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1 Introduction

Today, many complex life problems are modeled with fractional-order differential equa-
tions and fractional-order integro-differential equations. Potential theory, robotics, elec-
tromagnetism, signal processing, thermal acoustic engineering, viscous fluid dynamics,
and others are among important fields of applications [1-8]. In the literature, researchers
used fixed point theory to study the existence and stability of solutions for fractional-order
differential equations; we refer the readers to [9—18] for more detail.

Studies on hybrid differential equations and hybrid integro-differential equations are
ongoing; for example, the existence of a unique solution of a classical Cauchy problem of
hybrid differential equations was considered in the literature, as well as Cauchy problems
of hybrid differential equations with the Caputo—Liouville derivative, a nonlocal boundary
value problem of hybrid fractional integro-differential inclusions was investigated, and
an initial value problem of nonlinear hybrid fractional integro-differential equations was
examined in the literature; see [19—23] for more information.
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In this paper, we consider the following hybrid proportional fractional integro-differen-
tial equations with Dirichlet boundary conditions (HPFIDE):

_Nr=m $3rS52
Sq(ap)élﬂ("’“) Zret e W’“"”“”):/C(g,dxc)), ¢ €[0,F],

V(@) (1.1)
#(0) = ¢o, $(F) = ¢r,

where §(Ep)gt?

represents the Caputo-Liouville proportional fractional derivative (C-
LPED) of order i, (I1;);2"** denotes the Riemann-Liouville proportional fractional in-
tegral (R-LPFD) of order ¢35, for ¢» € (0,1], 1 <61 <2, 63, >0 (r=1,...,m), m € N,
G0, pr € R, W, :[0,F] x R— R, V:[0,F] x R — R\{0},and £ :[0,F] x R — R.

We note the following:

« Inthe case ¢p = 1, HPFIDE (1.1) becomes a combined integro-differential equation
with the Caputo-Liouville fractional derivative and the Riemann-Liouville fractional
integral.

o Forall (¢,¢(¢)) €[0,F] x Rand r=1,...,m, in the case that Y(¢,¢(¢)) = 1 and
W, (¢,¢(¢)) = 0, HPFIDE (1.1) reduces to the Caputo—Liouville proportional
fractional boundary value problem (C-LPFBVP)

{ CEDII(0) = K(£,6(0)), ¢ €[0F], 12)

#(0) = ¢o, #(F) = ¢.

o Forall (¢,¢(¢))€[0,F] x Rand r=1,...,m, in the case that Y(¢,¢(¢))=1and ¢, = 1,
HPFIDE (1.1) reduces to the C-LPFBVP

C(Bp)g (@) = K (&, ¢(0)), ¢ €[0,F], (13)
#(0) = ¢o, ¢(F) = . )

The method of variational iteration, the Adomian decomposition method, the Laplace
transform, the finite difference method, the Fourier transform, the collocation method,
etc. were considered among the techniques of solving fractional differential equations;
see [24—31]. For example, fractional differential equations with periodic conditions were
investigated in [32—34]. In the early twentieth century, the reproducing kernel method
was first used in boundary value problems. In 1907, Zarmba was the first to introduce the
kernel of certain functions and to express their reproducing properties. The reproducing
kernel functions of a Hilbert space have been introduced in the form of very simple poly-
nomials since 1980. Many researchers use the reproducing kernel Hilbert space method to
approximate solutions to various problems. The reproducing kernel method was applied
to boundary value problems in [35, 36]. In particular, this method has also been consid-
ered for fractional differential equations such as the fractional gas dynamics, fractional
advection—diffusion equation, fractional diffusion and advection—dispersion equations,
fractional Duffing—van der Pol oscillator equations, and so on [37—40]. Other new appli-
cations of this method can be mentioned in machine learning [41-43]. Our motivation is
to use the new fractional operators to obtain numerical solutions for the considered prob-
lems using the reproducing kernel method. In addition, using the fixed point technique,

we study the stability of the given problem in a completely theoretical way.
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The paper is organized as follows. In Sect. 2, we introduce the basic concepts of frac-
tional calculus and the theorems and lemmas needed to describe and examine equa-
tion (1.1). Also, we present the fixed point technique to obtain a suitable approximation. In
addition, we introduce the functions and spaces required for numerical solutions of equa-
tion (1.1) using the reproducing kernel method. In Sect. 3, by implementing the fixed point
technique we investigate the stability of equation (1.1) and establish the existence of a suit-
able approximation. In Sect. 4, by introducing the reproducing kernel method, we present
the steps to numerically solve equation (1.1). In Sect. 5, we consider a numerical example of
equation (1.1), including some graphs and tables. A conclusion section is given at the end.

