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1 INTRODUCTION

The Riemann–Liouville fractional integral I𝛼 of order 𝛼 ∈ R+ is defined for the function 𝜁 (x) as

(I𝛼𝜁 )(x) = 1
Γ(𝛼) ∫

x

0
(x − 𝜏)𝛼−1𝜁 (𝜏)d𝜏, x ∈ [0, 1].

In particular,
I0𝜙 = 𝜙,

from [1].
The Liouville–Caputo fractional derivative CD𝛽 of order 𝛽 ∈ (1, 2] of the function 𝜙(x, 𝜁 (x)) is defined as [2, 3]

(CD𝛽𝜙)(x) =
(

I2−𝛽 d2

dx2𝜙

)
(x) = 1

Γ(2 − 𝛽) ∫
x

0
(x − 𝜏)1−𝛽𝜙(2)(𝜏, 𝜁 (𝜏))d𝜏.

Assume m, l ∈ N, 𝜙i, 𝜓 ∶ [0, 1] × R → R are mappings for i = 1, 2, · · · , l, and 𝛾 ∶ C[0, 1] → R is a functional. The
aim of this paper is to study the uniqueness, existence, and Hyers–Ulam stability for the following nonlinear fractional
integro-differential equation with a functional boundary condition for 1 < 𝛼 ≤ 2 and constants 𝜆i:
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2 LI ET AL.

⎧⎪⎨⎪⎩
CD𝛼

[
𝜁 (x) −

m∑
i=1
𝜆i I𝛽i𝜁 (x) −

l∑
i=1

I𝛼i𝜙i(x, 𝜁 (x))

]
= 𝜓(x, 𝜁 (x)), x ∈ [0, 1],

𝜁 (0) = 𝜁1, 𝜁 (1) = 𝛾(𝜁 ),
(1.1)

where 𝜁1 is a constant in R, 𝛽i > 0 and 𝛼i > 0.
Equation (1.1) is new and, to the best of our knowledge, has not been previously investigated. Another motivation of

considering this equation is to demonstrate how the use of an inverse operator of a bounded integral in a complete space
can be used to study the nonlinear fractional differential equation with functional boundary condition.

Fractional differential equations including PDEs with boundary conditions have played an important role in diverse
disciplines of applied sciences and engineering. For example, computational fluid dynamics methods are directly related
to boundary data [4], and the assumptions of circular cross-sections in fluid flow problems cannot be justified in many
cases. The concept of nonlocal boundary conditions acts as a natural tool to handle this issue since such conditions can
be applied to arbitrarily shaped structures. There have been many interesting studies in the area dealing with various
nonlinear boundary value problems [5–15]. Ahmad and Ntouyas [16] considered the following nonlocal boundary value
problem of hybrid fractional integro-differential equation by means of several fixed-point theorems:

⎧⎪⎨⎪⎩
CD𝛼

⎡⎢⎢⎣
𝜁 (x)−

m∑
i=1

I𝛽i hi(x,𝜁 (x))

𝑓 (x,𝜁 (x))

⎤⎥⎥⎦ = g(x, 𝜁 (x)), x ∈ [0, 1],

𝜁 (0) = 𝜇(𝜁 ), 𝜁 (1) = A,

where 1 < 𝛼 ≤ 2, 𝑓 ∈ C([0, 1]×R,R∖{0}), g ∈ C([0, 1]×R), hi ∈ C([0, 1]×R), 1 < 𝛽i ≤ 2, i = 1, 2, · · · ,m, 𝜇 ∶ C[0, 1] → R,
and A ∈ R.

As usual, we define the Banach space C[0, 1] with the norm

‖𝜁‖ = max
x∈[0,1]

|𝜁 (x)| < +∞.

The multivarite Mittag-Leffler function [3] is defined by

E(𝛼1,··· ,𝛼m), 𝛽(z1, · · · , zm) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) zk1
1 · · · zkm

m

Γ(𝛼1k1 + · · · + 𝛼mkm + 𝛽)
,

where z = (z1, · · · , zm) ∈ C
m, 𝛼i, 𝛽 > 0 for i = 1, 2, · · · ,m, and

(
k

k1, · · · , km

)
= k!

k1! · · · km!
.

Babenko's approach [17] is a useful tool for studying the uniqueness and existence of integro-differential equations
with initial or boundary conditions. To illustrate this in detail, we consider the following nonlinear fractional
integro-differential equation with an integral boundary condition:

{
CD𝛼𝑦(x) + aI𝛽𝑦(x) = 𝑓 (x, 𝑦(x)), x ∈ [0, 1], 0 < 𝛼 ≤ 1, 𝛽 > 0,

𝑦(0) = b ∫ 1∕2
0 𝑦(x)dx,

(1.2)

where a, b are constants.
Applying the operator I𝛼 to Equation (1.2), we get

𝑦(x) − 𝑦(0) + aI𝛼+𝛽𝑦(x) = I𝛼𝑓 (x, 𝑦(x)),
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LI ET AL. 3

which derives

(
1 + aI𝛼+𝛽

)
𝑦(x) = I𝛼𝑓 (x, 𝑦(x)) + b∫

1∕2

0
𝑦(x)dx.

To use Babenko's approach, we first define an operator A by

A =
∞∑

k=0
(−1)kakI(𝛼+𝛽)k

over the space C[0, 1] and shall prove this operator is uniformly convergent. In fact, we have the following for any 𝜙 ∈
C[0, 1]:

‖A𝜙‖ =
‖‖‖‖‖

∞∑
k=0

(−1)kakI(𝛼+𝛽)k𝜙
‖‖‖‖‖ ≤

∞∑
k=0

|a|k ‖‖‖I(𝛼+𝛽)k‖‖‖ ‖𝜙‖
≤ ‖𝜙‖ ∞∑

k=0
|a|k 1(𝛼+𝛽)k

Γ((𝛼 + 𝛽)k + 1)
= ‖𝜙‖E𝛼+𝛽,1(|a|) < +∞.

Furthermore, (
1 + aI𝛼+𝛽

)
A = A

(
1 + aI𝛼+𝛽

)
=

∞∑
k=0

(−1)kakI(𝛼+𝛽)k + aI𝛼+𝛽
∞∑

k=0
(−1)kakI(𝛼+𝛽)k

= 1 +
∞∑

k=1
(−1)kakI(𝛼+𝛽)k +

∞∑
k=0

(−1)kak+1I(𝛼+𝛽)(k+1)

= 1,

by using the identity

aI𝛼+𝛽
∞∑

k=0
(−1)kakI(𝛼+𝛽)k =

∞∑
k=0

(−1)kak+1I(𝛼+𝛽)(k+1),

since A is uniformly convergent over C[0, 1]. Assume that B is another operator satisfying

B
(
1 + aI𝛼+𝛽

)
=
(
1 + aI𝛼+𝛽

)
B = 1.

