z Z <k1’ ’ > Ilcl v iﬁ;”]ﬁlk1+~..+ﬂmkm+alll(x, é‘(x))

k=0 k,+-+k,,=k

| o
k o
) (k ok )ﬂ’ﬁ--ﬁ’;:"f”l"l* ki (x, £ 0)
k,=k 1> s m

i=1 k=0 k;+-+
< k k, Ky
+C1kZ Z_ <k1,---,km>ﬂl'”ﬂm
=0 ky+-+k, =k
[ ittt Bk ikt Bl +1
I_‘(ﬁlkl +oo+ ﬁmkm + 1) 1—‘(ﬂlkl +eo+ ﬂmk + 2)

had k K, Pkt 4Bk 1
/l R
Oy X <k1,' > ks + -+ Pk +2)

k=0 k,++k,,=k
xPikit Bk +1

ki
Iy )Y, Y ( ..
k kl o km
21_1¢l(x g(x))z Z <k1’... ’km> )(1 ﬂm F(ﬂlkl ++ﬂmkm+2)’

kl . ikm xﬁ1k1+"'+ﬁmkm+1
1 mr(ﬂ1k1+"'+ﬁmkm+2)
k
1

X xﬂ1k1+--~+ﬂmkm+1
A /1n;"
1—‘(ﬁlkl +ee+ ﬁmkm + 2)

_gﬂ Iﬂtlg(x)z Z (kl,

k=0 ky+--+ky=k

k=0 k,+-+k,, =k
k=0 k,+-+k,,=k

which is equivalent to Equation (1.1) with the boundary conditions since all the above steps are reversible.
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Furthermore,

oo ( )Sl[lop] le(x,y)l
< A kl... A ki % )EI0.LIX
[HEDIEDY (kh ’ m>| I e T D

k=0 k,+-+k,,=k

| o . ( )51[1p] erln(x, )
+ A kl o ){ km X.)€M0.11%
ZZ k_k<k17"'akm>| i [l LC(prki + -+ -+ Pkm + a; + 1)

i=1 k=0 k+-+ky,=

- k k k 1
A5 A
+|C1|2 k<k1’”.’km>| 1| | | F(ﬂ1k1+"'+ﬂmkm+1)

k kg e 1
+rory Y <k1,---,km>'“ o e ¥+ Pk 2

k=0 k +-+k,, =k

sup  |w(x, )|

53 () e
L
F(a+1)k0k++k _ Nk ko " T(Biky + -+ Pk +2)

A
12 Z T Y <k1,~-k~ ’km> PP

k=0 k,+-+k,, =k

sup il y)| o

l
1 (x,»)€[0,1]xR
. + z z
Lk -+ Pk +2) 15 Ta +1) k=0 ky+--+k,, =k

. k | ALK [ A 1
k- km ) " T(Biky + -+ Pk + 2)

=Ep, - p ar1(d1ls -5 [Am])  sup  w(x, )|
(x,»)€[0,1]xIR

l

+Z sup @i WIE@, - p,), a1 A1l 5 [Am])
i=1 (6yE01]xR

+1G1E@, - g 1AL [ AnD) + Y (OIE g, p,). 2 AL - [Am])

sup  |w(x, )|
(x,»)€[0,1]1xR

T(a+1)

Eg, g0, 2(1A1], -+ 5 [ Am])

Ai
+IENEg, - p. 201l 1A DZF(; Jll)

sup [, y)

1
(x.»)€[0,1]xXR
+E( By 2(|)’1|5 R |/1 |)
Pro " ; T + 1)

Since

| 4i]
v=1=Egp, . g, 204l [Am ')erm 0,
L

which infers that

1
IC1 <=E@,.p,), ax1( ALl -+, 1Am])  sup  |w(x, »)|
v (x.)€0,1]xR

1

1
+= 3 sup | WIE G, gy asr (LAl [Am])
V 13 xye01xR
ly (D)

(St
+_1E(ﬂ1 S 1A A + =By g, 2] [ Am])
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b lw(x, y)l
S TarD Eo s 20l )
) . i, y)
+ S E@ . 24, Mml)z @+ D) < +o0,
by noting that all ¢; and y are bounded functions over [0, 1] X R. This completes the proof. O

The following is the theorem regarding the uniqueness of Equation (1.1).