2 Preliminaries
We start this section with definitions of integral and derivative of fractional order and
explanations of gamma function used in fractional calculations [43].

Definition 2.1 ([44, 45]) For Re(s1) > 0, the upper incomplete gamma function, the lower
incomplete gamma function, the upper regularized incomplete gamma function, and
lower regularized incomplete gamma function are defined as follows, respectively:

« Tie,6) = [ ot exp(=h)dh, ¢ = 0;

» Ta61,0) = [y b9V exp(=h)dh, ¢ = 0;

« I's(e1,8) = %ﬂf);

e Ta(s1,0) = 1-Ts(s1,¢) = HE2.

Definition 2.2 ([44, 45]) For a function Z € L!([0,F],R), the left fractional Riemann—
Liouville integral (L-FRLI) and the left generalized proportional Riemann-Liouville frac-
tional integral (L-GPRLFI) are defined as follows, respectively:

o (Mp 2(2) = Z(C)

D200 = s [ = 109 Z o

MR - 2@,

C ME2E) - it € = T exp( (@ - ) ZGodps;
where ¢ € [p,q], s € (0,1],and ¢; > 0.

Definition 2.3 For a function Z € C°([0,F],R), the left fractional Caputo-Liouville
derivative (L-FCLD) and the left generalized proportional Caputo—Liouville fractional
derivative (L-GPCLFD) are defined as follows, respectively:

o SEDNZ()=Z©);

B Z@) = (M (DF2) (€)= ol 6 = oD 2

. C(@"“Z(;) 20

g(aD)%’QZ(g) = (M), ((Ep)" 2 2) (£)

- - e—c1-1 . e,c

1r(e o) / (& - GXp( (C w) ((Ep)*2Z) (wdp,
where ¢ € [p,ql,e-1<¢; <e ecN, ¢ €(0,1], and ¢; > 0. Also, for the last item, we
have ((E0)"%2) (¢) = (Ep)*2) (1) = (1 - D Z(@) + 22'(0), (Ep)*? Z) (§) = Z(¢) for
e=0,and ((Ep)*?2)({) = (Ep)2DS ---(Ep)? Z)(¢) for e > 1.

e times
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For L-GPRLFI and L-GPCLEFD, we have the following properties:

- M (MR 2) @) = (MR (MPF=R2) ) = (M2 20,

¢ SE (M2 2) () = 20

o (MR (SEDEPE) (©) = 20) - X0 dil¢ - p) exp(S5 ¢ - ),
where, ¢, € (0,1], c3>0, ¢1 >0withe—1<¢; <e, Z € L'([0,F],R), Z € C([0,F],R)), and
g (Eprs2-2)p

géi!

.Also,for1<¢; <2andp =0,

C T (EDEP2) () = 2() —doe 5 € —di exp(2L¢),

By considering the lower regularized incomplete gamma function I', for ¢ € R*, ¢; € C,
Re(s1) >0, 52 €(0,1], and g > 0, we have

+ For ¢ € [p,ql, Ta(s1, (¢ — a)) is a nondecreasing function;

« Forall ¢ > p, Tu(c1,x(¢ — p)) € [0,1];

o MaXeepp,q [a(S1,%(8 — p)) = Ta(61,%(8 — )y = Ta(s1,%(q — p));

o Mingeppq Ca(s1,%(C —p)) = F4(§l’x(§1 Py =0;

+ For & € (0,1), ((MP51) ©) = LG iad)

« For & =1, ((MP521) @) = (M. ) () = £25

1-¢p
iy MO () o0 - 2

1-¢
: Fa(e 52 G») (g-p¥
¢ MaXee|p,q) (hmgzﬂl -2 = T+’

Proposition 2.4 ([43]) If T4 is the lower regularized incomplete gamma function, then we
have
(1) For G2 € (O, 1)7 Cl) (2 € [19: q] (;1 = 4‘2)’ dl’ldg >0,

G2

4] -1
(q— )" exp( = (q-mw)dp

&

g
_ &1 [F( -6 )_F< -6 >]
(l—gz)g 4 g: o (q Cl) 4 g¢ o (q ;2) H

(2) Forg,€(0,1], 61>0,andp<pnu <1< <q,

s}
lim
=0 Jp

-1 -1

(€2 — 1) exp(Z2= (& — ) — (&1 — W exp(— (41 - u))‘ m
G2 ()

=0.