Then, clearly, A = B by applying the operator A to both sides. Hence, A is a unique inverse operator of
(
1 + aI𝛼+𝛽

)
. This

implies that

𝑦(x) =
(
1 + aI𝛼+𝛽

)−1
(

I𝛼𝑓 (x, 𝑦(x)) + b∫
1∕2

0
𝑦(x)dx

)
=

∞∑
k=0

(−1)kakI(𝛼+𝛽)k+𝛼𝑓 (x, 𝑦(x)) + b∫
1∕2

0
𝑦(x)dx

∞∑
k=0

(−1)kakI(𝛼+𝛽)k

=
∞∑

k=0
(−1)kakI(𝛼+𝛽)k+𝛼𝑓 (x, 𝑦(x)) + b∫

1∕2

0
𝑦(x)dx

∞∑
k=0

(−1)kak x(𝛼+𝛽)k
Γ((𝛼 + 𝛽)k + 1)

.

The above integral equation is clearly equivalent to Equation (1.2) with the initial condition, since

𝑦(0) = 0 + b∫
1∕2

0
𝑦(x)dx(1 + 0) = b∫

1∕2

0
𝑦(x)dx,
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4 LI ET AL.

by noting that 𝛼 > 0 and

CD𝛼𝑦(x) + aI𝛽𝑦(x) =
∞∑

k=0
(−1)kakI(𝛼+𝛽)k𝑓 (x, 𝑦(x)) + b∫

1∕2

0
𝑦(x)dx

∞∑
k=1

(−1)kak x(𝛼+𝛽)k−𝛼
Γ((𝛼 + 𝛽)k + 1 − 𝛼)

+
∞∑

k=0
(−1)kak+1I(𝛼+𝛽)(k+1)𝑓 (x, 𝑦(x)) + b∫

1∕2

0
𝑦(x)dx

∞∑
k=0

(−1)kak+1 x(𝛼+𝛽)k+𝛽
Γ((𝛼 + 𝛽)k + 1 + 𝛽)

.

Clearly,
∞∑

k=0
(−1)kakI(𝛼+𝛽)k𝑓 (x, 𝑦(x)) = 𝑓 (x, 𝑦(x)) +

∞∑
k=1

(−1)kakI(𝛼+𝛽)k𝑓 (x, 𝑦(x))

= 𝑓 (x, 𝑦(x)) +
∞∑

k=0
(−1)k+1ak+1I(𝛼+𝛽)(k+1)𝑓 (x, 𝑦(x))

= 𝑓 (x, 𝑦(x)) −
∞∑

k=0
(−1)kak+1I(𝛼+𝛽)(k+1)𝑓 (x, 𝑦(x)).

Similarly,

b∫
1∕2

0
𝑦(x)dx

∞∑
k=1

(−1)kak x(𝛼+𝛽)k−𝛼
Γ((𝛼 + 𝛽)k + 1 − 𝛼)

= −b∫
1∕2

0
𝑦(x)dx

∞∑
k=0

(−1)kak+1 x(𝛼+𝛽)k+𝛽
Γ((𝛼 + 𝛽)k + 1 + 𝛽)

.

Therefore, 𝑦(x) satisfies Equation (1.2).
Furthermore, we assume 𝑓 is a continuous and bounded function over [0, 1] × R, and

D = 1 − |b|
2

E(𝛼+𝛽, 1)(|a|) > 0.

Then, 𝑦 is uniformly bounded on [0, 1]. Indeed,

‖𝑦‖ ≤
∞∑

k=0

|a|k
Γ((𝛼 + 𝛽)k + 𝛼 + 1)

sup
(x,𝑦)∈[0,1]×R

|𝑓 (x, 𝑦)| + |b|
2

‖𝑦‖E(𝛼+𝛽, 1)(|a|).
Thus, ‖𝑦‖ ≤ 1

D
E𝛼+𝛽, 𝛼+1(|a|) sup

(x,𝑦)∈[0,1]×R
|𝑓 (x, 𝑦)| < +∞,

which claims 𝑦 is uniformly bounded. If the function 𝑓 further satisfies the following Lipschitz condition:

|𝑓 (x, z1) − 𝑓 (x, z2)| ≤ L|z1 − z2|, z1, z2 ∈ R,

and
q = LE(𝛼+𝛽, 𝛼+1)(|a|) + |b|

2
E(𝛼+𝛽, 1)(|a|) < 1,

then Equation (1.2) has a unique solution in C[0, 1] by Banach's contractive principle. To prove this, we define a mapping
M over C[0, 1] as

(M𝑦)(x) =
∞∑

k=0
(−1)kakI(𝛼+𝛽)k+𝛼𝑓 (x, 𝑦(x)) + b∫

1∕2

0
𝑦(x)dx

∞∑
k=0

(−1)kak x(𝛼+𝛽)k
Γ((𝛼 + 𝛽)k + 1)

.

Then, M𝑦 ∈ C[0, 1]. We need to show M is contractive. Clearly,

‖M𝑦1 −M𝑦2‖ ≤ LE(𝛼+𝛽, 𝛼+1)(|a|) ‖𝑦1 − 𝑦2‖ + |b|
2

E(𝛼+𝛽, 1)(|a|) ‖𝑦1 − 𝑦2‖ = q ‖𝑦1 − 𝑦2‖ .
Since q < 1, Equation (1.2) has a unique solution in C[0, 1] using Banach's contractive principle.

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10208, W

iley O
nline L

ibrary on [16/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



LI ET AL. 5

2 UNIQUENESS

In this section, we are going to provide sufficient conditions for the uniqueness of Equation (1.1) based on Banach's
contractive principle, an implicit integral equation, and Babenko's approach.

Theorem 1. Assume m, l ∈ N, 𝜙i, 𝜓 ∶ [0, 1] × R → R are continuous and bounded functions for i = 1, 2, · · · , l, and
𝛾 ∶ C[0, 1] → R is a functional. In addition, we suppose

v = 1 − E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

> 0.

Then, Equation (1.1) with the boundary conditions is equivalent to the following implicit integral equation in C[0, 1]:

𝜁 (x) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼𝜓(x, 𝜁 (x))

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i𝜙i(x, 𝜁 (x))

+ 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m

·
[

x𝛽1k1+···+𝛽mkm

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
− x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

]
+ 𝛾(𝜁 )

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

− I𝛼x=1𝜓(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
.

