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Abstract: Using Banach’s contractive principle and Leray—Schauder’s fixed point theorem, we
study the uniqueness and existence for a nonlinear fractional differential equation with functional
boundary condition based on the two-parameter Mittag-Leffler function and an implicit integral
equation. Several examples are also presented to demonstrate applications of our key theorems.
The methods used can also deal with other types of differential equations with various initial or

boundary conditions.
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1. INTRODUCTION

The Riemann-Liouville fractional integral I? of order 3 €
R is defined for the function ¢(z) as

T

A JU:L z— 1) (n)dr, x .
(1°¢) ) W)o/( Py, w e 0,1]

In particular,
(19¢)(x) = ((=),
from Li (2015).

Let n € N = {1,2,3,---}. The Caputo fractional deriva-
tive of order 3 € R of the function ((x) is defined as (see
Li (2023))

T

—— [ (x=7)" P ™ (r)dr
o e

0

(cDQ)(z) =

where n — 1 < g <n.

Assume 7 : [0,1] x R — R is a mapping and ¢ : C[0,1] —
R is a functional. We shall study the uniqueness and
existence for the following nonlinear fractional differential
equation with a nonlocal boundary condition for 1 < 8 < 2
and a constant \:

cDP((x) + X ¢D((z) = n(x,¢(x)), = €[0,1], (1)
¢(0) =0, ¢(1) = o(0),

where 0 < v <1 is a constant.

Equation (1) is a particular instance of equation (1.2) dis-
cussed in C. Li (2023), but with a new functional boundary
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condition which extends many integral boundary condi-
tions.

Nonlinear boundary value problems, including those with
nonlocal conditions, often appear in the mathematical
models of real world phenomena. The study of boundary
value problems is important due to their extensive appli-
cations in diverse disciplines of applied sciences and engi-
neering. There have been many interesting investigations
in the area dealing with different boundary conditions
(J. Tariboon (2014), S.K. Ntouyas (2020), Li (2023)).

We define the Banach space C[0,1] of all continuous
functions from [0, 1] to R with the norm

l[¢] = ax I¢(z)]| < +oo0.

The two-parameter Mittag-Leffler function is defined by
o0 k

Ea5(2) = Z m7

k=0

zeC,aB>0.

Babenko’s approach (see Babenko (1986)) is a powerful
tool for studying uniqueness and existence of differential
equations with initial or boundary conditions. To demon-
strate this in detail, we consider the following nonlinear
fractional differential equation with a nonlocal boundary
condition for 0 < o < 1:

cD¢(z) + A ((z) = g(z,((x), z€[0,1],  (2)

() =s [ (s
0
where s is a constant.

Applying the operator I® to equation (2), we get
((z) = €(0) + AI*((x) = I"g(x,((x)),
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which deduces

(1+ M) ((z) = I%g(x

a:))—i—s/lg“(x)dx
0

[T¢ — TGl < LE@, av1)(IADIIC1 — Col|
18| E(a, 1y (M) — Gl = Q||¢1 — ¢l

Since @ < 1, equation (2) has a unique solution in C10, 1]
from Banach’s contractive principle.

Treating the factor (1 + AI®) as a normal variable (Babenko’s We will first convert equation (1) into an equivalent im-

approach), we informally obtain

C(a) =1+

)+ 8/1€(I)d1‘
0

=D (DA Iz, ((x)

o

+s/§(m)dw2(—l)k/\klak1

k=0

0
= AT g (¢ (2)

thozk
+s/g dx C1)RAR RCUESE

R‘
O

The above integral equation is clearly equivalent to equa-
tion (2) with the initial condition. Furthermore, we assume
g is a continuous and bounded function over [0, 1] x R, and

d=1~s|E(, 1)(]A]) > 0.