The next theorem states the fixed point technique, which is our main method for estab-
lishing stability [11, 12].

Theorem 2.5 Counsider the generalized complete metric space (A, Acon) (GCMS). Assume
that a function Y : A — A with Lipschitz coefficient 0 < « < 1 satisfies in the following
inequality:

Acon(Y o, YY) <a Acon(¥, P)

for ¢,y € A.
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Let ¢ € A. For anyb,by € N with b > by, we have two options: Acon (Y°¢, YP*1¢) = o0,
or Acon (Y, YP"1¢) < +o00. If Acon (YPh, WP ) < +00, then the sequence {WPe)
converges to the unique fixed point y* of Y, which The fixed point ¥* is in the set
N* = {lﬁ e A| Acon (Tboqb, 1/f) < +oo}. For ¢ € A, we have (1 — a)Acon (W, ¥*) <
Acon(¥, TY).

Definition 2.6 ([11-13]) We say that (1.1) is stable if for the function ¢(¢) and the control

function Q(¢),
c g ove (20 T TGP WiE, ¢ ”) K 52 21

for § >0, ¢ € F, and there exists a solution ¥(¢) of Equation (1.1) such that

¥ (£) — (0] < w 852(5)
for € F, w>0.

Definition 2.7 ([46]) Consider aspace A and a Hilbert space H and assume that © (¢, 1)
is a function in H. Then, we say that the function ®,4(¢, n) is a reproduction kernel func-
tion and the Hilbert space H is a reproducing kernel space, if we have

(RKF-1) Opi(¢,n) € H forne A;

(RKF-2) (Y(£), Opi(&,m),, = V),

where (-, )y is the inner product in H.

Definition 2.8 ([47]) Consider the set L2[0,F] of Lebesgue square-integrable functions
on [0, F]. The Hilbert space U%[O, F) is the space of functions defined as

U,[0,F] = {y(¢) | ¥ is absolutely continuous, ¥’ € L*[0,F]},

in which the inner product and norm are defined, respectively, as

(IP-Uy) (¥(£),2(9))yy = ¥(0)z(0) + Jo ¥'(©)Z(@)dg;
(N-U3) ¥l = <w(;),w<;>>@.

Definition 2.9 ([47]) The Hilbert space U%[0, F] is the space of functions defined as
U3[0,F] = {w(;“) | ¥(¢) is absolutely continuous, ¥ € L*[0, F],%(0) = w(F)} ,

where the inner product and norm are given, respectively, as
(IP-U3) (¥ (£),2(¢ Nuz = Sl ¥ P(0)27(0) + fOF Y@ (2)z?(¢)de;
(N-U3) 1Y (Dllys = (W(C),W(C)ﬂ;

Lemma 2.10 The reproducing kernel function ®(¢,n) of the space U%[O, Flis

1’ S,
O (&, m) = e £=

2.2
n+1l, ¢>n. 22)
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Proof Considering (IP-U3}), we have

E
(W (), Opu(&, M)z = ¥ (0)Opy (0) + / V' (£)Oay (§)de, (2:3)
0
s0

(¥(0), Opn(& M)y = ¥ (0)Opgy (0) + ¥ (F)Op1y(F)
F
(0] (0) - / V(OO (e (2.4)
0

Now let Opx(0) — ©p44,(0) = 0 and O, (F) = 0. Then —@’[;k]n(;) = 8(¢ — n), where §

denotes the Dirac delta function. When ¢ # n, we have @’[/rk]n(g“) =0. Then

®[Vk](§) 77) = Tl(n) + ‘52(77);; § <n

(2.5)
() + s, ¢>n.