Theorem 2. Assume m,l € N, ¢,y : [0,1] X R - R are continuous and bounded functions fori = 1,2,---,1,
satisfying the following Lipschitz conditions:

lw(x, y1) —w@,y)l < Lolyr — 321, y1,32 €R,

and
[$i(x,21) — $i(x, 22)| £ Lilzn — 22|, 21,22 €R,

where Ly and L; are nonnegative constants. Let y : C[0,1] — R be a functional satisfying the following condition for a
nonnegative constant yy:

Iy - @I <rll&i =&l &, & € Clo,1].

Furthermore, we suppose

l

w=LoEp, . gy, a1 Al s [ AmD + X LiBip gy, (Al | Am])
=t (2.3)

m 1

Lo |4
+ + + + Eg .. M, )4 <1.
l)’o O ;r(ﬁim ZMH)] G, 2211+ )

=
Then, Equation (1.1) has a unique solution in C[0, 1].

Proof. We begin by defining a nonlinear mapping M, over the space C[0, 1] as

(MIC)(}C) = Z Z (kl . k k ) /1]1{1 P A]:r';"[ﬂlk1+~..+/jmkm+aw(x’ C(x))

k=0 k,+--+k,, =k

I o
k bt
UPIDIND) <k1,. g ,km> A a Ik g (x, ()

+C12 Z <k1,..k.’km>’111{1"‘/llr{£"

k=0 k,+-+k,, =k
[ Pkt Bk, Xkt 4Bk, +1
Iﬁ(ﬂlkl +ot ﬂmkm + 1) I—‘(ﬁlkl +eee+ .Bmkm + 2)

had k K Pk Bk +1
+ Ce A
oy X <k1, ) TGk + -+ frkm £ 2)

k=0 k,+--+k,, =k

Jkm
I k Pkt bkt 1
- I L
(X, C(x))z Z (kl, ) 1 " T(piky + - - - + Bukm + 2)

k=0 k,+-+k,,=k

sbri Bk, 1

AN b "
;ALI IC(X)Z Z <k1’ >ﬂ(1 Am F(ﬂlkl+"'+ﬂmkm+2)

k=0 ky -+, =k

k ko ok Pkt APk +1
ZI_1¢(x C(X))Z Z <k1,~-,km> A A C(fiky + - - + Bukm +2)

k=0 k,+--+k,,=k
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It follows from the proof of Theorem 1 that M;¢ € C[0, 1]. It remains to be shown that M is contractive. To do so,

we consider

MigD) - Mg = ), Y, <k1 " . >/1]1(1-~-Alf,'l"lﬂlk”"*ﬂmk”"(w(x,é’l(x))—y/(x,g’z(x)))

k=0 k,+-+k,, =k

I o
15000 Y (RN PR T
ky+-+k,,=k » s

i=1 k=0

(@i(x, £10) — ¢i(x, L(X)))

1) = 7(&) = I (w (. 6i0) = W L) = Y A I (G() = L)

i=1

l
- VL ($ix G 0) - i, Cz(x)))]
i=1

z Z < k > X K Pk 4+ Bk, +1
. ) .
k=0 k,+-+k,,=k kl, Tt km ! " I_‘(ﬁlkl +-oo+ ﬁmkm + 2)

This implies that

l

(IMy&y — ML Gl < LoEg, . p,), ar1( ALl [Am]) + Z LiE@, ... 5, a1 A1l [Am]) 161 = Gl

i=1

l
Lo 5l
+ |yo+ + + Eg .. YRRV
l?’o Ia+1) Zr(ﬂl+1) Zr(al+1) B . 2( A1 [Am])

1=

=&l =ullé - &Il

Since u < 1, Equation (1.1) has a unique solution in C[0, 1] by Banach's contractive principle. This completes the

proof.

Example 3. The following fractional integro-differential equation with a functional boundary condition:

eD' [£00 = L1300 + & 17¢(0) - L3 sin B _ L Lo |
= ﬁ arctan(x + 38 (x) + 1, x € [0, 1],
() =1, £(1) = 5 cos¢(1/2),

has a unique solution in C[0, 1].