Then ( is uniformly bounded on [0, 1]. Indeed,

< [ S —
<> Mok +atD), sup  |g(z,y)]

o z,y)€[0,1]xR

+Is|l[ClEa, 1) (IA])-
Thus,

1
ISl < 5 Ea,a41(]A])  sup

(z,y)€[0,1]xR

lg(z,y)| < +oo,

which claims ¢ is uniformly bounded. If the function g
further satisfies the following Lipschitz condition:

lg(x,y1) — g(x,y2)| < Lly1 —y2], y1,92 € R,

and
Q= LE (4, a+1)([A]) + 18| E@, 1)([A]) <1

then equation (2) has a unique solution in C10,1] by
Banach’s contractive principle. To show this, we start by
defining a mapping 7 over C[0, 1] as

o0

=Y (FD)FN T g, ()
k=0
! ak
+s/( dmz 7ak+1)
0

Then 7¢ € CJ0,1]. It remains to be shown that 7 is
contractive. Evidently,

plicit integral equation in a series by Babenko’s approach
in Section 2, and then further study the uniqueness of
solutions via Banach’s contractive principle in the space
C(]0,1]) with an illustrative example. In Section 3, we
derive an existence theorem based on the implicit inte-
gral equation and Leray—Schauder’s fixed point theorem,
and present an example demonstrating application of the
theorem obtained. Finally, we summarize the entire work
in Section 4.

2. UNIQUENESS

Theorem 1. Let n be a continuous and bounded function
on [0,1] x R, ¢ : C[0,1] — R be a functional and

Al
—  _Fi5_ A) >0
T(B—~+1) B %2)(| )

Then ( is a solution of equation (1) if and only if it satisfies
the following integral equation:

w=1-—

)\k[k(ﬁ ¥)+8 (337C(CC))

M) DI L
+ — -
> k(3 —) +2)
e ZR(B=7)+1
+ID27¢ )\"f“—
Z:: (k(B=7)+2)
i ZR(B=7)+1
—Iﬁ n(z, ((x - 3
) VN gy @
In addition,
I¢I < (E(ﬁ ~, 1) ([A])
1
t—Ep_y, (A sup n(x,y
TET 1) e 2)(| D)(z’y)e[o’l]ml (z,9)]

1
+E|¢(C)\E(ﬁ—7, 2)(|A]) < +oo0.

Proof. Let 1 < 8 < 2. It follows from S.G. Samko (1993)
that

IP(cDP)¢(x) = ¢(x) = ¢(0) = {'(0)x = ¢(z) = ¢ (0)a,

using ¢(0) = 0. Thus, applying the integral operator 17 to
the equation

cDP¢(x) + X ¢DV¢(x) = n(z,{(2)),

we come to
C(a) = ¢ (0)z + AP () = ¢(0) = IPn(z, ¢(x)),

by noting that 0 < v < 1. It follows from setting x = 1
that

$(¢) — C'(0) + L2 ¢ (@) = IE_ n(z, C(x)),
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and hence
¢'(0) = ¢(¢) +

So we have

AT () — I n(x, G(=)).

(L+MP77) ((2)

= 1%n(x,((2)) + 26(C) + ML) () — L yn(x. {(=)).
Using Babenko’s approach, we get

(@) = (L A7) (P, (@)
+29() + A IfT] (@) — 2Tl (e, () )

o0

=5 (~1

k=0
el =] ¢ (x )—xff:m(%C(z)))

VEXETRE= (TP(x, () + 26(C)

oo

= (DN (o)

> ok ZkB=7)+1
e S e phOm
L=l 0@) 2 DN )
_ 7B x,((x S kK gh(B—1+1

Hence, ¢ is a solution of equation (1) if and only if it
satisfies the integral equation (3) since all above steps are
reversible.

Furthermore,

— IAF
¢l < Z R T ATD) ) n(z,y)]

P €[0,1]xR

=
HOOI T =7 9)

SN A[*
T G-

+ ! i |)\|k su
( ) (k(ﬂ - 7) + 2) (z,y)€[0,1]xR

E(B +, 8+1) (|A]) In(z,y)]

In(z,y)|

sup
(z,9)€[0,1]xR

+|¢(C)|E(6f~/, 2) F(BHC'|V+1)

1
+WE(5—% 2)(I1A])

(IAD) + I E(s—r, 2)(IA])

sup  [n(z,y)l.