Now using the properties of 8, we have O ),+($) = Oy~ (¢) and G)Erk]n* )= @Erk]n_ )=
—1. Then by (2.5) and the obtained properties we obtain the coefficients of t1,, 72,, 71,,
and 7y, forr=1,2,ie,11(¢) =1, 12(¢) =1, 13(¢) = 1 + &, 14(¢) = 0. O

Lemma 2.11 The reproducing kernel function Apx)(¢,n) of the space U%[O, Flis

tn+30°n-¢8% <,

Apr(€,n) =
’ N+ 3¢nt -0 o>

Proof Similarly to the previous theorem, considering (IP-U3), we obtain

(¢(§), A[rk](g, n))U%

= Y (0) Ay (0) + ¥ (O)A [, (0) + ¥ (F)A [, (F) = ¥ (0) A, (0)

F
— V(B A4, () + Y (0) A4y, (0) +/0 V(O Af, (B (2.6)

Now let Al (0) = Al (0) =0, Apigy(0) = 0, Al (F) =0, A%, (F) = 0. Then A (¢) =
8(¢ —n). When ¢ #1, we have Al (¢) = 0. Then

n() + ¢ + s+ (e, ¢ <n,

Api(C,m) =
[kJ@ n) w(p) + Ta(n) + T7(77)§'2 + tg(n)é's: Z>n.

(2.7)

Now using the properties of 8, we have Apxjy+(£) = Apkiy= (£ Al (§) = Al (),
A/[/rkw €)= A[/rkm,({), Afrkw({) - Afrkm,(c) = 1. Then by (2.7) and the obtained proper-
ties we obtain the coefficients of 7, and 7, for r = 1,2,3,4, i.e.,, 11(£) = 0, 12(¢) = £, 15(¢) = %,

16(0) = 2, 13(0) = =2, 1(0) = Le(0 +2), 7(2) = 0, 75(¢) = 0. O

3 Stability results for HPFIDE (1.1)
We introduce a mapping that will be used throughout our stability results.
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Definition 3.1 Considering the set A" = {¢ : F — R, ¢ is differentiable}, the operator
Acon : N x N — [0, +00] is defined as

Acon(¢,¥) =inf{€ € [0,00] : [9p(§) = V()| = EQAE), ¢ €F}. (3.1)

Lemma 3.2 The set N along with the operator defined in Definition 3.1 is a generalized
complete metric space (GCMS).

Proof We assume that Acon(¢, V) > Acon(e, ¥) + Acon (¥, ¥) for ¢, ¢ € N. Then we
have [¢(%o0) — ¥(%o)l > Acon(, ¥) + Acon (¥, ¥)S2(¢). Now, with respect to Acon, we
arrive at a contradiction, i.e., we have [$(Zo) — ¥ (%o)l > [9(50) — ¥ (%)l + [ (So0) — ¥ (Lo)l-
Consider a Cauchy sequence {¢,} on (N, Acon). For § > 0, we can find N € N such that
|94n(&) — Pm(2)] < 8R2(¢) for all m,n > Nj and ¢ € F. Now taking into account the continu-
ity property of the control function (&) on [0, F] (which is a compact set), we conclude
that the sequence {¢,} is uniformly convergent to ¢ € N. Then, for § > 0, we can find
N; € N such that |¢,(¢) — ¢(¢)| < §Q(¢) for n > N5 and ¢ € V. Let m — 00, and then
Acon(Pn, @) < 8. We conclude that (N, Acoy) is a GCMS. |

Theorem 3.3 Suppose we have positive constants M, My, Ms, My, Ms, o such that

3—1
Vo ( c) 6 -1 Vet exp(5¢)
0<M 1-= M 3.2
Vo0 UTE) TGO S E e exp(TE) 32
cexp(Lr0) M1 cexp(520) 1

M2+

2

YE v) Fexp(S51F) & 09T (g3,)

m

1
M
YoaT(q) Z

§ Fexp(gz—'lF) 52°1(s1)

§2§3rr cs,) /(;“ ) exp( (§ uNMso < 1.