Proof. Evidently,

wx,y) = ig arctan(x? + 3y) + 1
is a continuous and bounded function over [0, 1] X R, satisfying the condition
1 5 5 1
ly (x, y1) —wix, y2)| = &I arctan(x” + 3y;) — arctan(x” + 3y,)| < Eb’l -»nl y.»n€ER,

by using the fact that

3 arctanx =
dx 1+ x2

O

(2.4)
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and the mean value theorem. Similarly,

1 byl y
N = d y =
P1(x, ) 75 Sin—-— an Pa(x, ) 90 1379

are continuous and bounded functions over [0, 1] X R, satisfying the conditions:

1
[p1(x, y1) — h1(x, y2)| < %bh -»nl, n.»meR,

and )
[2(x, y1) — @2(x, y2)| < El)"l = »l,
by noting that
d(_y \|_|1=¥
dy \1+)? L4+y22 |~
Moreover,

YO = % cos¢(1/2),

is a functional from CJ0, 1] to R, satisfying the inequality

7€)~ (@] < - c0s¢(1/2) = cos G(1/2)] < 25 16— &l
if &1, & € C[0,1]. From the above, we have

a = 15, ﬂl = 05, ﬂz = 1.7, E() = 1/16, £1 = 1/30, [:2 = 1/19,
Yo = 1/57, |/11| = 1/17, |/12| = 1/51, ap = 2.5, oy = 1.1.

So

1 1 1
u =1¢ sy, 25(1/17,1/51) + %E(o.s,u), 35(1/17,1/51) + EE(O.S,IJ), 21(1/17,1/51)

1 1 1 1 1 1
+ =+ + + + +
57 " 16I(1.5+1)  1700.5+1)  5I0(L.7+1)  300Q25+1)  19T(1L.1+1)

“Es.1.7),2(1/17,1/51).

By the following Python codes, we get
u =~ 0.326624406640162 < 1.

Thus, Equation (2.4) has a unique solution in C[0, 1] by Theorem 1. O

# beginning codes
import math
from sympy import gamma

def partition(n, m):
if m == 1:
yield (n,)
else:
for i in range(n+1l):
for j in partition(n-i, m-1):
yield (i,) + j
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def MML (zeta, epsilon, z): #multivariate mittag-leffler function
m = len(zeta)
if m != len(z):
return "zeta and z have unequal lengths"
result = 0
for 1 in range (0, 40): #approximate upper bound
for 1 partition in partition(l, m):
if all(map(lambda x: x >= 0, 1 partition)):
combination = 1
for 1 in range(m) :
combination *= math.factorial (1l partition[il)
combination = math.factorial(l) / combination

gaminput = sum([zeta[i] * 1 partition[i]
for i in range(m)]) + epsilon
numerator = 1

for i in range (m) :
numerator *= z[i] ** 1 partition/[i]

result += numerator / (gamma(gaminput)) * combination
return result
zeta = [0.5, 1.7]
epsilon 1 = 2.5
epsilon 2 = 3.5
epsilon_3 = 2.1
epsilon_4 = 2
z = [1/17, 1/51]
M1l = MML(zeta, epsilon 1, z)
M2 = MML(zeta, epsilon 2, z)
M3 = MML (zeta, epsilon 3, z)
M4 = MML(zeta, epsilon 4, z)
u = (1/16) * M1 + (1/30) * M2 + (1/19) * M3 + (1/57 + 1/(16 * gamma(2.5))
+ 1/(17 * gamma(1.5)) + 1/(51 * gamma(2.7)) + 1/(30 * gamma(3.5))
+ 1/(19 * gamma(2.1))) * M4 print (u)

#end codes.

3 | EXISTENCE

The following is the theorem regarding the existence of Equation (1.1) based on Leray-Schauder's fixed-point theorem.

Theorem 4. Assume m,l € N, ¢;,y : [0,1] X R — R are continuous and bounded functions fori = 1,2,---,L Let
y @ C[0,1] — R be a functional satisfying the following condition for a nonnegative constant yy:

ly(&) — v <y ll&y =&l &, & € Clo,1].