(z,y)€[0,1]xR

Since

Al
w=1-— )E(ﬁ_% 2)(|)\|) >0

rg—-—~+1

we deduce

1 1
1611= £ (B, (M) + — 5 Bipen, () )

1
sup [z, y)| + —o(O)Es—r, 2)(|1A]) < +o00.
(z,9)€[0,1]xR w

This completes the proof.

The following is a theorem regarding the uniqueness to
equation (1) based on Banach’s contractive principle.

Theorem 2. Let n be a continuous and bounded function

on [0,1] x R, satisfying the following Lipschitz condition

for a nonnegative constant L;:
n(z,y1) = n(z,y2)| < Lilyr — 9|, y1,y2 € R,

¢ : C[0,1] — R be a functional satisfying the condition
for a nonnegative constant Lo

|p(C1) — d(C2)| < Lo — Cl,

for (1, (s € C[0, 1]. Furthermore, we assume

S =L1Ep—y, p+1)([Al) + (L2

c, A
BTEEST RS Gl

Then equation (1) has a unique solution in C|0, 1].

Proof. Define a nonlinear mapping M over C|0, 1] as

MCZ

JENETHE 0, ¢ (1)

+¢(¢) S (_1)k)\kﬂ
poars k(B =) +2)
> 2k(B=7)+1
k k+1
,; k(B —7)+2)
2k(B=7)+1

*Ile’l’}(ib, C( )) Z(*l)kAk

k=0

L(k(B—7)+2)

It follows from the proof of Theorem 1 that M(¢ € C10, 1].
We are going to show that M is contractive. Clearly,

MG — Mo
Z VR TEB=4B (52, ¢, (2)) — n(z, Ca()))

e rRB—7)+1

HOG) = 96D (VN
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LR+
L(k(B—7)+2)
—n(z, (7))

1)k:Ak+l

ph(B—7)+1
. Sy
) )
Hence,
[IMG — MG < L[ — Gl Eg—ry, s+1)(IA])
+Lo||C1 — Gl[Es—ry, 2)(IA])
A
*1“«3'7'»”@ GllEp, 2 ()
(ﬁ—i— ) [¢1 = Gl E—r, 2)([A]) = S[I¢1 — Cll-

Since S < 1, equation (1) has a unique solution using
Banach’s contractive principle. The proof is complete.

As an application, we have the following example.

Example. The following nonlinear fractional differential
equation with the nonlocal boundary condition:

1

D' () - 5 oD"((@) =

+ arctan(z® + 1),
¢(0)=0, ¢(1) =

1 .
Tgsin((@* + 1¢(@)

z € [0,1], (4)
1

10(1 +¢*(1/2))’

has a unique solution in C[0, 1].
Proof.

n(z, () = — sm((x2 + 1)¢) + arctan(z® + 1).

Then 7 is a continuous and bounded function on [0, 1] x R,
satisfying

Iz, ) = n(z, )| < ig\ sin((2” +1)¢1) — sin((2® + 1)¢2)]

< 19|C1 Cal,
which infers that £; = 2/19. On the other hand,

1
=TT )

satisfies

1 B 1
10(1+¢7(1/2)) 1001+ ¢3(1/2))
< 1io|<1(1/2) &(1/2)] < ml\cl Gll,

by the mean value theorem and noting that

d 1 2z
de \1+22/|

(14 22)2
So L5 =1/10 and

16(C1) — 3(G2)] < ]

<1, zeR.

2
S = EE(1,2.5)(1/2)
1 2/19 1/2
10 Eq,9)(1/2
" (10 TTas5+1) T T5-057 1)) a.2(1/2)

2 1 2
E1,2)(1/2)

2 1 2
. %0.926819 11/2) % 1.2974
AT +(10+191“(2.5)Jr / >*

~ 0.978734 < 1.

By Theorem 2, equation (4) has a unique solution in
1o, 1].

3. EXISTENCE

Using Leray—Schauder’s fixed point theorem, we present
the following existence theorem.

Theorem 3. Let n be a continuous and bounded function
on [0,1] xR and ¢ : C[0,1] — R be a functional satisfying
the condition for a nonnegative constant Lo

|p(C1) — ¢(G2)] < La]|C1 — Calls

for ¢1,¢ € C]0,1]. In addition, we assume

B Al
O=1- (£2 + W) E(ﬁ—'y7 2)(|)‘D >0

Then there exists at least one solution to equation (1) in
the space C10, 1].