Suppose that for continuous functions Y : [0,F] x R - R - {0}, W,: [0,F] x R > R, K:
[0,F]x R—> R, and Q:R — R, we have

V(& ¢(5)) = V&, ¥ ()] = Milp(€) =¥ (I, (3.3)

’y(C 1//(;“))/ (F— o exp(2— (F P, (i, Y () (3.4)

=Y, ¢(§))/ (F— o exp(2— (F PDWr(1ks ¢(M))du‘
= Mald () =¥ ()l

F -1
‘y(C, ¥(2)) /0 (F- st exp(%(F — K (, yr(w)dpu— (3.5)

F -1
=V, () / (F— ) eXP(%(F — K (1, ¢(u))du'
0

= Mslp(0) =¥ (I,
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’y@ $(0) / (¢ = exp L€ — 1K p(u)ydps

VW (@)) / (¢ = exp( S L ¢ - i)KGu y(u)du
< Mald(©) - v (0,

1 ¢
_ / (€ = 5 exp(sa — 1(¢ — W)QAC)pt < 0QAE).
$251I'(s1) Jo

Assume that ¢ : [0,F] — R is a function such that for § >0 and ¢ € [0, F],

=38Q(%),

Cgpe gz(m“) ST TG WAL, 9(0))

+ _’C ’
Po Y, $(0)) ) €90

’/C(C $(8))

F

¢o < z:) &-1 e exp(<L1¢)
1- exp(

0,90 o T Y E (P
¢ exp(<L1t)

© V(E ¢e) Eexp(<ELE)

- (y(e“,d)(()) [

Z & / (F — 10 exp(E L (B — j)W (s ()
S F

CGXP(§3_1§) 1
Fexp(g2 LF) ;' T(s1)

f - exp( L E— k@, ¢ )dp

G / (. 1exp( (; wHK(E, ¢(§))du]
F(g)

+Z;231“7 / (¢ -yt eXp( (é wIWr(u, ¢(M))dﬂ>‘

r=1

= m/ (& — ) exp(sa — 1(¢ — w)KQAC)dpe.
2 a

Then HPFIDE (1.1) has a unique solution v : [0, F] — R such that |y () —¢(¢)] < —=

where v is the number given between 0 and 1 in (3.2).

Proof We define the mapping ¥ : V' — A as

F

¢0 (1 ;)exp(§2—1 ¢F%exp(§3§_;l§)

Y 0,60 o T Y E (P
¢ exp(ale)

~ Y(F,¢p) Fexp(<£LF)

W (p(2) =V, ¢(0)) |:

x Z §3r1—~ / (F M)§3r exp( (F M))W (/.L, ¢(M))d/’1/

rlg2

(3.6)

(3.7)

(3.8)

(3.9

15 R0,

Page 8 of 25
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fexptst) .
- Fexp(gz—’lF) S'gglr(gl)/ E-n) exp(

(F DK, ()

- f (e 1eXp( (;‘ VK (s ¢(M))dﬂ:|
F(§)

Z garr / (¢ =y exP( (§ IIW, (e, d(1))d .
- 2

(3.10)

We show that this mapping is a contraction. For this purpose, we assume that Acon(¢,
V) < Eyy for ¢, ¥ € N, the coeflicient Eyy € [0,00], and [¢(£) — Y (¢)| < Epy 2(¢) for ¢ €
[0, F]. Using (3.3), (3.4), (3.5), (3.6), and (3.7), we get

W (2) =Wy (2l

o ¢ &-1 e exp(<L1¢)
= , 1-2
‘y « ‘p(“)[y(o,%)( F)eXp( @ Y Eenew=ln)
¢ exp(<510)

Y (F ¢r) Fexp(<EF)

Z gg,r / (= )5 exp(=>

rlgz

(F DIWr (i, d(1))d

fexp( O

Fegzgle IF(S, )

/ F - exp < L (F 1)K d(u))dpt

/ (e 1exp( (4 DK (1, ¢(/L))du]

‘F(gl)

- ( yssr1 (
Zgzg,r / ¢ - exp

1

(;“ P, (i, ()

¥ <—£>exp(g2_1) i
Y (0,0) F 5 Y (F, ¥e) exp(<2F)
¢ exp(£1g)
Y (F, ¥e) Fexp(£2F)

- (37(4“40(4“))[

Z — f (F — 105 exp(E L (B — j)W (s ¥ ()
1 S2 F 0 S2

¢ exp(S2 1;) 1
Fexp(§2 ') 65'T'(61)

s1-1
IF(g)_/@ %) eXp(

+ZF— / (¢ - L exp(2

S3r
r=1 §2

I/IO é‘ Gy —
1-= 22 ) _ ,
y(o Vo) < F>CXP( o Q(’J’(( ¢ - V(& 1//(())‘)