(2.1)

Furthermore, ‖𝜁‖ ≤1
v

E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
+ 1

v

l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|E(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
+ |𝜁1|

v
E(𝛽1,··· ,𝛽m), 1(|𝜆1|, · · · , |𝜆m|) + |𝛾(𝜁 )|

v
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)

+
sup

(x,𝑦)∈[0,1]×R
|𝜓(x, 𝑦)|

v Γ(𝛼 + 1)
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)

+ 1
v

E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛼i + 1)

< +∞.

(2.2)

Proof. We start by applying the integral operator I𝛼 to equation

CD𝛼

[
𝜁 (x) −

m∑
i=1

𝜆i I𝛽i𝜁 (x) −
l∑

i=1
I𝛼i𝜙i(x, 𝜁 (x))

]
= 𝜓(x, 𝜁 (x)),
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6 LI ET AL.

to get

𝜁 (x) −
m∑

i=1
𝜆i I𝛽i𝜁 (x) −

l∑
i=1

I𝛼i𝜙i(x, 𝜁 (x)) + c0 + c1x = I𝛼𝜓(x, 𝜁 (x)),

where c0, c1 are to be determined using the boundary conditions.
It follows from setting x = 0 that

𝜁 (0) + c0 = 0,
which deduces c0 = −𝜁1. From x = 1, we have

c1 = I𝛼x=1𝜓(x, 𝜁 (x)) +
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x) +
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x)) + 𝜁1 − 𝛾(𝜁 ).

Thus, (
1 −

m∑
i=1

𝜆i I𝛽i

)
𝜁 (x) = I𝛼𝜓(x, 𝜁 (x)) +

l∑
i=1

I𝛼i𝜙i(x, 𝜁 (x)) + 𝜁1(1 − x) + 𝛾(𝜁 )x

− I𝛼x=1𝜓(x, 𝜁 (x))x −
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)x −
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))x.

Following the proof in Section 1, we can show that the inverse operator of
(

1 −
m∑

i=1
𝜆i I𝛽i

)
uniquely exists in C[0, 1].

By Babenko's approach described above, we come to

𝜁 (x) =

(
1 −

m∑
i=1

𝜆i I𝛽i

)−1 [
I𝛼𝜓(x, 𝜁 (x)) +

l∑
i=1

I𝛼i𝜙i(x, 𝜁 (x)) + 𝜁1(1 − x) + 𝛾(𝜁 )x

− I𝛼x=1𝜓(x, 𝜁 (x))x −
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)x −
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))x

]

=
∞∑

k=0

( m∑
i=1

𝜆i I𝛽i

)k [
I𝛼𝜓(x, 𝜁 (x)) +

l∑
i=1

I𝛼i𝜙i(x, 𝜁 (x)) + 𝜁1(1 − x) + 𝛾(𝜁 )x

− I𝛼x=1𝜓(x, 𝜁 (x))x −
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)x −
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))x

]

=
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼𝜓(x, 𝜁 (x))

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i𝜙i(x, 𝜁 (x))

+ 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm(1 − x)

+ 𝛾(𝜁 )
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm x

− I𝛼x=1𝜓(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm x

−
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm x

−
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm x

= I1 + · · · + I7.

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10208, W

iley O
nline L

ibrary on [16/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



LI ET AL. 7

Clearly,

I3 = 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm(1 − x)

= 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m

·
[

x𝛽1k1+···+𝛽mkm

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
− x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

]
,

I4 = 𝛾(𝜁 )
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
,

I5 = −I𝛼x=1𝜓(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
,

I6 = −
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
,

and

I7 = −
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
.

In summary,

𝜁 (x) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼𝜓(x, 𝜁 (x))

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i𝜙i(x, 𝜁 (x))

+ 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m

·
[

x𝛽1k1+···+𝛽mkm

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
− x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

]
+ 𝛾(𝜁 )

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

− I𝛼x=1𝜓(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
,

which is equivalent to Equation (1.1) with the boundary conditions since all the above steps are reversible.
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8 LI ET AL.

Furthermore,

‖𝜁‖ ≤
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km

sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
Γ(𝛽1k1 + · · · + 𝛽mkm + 𝛼 + 1)

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛽1k1 + · · · + 𝛽mkm + 𝛼i + 1)

+ |𝜁1| ∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km
1

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)

+ |𝛾(𝜁 )| ∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km
1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

+ 1
Γ(𝛼 + 1)

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km

sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

+ ‖𝜁‖ m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km

· 1
Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

+
l∑

i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛼i + 1)

∞∑
k=0

∑
k1+···+km=k

·
(

k
k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km
1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
= E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) sup

(x,𝑦)∈[0,1]×R
|𝜓(x, 𝑦)|

+
l∑

i=1
sup

(x,𝑦)∈[0,1]×R
|𝜙i(x, 𝑦)|E(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)

+ |𝜁1|E(𝛽1,··· ,𝛽m), 1(|𝜆1|, · · · , |𝜆m|) + |𝛾(𝜁 )|E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)
+

sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
Γ(𝛼 + 1)

E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)
+ ‖𝜁‖E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) m∑

i=1

|𝜆i|
Γ(𝛽i + 1)

+ E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛼i + 1)

.

Since

v = 1 − E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

> 0,

which infers that

‖𝜁‖ ≤1
v

E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
+ 1

v

l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|E(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
+ |𝜁1|

v
E(𝛽1,··· ,𝛽m), 1(|𝜆1|, · · · , |𝜆m|) + |𝛾(𝜁 )|

v
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)
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LI ET AL. 9

+
sup

(x,𝑦)∈[0,1]×R
|𝜓(x, 𝑦)|

v Γ(𝛼 + 1)
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)

+ 1
v

E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛼i + 1)

< +∞,

by noting that all 𝜙i and 𝜓 are bounded functions over [0, 1] × R. This completes the proof. □

The following is the theorem regarding the uniqueness of Equation (1.1).