Furthermore, we suppose

m

| Ail
=1- Y ————Eg.. Al A > 0.
Y ;r(ﬁiJrl) B, 211 [Am])

Then, Equation (1.1) has a solution in C[0, 1].
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Proof. Again, consider the nonlinear mapping M over the space C[0, 1] given by

(Mlg)(x)zz Z <k1 k y >/1}1‘1...A%Iﬂ1k1+-.~+ﬂmkm+aw(x’C(x))

k=0 k,+---+k,,=k

I
k PR
UPIDIND) (kl,...,km> B A Ikt . ¢ ()

+§12 Z <k1’..k.,km>’111{1"’ﬂ]r{y§"

k=0 k,+-+k,, =k
[ xhkittBpnky xhikit APk +1 ]
C(piky + -+ Pk +1)  T(priky + - - - + Pk + 2)

R k Pkt Bk, +1
+ co P
7 Z Z <k1, ) " T(prky 4 -+ Pk +2)

k=0 k,+--+k,,=k

xPikite Bk +1

K
a kl...km
g u/(xC(x))Z Z <k1, >’11 ’1'"r(ﬁ1k1+~--+ﬁmkm+2)
/lk

k=0 ky+--+k,=k

scPri Bk +1

N b gk "
Z‘ALIIC(X)Z 2 <k1, 7km>/11 " T(Piky + - - - + Bukm + 2)

k=0 ky +-+k,,=k

k b Ptk
ZI—1¢(x C(x))z Z <k1,~~,km> Ay A T(hiky + -+ Pk + 2)

k=0 k,+-+k,, =k

Since ¢; and y are continuous and bounded functions for alli = 1,2, - - -, [, we derive that

IMiCl < Epyo . arr(LAr]s o [Aml)  sup [w(x, y)
(.»)€l0,11xR

1

+ Z Sllp |¢i(x’ y)|E(ﬁl’.4.’ﬁm)’ ai+1(|/11|’ cee, |/1m|)
i=1 .yE01]xR

sup  |w(x,y)l 31
+|GIE (Aal- - Laml) +] [0 + EXE0E +”§”2 |4l (3.1)
EQB ), 1 1is s | Am l"(a n 1) F(ﬂl " 1)
! sup (x|
(x.»)€[0,1]xR
+z Eg,.p, 2l 1], [Am]) < +o0.

I'(e; +1)

i=1
Thus, M;¢ € C[0, 1]. We first prove that (i) M is continuous. Indeed, we have

IM1&1 = Ma&all S Ep,p,, at1 (A1l -5 [Aml) o lw (e, &%) — w(x, &)

+ Z sup |i(x, §1(X)) — i(x, LONIEp, - 5, i+ A1ls -5 [Am])

i=1 x€[0,1]

sup |y (x, &1(X) — w(x, &(0))]

x€[0,1]

+ [y —r@)l + Ta+1)

n 1 Sup (i G100 = hix, 200
+ 16 -Gl Z:, fa+D " Z:, P

i=

“Ep, g, 2(lA1] -+ [Am])-
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It follows from continuity of v, ¢; and

ly(C1) =y < v lléy = &l &1, & € C[0,1],

that M; is continuous.
(ii) Moreover, we show that M is a mapping from bounded sets to bounded sets in C[0, 1]. Let W be a bounded set
in C[0,1]. Then,

ly (O] = [y() —r©0) +y0)| <y lI&ll + 1¥(0)| < B,

where B is a positive constant and { € W. From inequality (3.1), we imply that M; W is bounded in C[0, 1].
(iii) We are going to prove that M is equicontinuous on every bounded set W of C[0, 1]. Then, we claim that M| is
completely continuous using the Arzela-Ascoli theorem. For 0 < 7; < 7, < 1and { € W, we consider

|(M1E)(72) — (ML E)(7)]

i 1
<
k:

k k k
)’ 1...)’m m
<kl,--~,km>' e e e Ak @)

=0 ky+-+k,, =k

(7 — Pttty (¢, ¢ ()dt — / (71 — ikt ety (g, cm)dt‘
0

0
l o
k X k 1
+ A 1... ﬂm m
;,{zzomémzk(kh---,km)' e e e )

. ‘/TZ (ry — t)ﬂ1k1+"'+ﬂmkm+a"_1(l)l-(t, C(t))d[ _ 4/1'1 (r1 — t)ﬂ1k1+~~+ﬂmkm+ai—1¢i(t, g(t))dt‘
0 0

C k
+al), Y (kl_” i >ul|"1---um|"m

k=0 k,+--+k,,=k

Bkt k, Brky+-+Ppky Brky+-+ Bk +1 Brky+- Pk +1
D ! i !