Proof. Clearly,
[6(O)] < (C) —

if ¢ € C[o, 1].

We define the nonlinear mapping M over C]0, 1] again as

MCZ

STV e
. L(k(B —7) +2)
i FFB-H1

HITTTC(x) Y (—1)RAR (

P(0) + [6(0)] < La[¢]] +[¢(0)] < +oo,

JNLH (¢ ()

=

pard L(k(B =) +2)

—I?_ n(z C(@)Z(—Dkkkﬂ
e T(k(B—7) +2)

It follows from the proof of Theorem 1 that

IMCI| < Eg—ry, g+1y(IAl)  sup  |n(z,y)]
(z,y)€[0,1]xR
+O(O|E(5—r, 2) (1A
[AllICH]
=~ Ep- A
1
F——=Ep_y, 2 (A sup n(z,y)| < +oo,
F(5+1) (ﬁ Y 2)(‘ |)(x7y)e[071]><7€| ( )|

which claims that M(¢ € C[0,1]. We first show that (i) M
is continuous. In fact,
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MG — MG
< Eg—r, p+1) (1A]) S In(z,C) — n(z, G|
+L2ll6 = G2l Bg—s, 2 (1A])
ﬂwEw% 2)(1A)
+ﬁE<ﬁw, 2)(|A|)9621[%p1 n(z, C1) — n(z, G)|.

)

This implies M is continuous since 7 is continuous.

(ii) Furthermore, we prove that M is a mapping from
bounded sets to bounded sets. Let S be a bounded set
in C[0,1]. Then for ¢ € S,

[9(O] < La]IC]] + |0(0)] < C,
where C is a positive constant. It follows from the above

inequality that M( is uniformly bounded if ( € S, as n is
bounded.

(iii) We claim M is completely continuous from C]0, 1] to
itself. By the Arzela—Ascoli theorem, we need to show M
is equicontinuous on every bounded set S of C[0,1]. For
0<t; <ty <1land (€S, wehave

L
(MEEz) = (MO < 3 1557,

| / (t2 — T FE= D=Ly ¢(r))dr

ty

- / (1 = G

25| (B=7)+1 _ k(B—7)+1
+lo(¢ |ZF k(B — ) + 2) ‘tz -1 ‘

RSN ]
I'(B—v+1) ,;)F(k(ﬁvaQ)

. ‘t/;(/a—v)ﬂ _ tk(ﬁ—v)—s—l’

Jril S | E —Mk
up 1' » Y
LB+ 1) (zy)e0.1)x < T(k(B—7)+2)

‘tgc(ﬁw)ﬂ _ tl;(ﬁw)ﬂ’

=1+ Is + I3 + 14.
As for I, we have

/ (b2 — T FE= DL ((r))dr

0
ty

= [(ta = My, ()

0
to

+ / (t2 — )R- D=1y (7)),

t1
and

ta
(ty — )= (7, ((7))dr
0

t1
- / R e
0

t1

[(t2 — )M — (g — MBIy (7 (7)) dr

[}

to
+/(t2 — ) MBIy (7 ((7))dr = Tia + Izo.
t1

Obviously,

t1
[112] < /[(t2 _ )R (g )R-+ gy
0

sup  [n(z,y)|

(z,y)€[0,1]xR
(ty — ty)RB=—N+5

k(B —~)+p
k(ﬂ—v)-ﬁ-ﬂ

€[0,1]xR
FB=1)+B
< 2
“\kB-7+8 "

(ﬁ "/)+5
By the mean value theorem, we deduce

t’;(ﬂ*'Y)‘FB

= K(B—7)+ B

n(z,y)]

t§(6—7)+6 tllf(ﬁ—'y)-s-ﬁ
KB—7)+B8 k(B—7)+8
= O P (ty — 1) <ty — 1,
where t; < 6 < t5. In summary,
[T12] < (t2 —t1)

sup  [n(z,y)l.