Theorem 2. Assume m, l ∈ N, 𝜙i, 𝜓 ∶ [0, 1] × R → R are continuous and bounded functions for i = 1, 2, · · · , l,
satisfying the following Lipschitz conditions:

|𝜓(x, 𝑦1) − 𝜓(x, 𝑦2)| ≤ 0|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ R,

and |𝜙i(x, z1) − 𝜙i(x, z2)| ≤ i|z1 − z2|, z1, z2 ∈ R,

where 0 and i are nonnegative constants. Let 𝛾 ∶ C[0, 1] → R be a functional satisfying the following condition for a
nonnegative constant 𝛾0: |𝛾(𝜁1) − 𝛾(𝜁2)| ≤ 𝛾0 ‖𝜁1 − 𝜁2‖ , 𝜁1, 𝜁2 ∈ C[0, 1].
Furthermore, we suppose

u =0E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) + l∑
i=1

iE(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
+

[
𝛾0 +

0

Γ(𝛼 + 1)
+

m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

+
l∑

i=1

i

Γ(𝛼i + 1)

]
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) < 1.

(2.3)

Then, Equation (1.1) has a unique solution in C[0, 1].

Proof. We begin by defining a nonlinear mapping M1 over the space C[0, 1] as

(M1𝜁 )(x) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼𝜓(x, 𝜁 (x))

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i𝜙i(x, 𝜁 (x))

+ 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m

·
[

x𝛽1k1+···+𝛽mkm

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
− x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

]
+ 𝛾(𝜁 )

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

− I𝛼x=1𝜓(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
.

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10208, W

iley O
nline L

ibrary on [16/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



10 LI ET AL.

It follows from the proof of Theorem 1 that M1𝜁 ∈ C[0, 1]. It remains to be shown that M1 is contractive. To do so,
we consider

(M1𝜁1)(x) − (M1𝜁2)(x) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼(𝜓(x, 𝜁1(x)) − 𝜓(x, 𝜁2(x)))

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i

· (𝜙i(x, 𝜁1(x)) − 𝜙i(x, 𝜁2(x)))

+

[
𝛾(𝜁1) − 𝛾(𝜁2) − I𝛼x=1(𝜓(x, 𝜁1(x)) − 𝜓(x, 𝜁2(x))) −

m∑
i=1

𝜆i I𝛽i
x=1(𝜁1(x) − 𝜁2(x))

−
l∑

i=1
I𝛼i

x=1(𝜙i(x, 𝜁1(x)) − 𝜙i(x, 𝜁2(x)))

]

·
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
.

This implies that

‖M1𝜁1 −M1𝜁2‖ ≤0E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) + l∑
i=1

iE(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|) ‖𝜁1 − 𝜁2‖
+

[
𝛾0 +

0

Γ(𝛼 + 1)
+

m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

+
l∑

i=1

i

Γ(𝛼i + 1)

]
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)

· ‖𝜁1 − 𝜁2‖ = u ‖𝜁1 − 𝜁2‖ .
Since u < 1, Equation (1.1) has a unique solution in C[0, 1] by Banach's contractive principle. This completes the

proof. □

Example 3. The following fractional integro-differential equation with a functional boundary condition:

⎧⎪⎨⎪⎩
CD1.5

[
𝜁 (x) − 1

17
I0.5𝜁 (x) + 1

51
I1.7𝜁 (x) − 1

15
I2.5 sin |x𝜁 (x)|

2
− 1

19
I1.1 𝜁 (x)

1+𝜁2(x)

]
= 1

48
arctan(x2 + 3𝜁 (x)) + 1, x ∈ [0, 1],

𝜁 (0) = 1, 𝜁 (1) = 1
57

cos 𝜁 (1∕2),
(2.4)

has a unique solution in C[0, 1].

Proof. Evidently,

𝜓(x, 𝑦) = 1
48

arctan(x2 + 3𝑦) + 1

is a continuous and bounded function over [0, 1] × R, satisfying the condition

|𝜓(x, 𝑦1) − 𝜓(x, 𝑦2)| = 1
48

| arctan(x2 + 3𝑦1) − arctan(x2 + 3𝑦2)| ≤ 1
16

|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ R,

by using the fact that

d
dx

arctan x = 1
1 + x2 ≤ 1,

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10208, W

iley O
nline L

ibrary on [16/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



LI ET AL. 11

and the mean value theorem. Similarly,

𝜙1(x, 𝑦) =
1

15
sin

|x𝑦|
2

and 𝜙2(x, 𝑦) =
𝑦

19(1 + 𝑦2)

are continuous and bounded functions over [0, 1] × R, satisfying the conditions:

|𝜙1(x, 𝑦1) − 𝜙1(x, 𝑦2)| ≤ 1
30

|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ R,

and |𝜙2(x, 𝑦1) − 𝜙2(x, 𝑦2)| ≤ 1
19

|𝑦1 − 𝑦2|,
by noting that ||||| d

d𝑦

(
𝑦

1 + 𝑦2

)||||| =
||||| 1 − 𝑦2

(1 + 𝑦2)2

||||| ≤ 1.

Moreover,

𝛾(𝜁 ) = 1
57

cos 𝜁 (1∕2),

is a functional from C[0, 1] to R, satisfying the inequality

|𝛾(𝜁1) − 𝛾(𝜁2)| ≤ 1
57

| cos 𝜁1(1∕2) − cos 𝜁2(1∕2)| ≤ 1
57

‖𝜁1 − 𝜁2‖ ,
if 𝜁1, 𝜁2 ∈ C[0, 1]. From the above, we have

𝛼 = 1.5, 𝛽1 = 0.5, 𝛽2 = 1.7, 0 = 1∕16, 1 = 1∕30, 2 = 1∕19,

𝛾0 = 1∕57, |𝜆1| = 1∕17, |𝜆2| = 1∕51, 𝛼1 = 2.5, 𝛼2 = 1.1.

So

u = 1
16

E(0.5,1.7), 2.5(1∕17, 1∕51) + 1
30

E(0.5,1.7), 3.5(1∕17, 1∕51) + 1
19

E(0.5,1.7), 2.1(1∕17, 1∕51)

+
[

1
57

+ 1
16Γ(1.5 + 1)

+ 1
17Γ(0.5 + 1)

+ 1
51Γ(1.7 + 1)

+ 1
30Γ(2.5 + 1)

+ 1
19Γ(1.1 + 1)

]
· E(0.5,1.7), 2(1∕17, 1∕51).

By the following Python codes, we get

u ≈ 0.326624406640162 < 1.