/( - exp( LB = K v (u)du

(§ NI (p, W(M))du]

(C uIWr (1, w(u))du) ‘
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Y exp(£2¢)
VG Vr) exp(<1F)
¢ exp(<£2¢)
Y r) Fexp(£2F)

(‘y(c,cb(;)) - y(fﬂﬁ(())‘)

X
Z )

(‘y(é Iﬁ(C))f (F - 0= exp(2 (F DWWV (is ()

- V(, ¢(§))/ (- )= exp(22— (F W (e, d)(/t))d/LD

§eXP(§3 ORI
Fexp(g2 LF) gzglr(gl)

) 1exp( (F PN (e, Y ())dp

(y(u,

_ Y@, $(0)) / F- )+ exp( LE- u))icw,qsw»du‘)

Tg)(’y(f ¢(¢)) f (€ = 1exp( (¢ = K, ()

_V@ @) / (¢ =0 exp( Lo m)icm,ww»du‘)

m

1
/(C w3t exp( (C M))’W(M d(p) - W(M’w(,u))'dy,
Vo ¢
1-2
= Y (0,%0) ( F> (M1 o) - I/I(C)D
Yt exp(<2¢) < ’)
M _
y(F ¢F)eXp(§3 = 1190 =¥ (2)

g“exp(§2 Lo) r=m
"V E gD Fep(LE) 21: g§3rr (Mz ¢() - w(;)D
CEI
" Fexp(21P) 7 T (s <M3 Py )D
1
- M _
ST (e )( 4|®(2) 1#(()‘)
+23y—/ (¢ -yt exp( (C M))<M5 o) - I/f(i)D
r=1 §2 r

Yo ¢
=30, v0) <1 F)eXp( §)<M 5‘1""9@)

Page 10 of 25
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Y exp(£2¢)
Y Vr) exp(<1F)

g“exp(g2 271y r=m 1
MoE4y 2
y(F Wp)Fexp(sa = Z T (§3r)( 284y ({))

r=1

<M15¢¢ Q(é’))

§exr>(§3 ORI
Fexp(g2 LF) 65'T(s1)

(Ms&»w Q(C))

1

m <M45¢w Q(C))

+ZW/ (¢ — st eXP( (Z M))(Msgwﬁ(é“))
r=1

G2

Y, wo) F Y (E, rp) exp(<22F)
cexp(Ztg)  m fexp(20)
1 Z S 2+ Ms Ay c
Y E Y0 Fexp(ETH S 67T (53,) Fexp(“Z1F) ;' T'(s1)
o
YT (e

m

+ZW / (¢ =)t eXp( (<: M))MSQ)SM,Q(;)
Thus we have

Acon(Ve, V) (3.11)

4 s3-1
|: X (1_£> exp(gzg_1§)+./\/l1 Veg Xl = o
2

YOy \F Y (F, yre) exp(<2F)
cexp(<Liy)  m cexp(2¢) 1
M M 52
" VE v Fexp(] 1F>;g§3’r(gsr) T Fexp(IE) 6 T (o))
1
GG

m

Z §371'1 / (g- M)ggr exp(

=1

(( M))MsQ] Acon(®, V).

Since
3—1
Yo ( §) G2—1 ‘pF%eXP(%é')
0<M 1-= M 3.12
< 137(0 Yo) F exp( $2 O+ ly (F, vr§) exp(§3—_1F) (3.12)
cexp(£1r) cexp(17)
Z 5 M +

"YE ) Fexp(£51F) 4 gf'r FexP(Q 1F) 6511 (s1)

1 m
+ M + / s3rlex
4§2§1F(g1) ; gzsrl—w (é' M) P(

(C pIMse <1,
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A is a contraction. Now we show that Acon (W, ¥) < 00. For ¢ € N, we get