(z,y)€[0,1]xR

On the other hand,

|[Ioo] < (t2 — 1) max |[(tp — 7))

TE[t1,t2]
sup  [n(z,y)|
(z,9)€[0,1]xR
<(t2—t1) sup  |n(z,y)l

(z,9)€[0,1]xR
Regarding 1>, I5 and Iy, we notice that the factor
tk(ﬁfv)ﬂ _ tk(ﬁfv)ﬂ
2 1

contains the term t, — t; for all k > 0. Hence, M is
equicontinuous on every bounded set S of C0, 1].

(iv) Finally, we will prove that the set for 0 < < 1
Y ={CeC0,1]: ¢ =dMC(}

is bounded. Using

ICIF < [IMCL < Eqg—y, g1 (IA])
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sup
(z,y)€[0,1]xR

AL

In(z, )| + (O] E(s—r, 2)(I1A])

————F_ A
+F(5—’7+1) B %2)(| )
1
+——=FEp_ A sup z,y
F(5+1) (5 s 2)(‘ |)(17y)e[071]x7€|n( )|
< Eg—ry, p+1)(IA)  sup n(z,y)| + (L2l[C]]
(z,9)€[0,1]xR
HAO)) Eg—ry, 2)(IA])
(ALl
+———Ep_ A
e i o (A
1
t—Ep_ry, (A sup n(x,y)l,
T(B+1) (B—v 2)(| D(m,y)é[O,l]XR| ( )l

and
I (/6 ,y ) ( ’ ) ’

we come to

1
¢l < é(E(/i—% s+1)([A])

sup  [n(z,y)|

1
+ E_, 2)(|A])
r ) (@,9)€[0,1]xR

(B+1
1
+§|¢(0)|E(ﬁ—’y, 2)(|A]) < o0,

which indicates that Y is bounded. By Leray—Schauder’s
fixed point theorem, equation (1) has at least one solution
in C[0,1]. This completes the proof.

Ezxample.  The following nonlinear fractional differential
equation with the nonlocal boundary condition:

DY)+ eDOTE()

_ a%g(a)]
201+ ()

() =0, ¢(1) = 5 5inC(08),

has at least one solution in C|0, 1].

+ arctan(¢3(z)), = €[0,1], (5)

Proof. Clearly,

z?y|

—— — + arctan 3
2(1+y?) Y

n(z,y) =
is a continuous and bounded function on [0, 1] x R, and
1

6(0) = = sinC(08)
satisfies

|9(C1) — d(G)| < %| sin ¢1(0.8) — sin 2(0.8)]

1
< 16 (08) = &(0)
< =l -Gl G, ¢ ech,

which implies L2 = 1/10. We compute

Q=1- (1/10 + F(lll/i1)> Eq.1,2)(1/4)

1/4
~1-— (1/10 + / ) *1.1224 ~ 0.619677 > 0.

T(1.1+1)
So, the equation has at least one solution in C10, 1] using
Theorem 3. This completes the proof.

To end off this section, we would like to point out that
Theorem 3 does not require that the function 7 satisfies
the Lipschitz condition. Moreover, S < 1 in Theorem 2
implies that @ > 0 in Theorem 3. In addition, equation
(4) is handled by Theorem 2, rather than Theorem 3, since
we need
1
=19 sin((x? + 1)¢(z)) + arctan(z® 4 1)

to be a Lipschitz function to derive the uniqueness. How-
ever, equation (5) is different as

2?|¢()] 3
= ————— +arctan(¢"(z
20+ () (¢*(z))
does not meet the Lipschitz condition, but it is a con-
tinuous and bounded function on [0,1] x R, satisfying
the condition in Theorem 3 which shows the existence of
solutions.

4. CONCLUSION

We have investigated the uniqueness and existence of so-
lutions for the nonlinear fractional differential equation
(1) with functional boundary condition using the two-
parameter Mittag-Leffler function, Babenko’s approach,
Banach’s contractive principle and Leray—Schauder’s fixed
point theorem. In addition, we presented applicable exam-
ples making use of the theorems. By using similar tech-
niques, we can study other differential equations including
PDEs with nonlocal boundary or initial conditions.
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