Thus, Equation (2.4) has a unique solution in C[0, 1] by Theorem 1. □

# beginning codes
import math
from sympy import gamma

def partition(n, m):
if m == 1:

yield (n,)
else:

for i in range(n+1):
for j in partition(n-i, m-1):
yield (i,) + j
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12 LI ET AL.

def MML(zeta, epsilon, z): #multivariate mittag-leffler function
m = len(zeta)
if m != len(z):
return "zeta and z have unequal lengths"
result = 0
for l in range(0, 40): #approximate upper bound
for l_partition in partition(l, m):
if all(map(lambda x: x >= 0, l_partition)):
combination = 1
for i in range(m):

combination *= math.factorial(l_partition[i])
combination = math.factorial(l) / combination
gaminput = sum([zeta[i] * l_partition[i]
for i in range(m)]) + epsilon
numerator = 1
for i in range(m):

numerator *= z[i] ** l_partition[i]
result += numerator / (gamma(gaminput)) * combination

return result
zeta = [0.5, 1.7]
epsilon_1 = 2.5
epsilon_2 = 3.5
epsilon_3 = 2.1
epsilon_4 = 2
z = [1/17, 1/51]

M1 = MML(zeta, epsilon_1, z)
M2 = MML(zeta, epsilon_2, z)
M3 = MML(zeta, epsilon_3, z)
M4 = MML(zeta, epsilon_4, z)

u = (1/16) * M1 + (1/30) * M2 + (1/19) * M3 + (1/57 + 1/(16 * gamma(2.5))
+ 1/(17 * gamma(1.5)) + 1/(51 * gamma(2.7)) + 1/(30 * gamma(3.5))
+ 1/(19 * gamma(2.1))) * M4 print(u)
#end codes.

3 EXISTENCE

The following is the theorem regarding the existence of Equation (1.1) based on Leray–Schauder's fixed-point theorem.

Theorem 4. Assume m, l ∈ N, 𝜙i, 𝜓 ∶ [0, 1] × R → R are continuous and bounded functions for i = 1, 2, · · · , l. Let
𝛾 ∶ C[0, 1] → R be a functional satisfying the following condition for a nonnegative constant 𝛾0:

|𝛾(𝜁1) − 𝛾(𝜁2)| ≤ 𝛾0 ‖𝜁1 − 𝜁2‖ , 𝜁1, 𝜁2 ∈ C[0, 1].

Furthermore, we suppose

v = 1 −
m∑

i=1

|𝜆i|
Γ(𝛽i + 1)

E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) > 0.

Then, Equation (1.1) has a solution in C[0, 1].
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LI ET AL. 13

Proof. Again, consider the nonlinear mapping M1 over the space C[0, 1] given by

(M1𝜁 )(x) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼𝜓(x, 𝜁 (x))

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i𝜙i(x, 𝜁 (x))

+ 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m

·
[

x𝛽1k1+···+𝛽mkm

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
− x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

]
+ 𝛾(𝜁 )

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

− I𝛼x=1𝜓(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
.

Since 𝜙i and 𝜓 are continuous and bounded functions for all i = 1, 2, · · · , l, we derive that

‖M1𝜁‖ ≤ E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
+

l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|E(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
+ |𝜁1|E(𝛽1,··· ,𝛽m), 1(|𝜆1|, · · · , |𝜆m|) + ⎡⎢⎢⎣|𝛾(𝜁 )| +

sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
Γ(𝛼 + 1)

+ ‖𝜁‖ m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

+
l∑

i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛼i + 1)

⎤⎥⎥⎦E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) < +∞.

(3.1)

Thus, M1𝜁 ∈ C[0, 1]. We first prove that (i) M1 is continuous. Indeed, we have

‖M1𝜁1 −M1𝜁2‖ ≤ E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) sup
x∈[0,1]

|𝜓(x, 𝜁1(x)) − 𝜓(x, 𝜁2(x))|
+

l∑
i=1

sup
x∈[0,1]

|𝜙i(x, 𝜁1(x)) − 𝜙i(x, 𝜁2(x))|E(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
+
⎡⎢⎢⎣|𝛾(𝜁1) − 𝛾(𝜁2)| + sup

x∈[0,1]
|𝜓(x, 𝜁1(x)) − 𝜓(x, 𝜁2(x))|

Γ(𝛼 + 1)

+ ‖𝜁1 − 𝜁2‖ m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

+
l∑

i=1

sup
x∈[0,1]

|𝜙i(x, 𝜁1(x)) − 𝜙i(x, 𝜁2(x))|
Γ(𝛼i + 1)

⎤⎥⎥⎦
· E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|).
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14 LI ET AL.

It follows from continuity of 𝜓, 𝜙i and

|𝛾(𝜁1) − 𝛾(𝜁2)| ≤ 𝛾0 ‖𝜁1 − 𝜁2‖ , 𝜁1, 𝜁2 ∈ C[0, 1],

that M1 is continuous.
(ii) Moreover, we show that M1 is a mapping from bounded sets to bounded sets in C[0, 1]. Let W be a bounded set

in C[0, 1]. Then,

|𝛾(𝜁 )| = |𝛾(𝜁 ) − 𝛾(0) + 𝛾(0)| ≤ 𝛾0 ‖𝜁‖ + |𝛾(0)| ≤ ,

where  is a positive constant and 𝜁 ∈ W . From inequality (3.1), we imply that M1W is bounded in C[0, 1].
(iii) We are going to prove that M1 is equicontinuous on every bounded set W of C[0, 1]. Then, we claim that M1 is

completely continuous using the Arzela–Ascoli theorem. For 0 ≤ 𝜏1 < 𝜏2 ≤ 1 and 𝜁 ∈ W , we consider

|(M1𝜁 )(𝜏2) − (M1𝜁 )(𝜏1)|
≤

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km
1

Γ(𝛽1k1 + · · · + 𝛽mkm + 𝛼)

·
||||∫ 𝜏2

0
(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼−1𝜓(t, 𝜁 (t))dt − ∫

𝜏1

0
(𝜏1 − t)𝛽1k1+···+𝛽mkm+𝛼−1𝜓(t, 𝜁 (t))dt

||||
+

l∑
i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km
1

Γ(𝛽1k1 + · · · + 𝛽mkm + 𝛼i)

·
||||∫ 𝜏2

0
(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼i−1𝜙i(t, 𝜁 (t))dt − ∫

𝜏1

0
(𝜏1 − t)𝛽1k1+···+𝛽mkm+𝛼i−1𝜙i(t, 𝜁 (t))dt

||||
+ |𝜁1| ∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km

·
||||||
𝜏
𝛽1k1+···+𝛽mkm
2 − 𝜏𝛽1k1+···+𝛽mkm

1

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
+
𝜏
𝛽1k1+···+𝛽mkm+1
2 − 𝜏𝛽1k1+···+𝛽mkm+1

1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

||||||
+

[|𝛾(𝜁 )| + |I𝛼x=1𝜓(x, 𝜁 (x))| + m∑
i=1

|𝜆i| |I𝛽i
x=1𝜁 (x)| + l∑

i=1
|I𝛼i

x=1𝜙i(x, 𝜁 (x))|]

·
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km
𝜏
𝛽1k1+···+𝛽mkm+1
2 − 𝜏𝛽1k1+···+𝛽mkm+1

1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

= I1 + I2 + I3 + I4.