Tkt t Pakmt D) Tkt fnkim 7 2)

m l
+ lw(cn + 1w e SO+ Y Tl L C0ol+ Y |I“;1¢i<x,c<x»|]
i=1 i=1

Pikyt Bk +1 Tﬁ1k1+"'+ﬂmkm+1
1

< k k k, T2
. i l...Am m
Z Z (kl,m,km)l 1 [l T(priki+ -+ Pk + 2)

k=0 k,+-+k,, =k

=hLh+L++1,.

As for I, we have

/ (12 — fkrtPulnte=ly (¢ ¢(1))dt
0

= / (1, — Pl thubnteLy (1 ¢ (0))dt + / (1 = fkrthuknte=y (¢ ¢(1)dt,
0 K31
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which implies

/ (7 = Pt thunct =y (1, ¢ () dt — / (71 — Pt Hhdntaly (¢, ¢ (6))dt
0 0

51
< / [(zy — Pt tbuknta=l _ (g _ ppikat-thuknta=11dt sup |y (t, ¢(1))]
0 t€[0,1]

te[0,1]

+/ (7 _t)ﬂ1k1+"‘+ﬂmkm+a_1dt sup |y (t, £()]
B!

Tﬂ1k1+---+ﬁmk,,,+a _ Tﬁ1k1+"'+ﬁmkm+a
2 1
< + (2 —71)| sup |y (L E(D)I,
[ Piky+ -+ Pmkm + @ tef0,1]

which clearly contains the factor (r, — 71) by noting that « > 1. Hence, I; is equicontinuous.
It follows similarly that I, is equicontinuous. Consider

< k
L=laly, Y <k1'~ i >|Al|"1---um|"m

k=0 k,+--+k,,=k

Bkt +B ki, Brky+e Bk Brky+- 4Bk +1 Brky+- 4Pk +1
) ! P !

TGkt t pukm DTGBkt Bk +2)

5

which contains the factor (z, — 71)%, where

Ay = min{ﬂl,ﬂz,- t ,ﬂm’l} > 0.

Therefore, I3 is equicontinuous.
Regarding I4, we claim the term

m 1
O+ I w G, el + Y 1l 1T, c00l+ Y 1T ditx, o)l
i=1 i=1

is bounded if { € W. Furthermore,

ik ++ Pk, +1 Tﬁ1k1+---+ﬂmkm+1
1

- k k k2
A{ 1...Am m
D) <k1,~-,km>' R T ey )

k=0 k;+-+k, =k

contains the factor 7, — 7;. From the above, we deduce M, is equicontinuous.
Finally, we will prove that the setfor0 < 4 < 1

Y={{€C[0,1] : { =AM }
is bounded. By inequality (3.1), we come to

IS < IMGCI < Ep, 0, ar1(Aals - [Aml)  sup  JyCx, p)
()E[0,1]XR

l

+ Z sup i PIEp,.- p,). a1 A1l -5 [Am])
i=1 (.Y)E0,1]XR
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)sup Rlu/(x,y)| -
(x,»)€[0,1]x i
+ Egp .. YRRy + N . L
! Sup R|¢i(X,y)|
(x.»)€[0,1]x
+ Eg. .. Al A
; oy +1) By Bm), 2(| A1 [Am])
Since
v=1- ) == =B, g 21l 1AmD) > 0,
;F(ﬁi‘i'l) B b, 2(1 A1 [Am])
we get

1
ISl < =E@,,p,), ax1U ALl 1 Am])  sup |y, »)]
% (x,)€[0,1]1XR

l

1
+= 3 sup |9 WIE . asr (il [Am])
V 5 xyel011xR

|¢| X sup  Jy(x.y)l
1 (x,y)€[0,1]xR
+2=Eg.. Ml [ AmD) + = +
I B, 1141l [Am|) - ly (D)l T+ D

L s (e )l

x,y)E[0,1]x

+Y Egyo g 2]+ [Am]) < o0,

i=1

I'(a; +1)

which infers that Y is bounded. So there exists a solution in C[0, 1] to Equation (1.1) by Leray-Schauder's fixed-point
theorem. This completes the proof. O

Example 5. The following nonlinear fractional equation with a functional boundary condition:

1.2 _1qs 1 31 121 1 _ 1716 %421
CD [g(x) 14 I C(x) + 49 I C(x) + IZI [Ex)|+1 QI 1+C2(x)]

— L cog L0042 3.2
= 7008 =", x € [0,1], (3.2)

(O) =1, ¢(1) = sinf(t) + 5 sing(t), 0<h <6 <1,
has a solution in C[0, 1].