As for I1, we have

∫
𝜏2

0
(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼−1𝜓(t, 𝜁 (t))dt

= ∫
𝜏1

0
(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼−1𝜓(t, 𝜁 (t))dt + ∫

𝜏2

𝜏1

(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼−1𝜓(t, 𝜁 (t))dt,
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LI ET AL. 15

which implies

||||∫ 𝜏2

0
(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼−1𝜓(t, 𝜁 (t))dt − ∫

𝜏1

0
(𝜏1 − t)𝛽1k1+···+𝛽mkm+𝛼−1𝜓(t, 𝜁 (t))dt

||||
≤ ∫

𝜏1

0
[(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼−1 − (𝜏1 − t)𝛽1k1+···+𝛽mkm+𝛼−1]dt sup

t∈[0,1]
|𝜓(t, 𝜁 (t))|

+ ∫
𝜏2

𝜏1

(𝜏2 − t)𝛽1k1+···+𝛽mkm+𝛼−1dt sup
t∈[0,1]

|𝜓(t, 𝜁 (t))|
≤

[
𝜏
𝛽1k1+···+𝛽mkm+𝛼
2 − 𝜏𝛽1k1+···+𝛽mkm+𝛼

1

𝛽1k1 + · · · + 𝛽mkm + 𝛼
+ (𝜏2 − 𝜏1)

]
sup

t∈[0,1]
|𝜓(t, 𝜁 (t))|,

which clearly contains the factor (𝜏2 − 𝜏1) by noting that 𝛼 > 1. Hence, I1 is equicontinuous.
It follows similarly that I2 is equicontinuous. Consider

I3 =|𝜁1| ∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km

·
||||||
𝜏
𝛽1k1+···+𝛽mkm
2 − 𝜏𝛽1k1+···+𝛽mkm

1

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
+
𝜏
𝛽1k1+···+𝛽mkm+1
2 − 𝜏𝛽1k1+···+𝛽mkm+1

1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

|||||| ,
which contains the factor (𝜏2 − 𝜏1)𝛼0 , where

𝛼0 = min{𝛽1, 𝛽2, · · · , 𝛽m, 1} > 0.

Therefore, I3 is equicontinuous.
Regarding I4, we claim the term

|𝛾(𝜁 )| + |I𝛼x=1𝜓(x, 𝜁 (x))| + m∑
i=1

|𝜆i| |I𝛽i
x=1𝜁 (x)| + l∑

i=1
|I𝛼i

x=1𝜙i(x, 𝜁 (x))|
is bounded if 𝜁 ∈ W . Furthermore,

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

) |𝜆1|k1 · · · |𝜆m|km
𝜏
𝛽1k1+···+𝛽mkm+1
2 − 𝜏𝛽1k1+···+𝛽mkm+1

1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

contains the factor 𝜏2 − 𝜏1. From the above, we deduce M1 is equicontinuous.
Finally, we will prove that the set for 0 < 𝜆 < 1

Y = { 𝜁 ∈ C[0, 1] ∶ 𝜁 = 𝜆M1𝜁 }

is bounded. By inequality (3.1), we come to

‖𝜁‖ ≤ ‖M1𝜁‖ ≤ E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
+

l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|E(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
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16 LI ET AL.

+ |𝜁1|E(𝛽1,··· ,𝛽m), 1(|𝜆1|, · · · , |𝜆m|) + ⎡⎢⎢⎣|𝛾(𝜁 )| +
sup

(x,𝑦)∈[0,1]×R
|𝜓(x, 𝑦)|

Γ(𝛼 + 1)
+ ‖𝜁‖ m∑

i=1

|𝜆i|
Γ(𝛽i + 1)

+
l∑

i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛼i + 1)

⎤⎥⎥⎦E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|).
Since

v = 1 −
m∑

i=1

|𝜆i|
Γ(𝛽i + 1)

E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) > 0,

we get

‖𝜁‖ ≤ 1
v

E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) sup
(x,𝑦)∈[0,1]×R

|𝜓(x, 𝑦)|
+ 1

v

l∑
i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|E(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
+ |𝜁1|

v
E(𝛽1,··· ,𝛽m), 1(|𝜆1|, · · · , |𝜆m|) + 1

v

⎡⎢⎢⎣|𝛾(𝜁 )| +
sup

(x,𝑦)∈[0,1]×R
|𝜓(x, 𝑦)|

Γ(𝛼 + 1)

+
l∑

i=1

sup
(x,𝑦)∈[0,1]×R

|𝜙i(x, 𝑦)|
Γ(𝛼i + 1)

⎤⎥⎥⎦E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) < +∞,

which infers that Y is bounded. So there exists a solution in C[0, 1] to Equation (1.1) by Leray–Schauder's fixed-point
theorem. This completes the proof. □

Example 5. The following nonlinear fractional equation with a functional boundary condition:

⎧⎪⎨⎪⎩
CD1.2

[
𝜁 (x) − 1

14
I1.5𝜁 (x) + 1

49
I3.1𝜁 (x) + 1

12
I2.1 1|𝜁 (x)|+1

− 1
9

I1.6 x2+21
1+𝜁2(x)

]
= 1

4
cos 𝜁2(x)+2

2x+1
, x ∈ [0, 1],

𝜁 (0) = 1, 𝜁 (1) = 1
13

sin 𝜁 (t1) + 1
14

sin 𝜁 (t2), 0 < t1 < t2 < 1,

(3.2)

has a solution in C[0, 1].

Proof. Clearly,

𝜓(x, 𝑦) = 1
4

cos 𝑦
2 + 2

2x + 1
, 𝜙1(x, 𝑦) = − 1

12(|𝑦| + 1)
, 𝜙2(x, 𝑦) =

x2 + 21
9(1 + 𝑦2)

,

are continuous and bounded over [0, 1] × R, and

𝛾(𝜁 ) = 1
13

sin 𝜁 (t1) +
1

14
sin 𝜁 (t2)

is a functional from C[0, 1] to R, satisfying

|𝛾(𝜁1) − 𝛾(𝜁2)| ≤ 1
13

| sin 𝜁1(t1) − sin 𝜁2(t1)| + 1
14

| sin 𝜁1(t2) − sin 𝜁2(t2)| ≤ 2
13

‖𝜁1 − 𝜁2‖ .
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LI ET AL. 17

We need to find the value

v = 1 −
m∑

i=1

|𝜆i|
Γ(𝛽i + 1)

E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)
= 1 −

[
1

14Γ(1.5 + 1)
+ 1

49Γ(3.1 + 1)

]
E(1.5,3.1), 2(1∕14, 1∕49)

≈ 0.941998702743921 < 1.

By Theorem 4, Equation (3.2) has a solution in C[0, 1]. This completes the proof. □

4 THE HYERS–ULAM STABILITY

Hyers–Ulam's stability is an important concept that refers to the stability of a differential equation with a perturbation
[18]. We will study the Hyers–Ulam stability of Equation (1.1) based on the implicit integral equation (2.1).

Definition 6. Equation (1.1) is Hyers–Ulam stable if there is a constant  > 0 such that for all 𝜖 > 0 and a
continuously differentiable function 𝜁 satisfying the boundary conditions 𝜁 (0) = 𝜁1 and 𝜁 (1) = 𝛾(𝜁 ), and the inequality

‖‖‖‖‖‖ CD𝛼

[
𝜁 (x) −

m∑
i=1

𝜆i I𝛽i𝜁 (x) −
l∑

i=1
I𝛼i𝜙i(x, 𝜁 (x))

]
− 𝜓(x, 𝜁 (x))

‖‖‖‖‖‖ < 𝜖,
then there exists a solution 𝜁0 of Equation (1.1) such that

‖𝜁 − 𝜁0‖ <𝜖,

where  is a Hyers–Ulam stability constant.

Theorem 7. Assume m, l ∈ N, 𝜙i, 𝜓 ∶ [0, 1] × R → R are continuous and bounded functions for i = 1, 2, · · · , l,
satisfying the following Lipschitz conditions:

|𝜓(x, 𝑦1) − 𝜓(x, 𝑦2)| ≤ 0|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ R,

and |𝜙i(x, z1) − 𝜙i(x, z2)| ≤ i|z1 − z2|, z1, z2 ∈ R,

where 0 and i are nonnegative constants. Let 𝛾 ∶ C[0, 1] → R be a functional satisfying the following condition for a
nonnegative constant 𝛾0:

|𝛾(𝜁1) − 𝛾(𝜁2)| ≤ 𝛾0 ‖𝜁1 − 𝜁2‖ , 𝜁1, 𝜁2 ∈ C[0, 1].

Furthermore, we suppose

u =0E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) + l∑
i=1

iE(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|)
+

[
𝛾0 +

0

Γ(𝛼 + 1)
+

m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

+
l∑

i=1

i

Γ(𝛼i + 1)

]
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|) < 1.

Then, Equation (1.1) is also Hyers–Ulam stable in C[0, 1].
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18 LI ET AL.

Proof. We begin by letting

𝜓0(x, 𝜁 (x)) = CD𝛼

[
𝜁 (x) −

m∑
i=1

𝜆i I𝛽i𝜁 (x) −
l∑

i=1
I𝛼i𝜙i(x, 𝜁 (x))

]
− 𝜓(x, 𝜁 (x)).

Then, ‖𝜓0‖ < 𝜖. Using the integral equation (2.1), we arrive at

𝜁 (x) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼(𝜓(x, 𝜁 (x)) − 𝜓0)

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i𝜙i(x, 𝜁 (x))

+ 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m

·
[

x𝛽1k1+···+𝛽mkm

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
− x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

]
+ 𝛾(𝜁 )

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

− I𝛼x=1(𝜓(x, 𝜁 (x)) − 𝜓0)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
m∑

i=1
𝜆i I𝛽i

x=1𝜁 (x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁 (x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
,

and

𝜁0(x) =
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼𝜓(x, 𝜁0(x))

+
l∑

i=1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m I𝛽1k1+···+𝛽mkm+𝛼i𝜙i(x, 𝜁0(x))

+ 𝜁1

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m

·
[

x𝛽1k1+···+𝛽mkm

Γ(𝛽1k1 + · · · + 𝛽mkm + 1)
− x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

]
+ 𝛾(𝜁0)

∞∑
k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

− I𝛼x=1𝜓(x, 𝜁0(x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
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LI ET AL. 19

−
m∑

i=1
𝜆i I𝛽i

x=1𝜁0(x)
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)

−
l∑

i=1
I𝛼i

x=1𝜙i(x, 𝜁0(x))
∞∑

k=0

∑
k1+···+km=k

(
k

k1, · · · , km

)
𝜆

k1
1 · · · 𝜆km

m
x𝛽1k1+···+𝛽mkm+1

Γ(𝛽1k1 + · · · + 𝛽mkm + 2)
,

as 𝜁0 is a solution of Equation (1.1). It follows from the proof of Theorem 2 that

‖𝜁 − 𝜁0‖ ≤0E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) + l∑
i=1

iE(𝛽1,··· ,𝛽m), 𝛼i+1(|𝜆1|, · · · , |𝜆m|) ‖𝜁 − 𝜁0‖
+

[
𝛾0 +

0

Γ(𝛼 + 1)
+

m∑
i=1

|𝜆i|
Γ(𝛽i + 1)

+
l∑

i=1

i

Γ(𝛼i + 1)

]
E(𝛽1,··· ,𝛽m), 2(|𝜆1|, · · · , |𝜆m|)

· ‖𝜁 − 𝜁0‖ + [
E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) + 1

Γ(𝛼 + 1)
E(𝛽1,··· ,𝛽m), 2

] ‖𝜓0‖
= u ‖𝜁 − 𝜁0‖ + [

E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) + 1
Γ(𝛼 + 1)

E(𝛽1,··· ,𝛽m), 2

] ‖𝜓0‖ .
This implies that ‖𝜁 − 𝜁0‖ ≤ 𝜖,

where

 =
E(𝛽1,··· ,𝛽m), 𝛼+1(|𝜆1|, · · · , |𝜆m|) + 1

Γ(𝛼+1)
E(𝛽1,··· ,𝛽m), 2

1 − u
,

is a Hyers–Ulam stability constant. This completes the proof. □

5 CONCLUSION

We have obtained sufficient conditions for the existence, uniqueness, and Hyers–Ulam stability of solutions to
Equation (1.1) with nonlocal boundary condition, by several fixed-point theorems, the multivariate Mittag-Leffler func-
tion, and Babenko's approach. In addition, two examples were given to demonstrate the applications of our key results
based on approximate values of a couple of Mittag-Leffler functions computed by Python codes. The techniques used also
work for various fractional differential equations with initial or boundary conditions and integral equations in Banach
spaces.