Proof. Clearly,

y+2 1 x2+21

1 el _—
w(x,y) = 250851 d1(x,y) = REES Pa(x, y) = 9112

are continuous and bounded over [0, 1] X R, and
= L sin {(t;) + L sin {(t3)
)=z VT4 2

is a functional from C[0, 1] to R, satisfying

(&) - 1(&)] < %l Singi(n) = sin &a(t)] + 1 sinu(&2) = sin (1) < 133 16 -Gl
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We need to find the value
v 4l
v=1- ————FE, .. Ml |4
; I'g+1) Brs Bm)s 2(| 1| | ml)
=t : + - E (1/14,1/49)
T |14ras+ 1) T Ar@ 141 AT

~ 0.941998702743921 < 1.

By Theorem 4, Equation (3.2) has a solution in C[0, 1]. This completes the proof. O

4 | THE HYERS-ULAM STABILITY
Hyers-Ulam's stability is an important concept that refers to the stability of a differential equation with a perturbation
[18]. We will study the Hyers—-Ulam stability of Equation (1.1) based on the implicit integral equation (2.1).

Definition 6. Equation (1.1) is Hyers-Ulam stable if there is a constant W > 0 such that for all ¢ > 0 and a
continuously differentiable function ¢ satisfying the boundary conditions {(0) = ¢; and {(1) = y(¢), and the inequality

m 1
D" lg“(x) = D4 ) = Y I, C(x))] —p ()| <e,
i=1 i=1
then there exists a solution ¢, of Equation (1.1) such that
1€ = Loll < We,
where W is a Hyers-Ulam stability constant.
Theorem 7. Assume m,l € N, ¢,y : [0,1] X R - R are continuous and bounded functions fori = 1,2,---,1,

satisfying the following Lipschitz conditions:

[w(x, y1) —w,y)l < Lolyr —y2l, y1,32 €R,

and

[$i(x,21) — $i(x, 22)| < Li|zs — 22|, Z1,22 ER,

where Ly and L; are nonnegative constants. Let y : C[0,1] — R be a functional satisfying the following condition for a
nonnegative constant y,:

ly(&) — v <y ll&y = &Il &, & € Clo,1].

Furthermore, we suppose

l

u=>LoEp, g, ax1(| A1l [Am]) + Z LiE@p, .. p,). a1 Aals -+ [Am])
i=1
1
EO a |/11| £i
+ |ro+ + + Eg,.. Al Anl) < 1.
" T+ ZF(ﬁi+1) ZF((xi+1) G g 214l 1AmD)

i=1 i=1

Then, Equation (1.1) is also Hyers-Ulam stable in C[0, 1].
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Proof. We begin by letting

m 1
wo(x, {(x)) = cD* lC(x) - Z A g (x) - Zfaidh(x’ CO0) | —w(x, ().
i=1 i=1
Then, ||lyy|| < €. Using the integral equation (2.1), we arrive at

(=2 X <k1,. i ,km> At AT Dk o, €0)) = )

I
k k k a
22 ) At g, o)
i ky -k, =k L > m
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as §o is a solution of Equation (1.1). It follows from the proof of Theorem 2 that
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h 1-u ’
is a Hyers—-Ulam stability constant. This completes the proof. O

5 | CONCLUSION

We have obtained sufficient conditions for the existence, uniqueness, and Hyers-Ulam stability of solutions to
Equation (1.1) with nonlocal boundary condition, by several fixed-point theorems, the multivariate Mittag-Leffler func-
tion, and Babenko's approach. In addition, two examples were given to demonstrate the applications of our key results
based on approximate values of a couple of Mittag-Leffler functions computed by Python codes. The techniques used also
work for various fractional differential equations with initial or boundary conditions and integral equations in Banach
spaces.
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