AUTHOR CONTRIBUTIONS

Chenkuan Li: Writing—original draft; methodology; software; supervision; resources; investigation; validation.
Reza Saadati: Validation; investigation; formal analysis. Joshua Beaudin: Validation; software; resources. Elisha Tariq:
validation; software; resources. McKayla Brading: Validation; software; resources.

All authors conceived of the study, participated in its design and coordination, drafted the manuscript, participated in
the sequence alignment, and read and approved the final manuscript.

ACKNOWLEDGEMENTS

The authors are thankful to the reviewers and editor for giving valuable comments and suggestions.

CONFLICT OF INTEREST STATEMENT

The authors declare that they have no competing interests.

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10208, W

iley O
nline L

ibrary on [16/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



20 LI ET AL.

ORCID

Chenkuan Li https://orcid.org/0000-0001-7098-8059
Reza Saadati https://orcid.org/0000-0002-6770-6951

REFERENCES
1. C. Li, Several results of fractional derivatives in ′(R+), Fract. Calc. Appl. Anal. 18 (2015), 192–207.
2. A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and applications of fractional differential equations, Elsevier, North Holland, 2006.
3. S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional integrals and derivatives: theory and applications, Gordon and Breach, USA, 1993.
4. F. Nicoud and T. Schönfeld, Integral boundary conditions for unsteady biomedical CFD applications, Int. J. Numer. Meth. Fluids 40 (2002),

457–465.
5. K. Zhao, Triple positive solutions for two classes of delayed nonlinear fractional FDEs with nonlinear integral boundary value conditions,

Bound. Value Probl. 2015 (2015), 181. doi:10.1186/s13661-015-0445-y
6. B. Ahmad and S. Sivasundaram, On four-point nonlocal boundary value problems of nonlinear integro-differential equations of

fractional order, Appl. Math. Comput. 217 (2010), 480–487.
7. S. K. Ntouyas and H. H. Al-Sulami, A study of coupled systems of mixed order fractional differential equations and inclusions with

coupled integral fractional boundary conditions, Adv. Differ. Equ. 2020 (2020), 73. doi:10.1186/s13662-020-2539-9
8. S. Meng and S. Y. Cui, Multiplicity results to a conformable fractional differential equations involving integral boundary condition,

Complexity 2019 (2019), 8402347.
9. P. Chen and Y. Gao, Positive solutions for a class of nonlinear fractional differential equations with nonlocal boundary value conditions,

Positivity 22 (2018), 761–772.
10. A. Cabada and Z. Hamdi, Nonlinear fractional differential equations with integral boundary value conditions, Appl. Math. Comput.

228 (2014), 251–257.
11. Y. Sun and M. Zhao, Positive solutions for a class of fractional differential equations with integral boundary conditions, Appl. Math. Lett.

34 (2014), 17–21.
12. B. Ahmad and J. J. Nieto, Existence results for nonlinear boundary value problems of fractional integro-differential equations with

integral boundary conditions, Bound. Value Probl. 2009 (2009), 708576.
13. C. Yang, Y. Guo, and C. Zhai, An integral boundary value problem of fractional differential equations with a sign-changed parameter in

Banach spaces, Complexity 2021 (2021), 9567931. doi:10.1155/2021/9567931
14. X. H. Wang, L. P. Wang, and Q. H. Zeng, Fractional differential equations with integral boundary conditions, J. Nonlinear Sci. Appl. 8 (2015),

309–314.
15. C. Li, R. Saadati, R. Srivastava, and J. Beaudin, On the boundary value problem of nonlinear fractional integro-differential

equations, Mathematics 10 (2022), 1971. doi:10.3390/math10121971
16. B. Ahmad and S. K. Ntouyas, Nonlocal nonlinear fractional-order boundary value problems, World Scientific, New Jersey, 2021.
17. Y. I. Babenko, Heat and mass transfer, Khimiya, Leningrad, 1986 in Russian.
18. A. Mohanapriya, C. Park, A. Ganesh, and V. Govindan, Mittag-Leffler-Hyers-Ulam stability of differential equation using Fourier

transform, Adv. Differ. Equ. 2020 (2020), 389.

How to cite this article: C. Li, R. Saadati, J. Beaudin, E. Tariq, and M. Brading, Some results on a nonlinear
fractional equation with nonlocal boundary condition, Math. Meth. Appl. Sci. (2024), 1–20, DOI 10.1002/mma.10208.

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10208, W

iley O
nline L

ibrary on [16/05/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://orcid.org/0000-0001-7098-8059
https://orcid.org/0000-0001-7098-8059
https://orcid.org/0000-0002-6770-6951
https://orcid.org/0000-0002-6770-6951
info:doi/10.1186/s13661-015-0445-y
info:doi/10.1186/s13662-020-2539-9
info:doi/10.1155/2021/9567931
info:doi/10.3390/math10121971
info:doi/10.1002/mma.10208

	Some results on a nonlinear fractional equation with nonlocal boundary condition
	Abstract
	1 INTRODUCTION
	2 UNIQUENESS
	3 EXISTENCE
	4 THE HYERS–ULAM STABILITY
	5 CONCLUSION
	REFERENCES



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends false
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck true
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Euroscale Coated v2)
  /PDFXOutputConditionIdentifier (FOGRA1)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <>
    /CHT <>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF che devono essere conformi o verificati in base a PDF/X-1a:2001, uno standard ISO per lo scambio di contenuto grafico. Per ulteriori informazioni sulla creazione di documenti PDF compatibili con PDF/X-1a, consultare la Guida dell'utente di Acrobat. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 4.0 e versioni successive.)
    /JPN <>
    /KOR <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die moeten worden gecontroleerd of moeten voldoen aan PDF/X-1a:2001, een ISO-standaard voor het uitwisselen van grafische gegevens. Raadpleeg de gebruikershandleiding van Acrobat voor meer informatie over het maken van PDF-documenten die compatibel zijn met PDF/X-1a. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 4.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG (Modified PDFX1a settings for Blackwell publications)
    /ENU (Use these settings to create Adobe PDF documents that are to be checked or must conform to PDF/X-1a:2001, an ISO standard for graphic content exchange.  For more information on creating PDF/X-1a compliant PDF documents, please refer to the Acrobat User Guide.  Created PDF documents can be opened with Acrobat and Adobe Reader 4.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /HighResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