W (Y (2)) - ¥ Q)
o e -1 ¢FF€XP(§3 3717y
= 5 1 _——
‘y(g ¢(§)) |:y(0,¢0) ( F)exp( 5_2 C) y(F ¢F) exp(§3 11’.‘)
¢ exp(<Z2¢)
Y (F,¢¢) Fexp(£2F)

o D / (F - 1oL exp(EL (F - i)W, ()il
r=1 $2 F

1) exp(22

{eXp(“—’ls“) 1 F
. 5 / (F- L (F— i)K(E, ¢

Fexp(gz—_lF) 5'T(s1) Jo

s / (R 1exp( (; UK, ¢(§))du«}
F(s‘l)

+ZT / (€~ 1™ exp(EL (¢ — )W, )t - ¢(c)‘
r=1 22
1
- _ 511 _1(r - Q)d
gzglr(gl)/p (¢ =)' exp(sa — (& — w)E)dp

< 80%2(%).

Consequently, Acon(¥V, V) < 80 < 00, ¢ < 1. Therefore by Theorem 2.5 the sequence

{WP¢} converges to a fixed point ¢ of W, which is in the set N* = {y € N : Acon (W, ¢) <
oo}. In other words, W¢ = ¢, or

W (p(¢)) =V, 9(2)) (3.13)
o s -1 ¢F%GXP(§3§—;1C)
1-2
* |:y(0, o) < F> exp( $2 O+ Y (F, ¢r) exp(gz_;lF)
¢ exp(<L1t)

Y (E ¢r) Eexp(<EE)
Z Sy / (F - ) exp(22— (F DWW, ()
r=1 §2 F

;“exp(g3 lé“)
§1 1 F d

S / € - 1exp( (5 K, ¢(§))du]
F(g)

S3r—
*27;2% f (¢ — = exp(22

Also, we have

(s“ DWW (1, d())d .

C o cvsr (S0 = T g WL, ¢(z))> i 314
mEDG: ( ) (& 9, (3.14)

Page 12 of 25
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and, as a result,

1 )
Acon(¥,¢) < 1 Acon(Wy, ) < —QQ(Q
-v 1-v

We now prove the uniqueness of the solution. Consider the function £ and

Cgpes <£<;> Sy TGt Wi, £(0))

1 = K(¢, L(¢)). 3.15
Po V&, L(©)) ) (€ £ (3.15)

According to (3.15), W L = L. \X/e show that Acon(V ¥, £) < 00. Using (3.15) and assuming
that ¢ € M and Acon(¥, £) < %, we have

W (£) - L)

$o ¢ -1 ¢FFGXP(§3 s-lry
- ) 1-2
‘y(f ¢(§))|:y(0,¢0)< F)CXP( o $)+ Y, ¢F)exp(§3 =
¢ exp(*510)

Y (F ¢p) Fexp(<EF)

XZsr— / (F = )5 exp(2> (F IO, (ie, ()
r=1 §2 r

fexp(S10) 1
Fexp(g2 LF) ;' T(s1)

/ - expE LE— k(@ (@ )du

G / (e 1exp( (<; K, ¢(C))du}
F(gl)

- ( yssr1 (
Zgzg,r / ¢ - exp

1

(;“ P, (i, ()

5 (1—5)6xp(§2_1 )+ LTFeXP(gs 20)

- L
(J}@ ©) |:y (0, Lo) F $2 £+ YV (F, L1)exp($= 1F)

¢ exp(<£17)
Y (F, L) Fexp(<:2F)

F
_ g3—1
E (F - w3t exp(
2§er fo P $2

— S

(F = i)W, (e, L()d

rexp(0)
Fexp(§2 ') 65'T'(61)

s1-1
lr(g)/@ ") eXp(

+ZF— / (€ = o exp(2 ¢ - Wi, E(M))du)‘

S3r
r=1 §2

I/IO é‘ Gy —
1-= 22 ) _ r
y(o Vo) < F>CXP( o Q(’J’(( ¢ - V(& (C))D

/ (F— )5~ 1exp( (F PNK(E, L(©))dp

(é )KL, ﬁ(é))du]

Page 13 of 25
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Y exp(£2¢)
Y Vr) exp(<1F)

¢ exp(<£2¢) Zm: 1
Y ) Fexp(S1F) 7 6T (s3,)

=1

(‘y(C,fl’({)) - y(f,ﬁ(f))D

(‘y@ L) / (E = 1% exp( S (B = i)W L)l

-V, ¢(C))/ (- exp(2— (F PIWr (M»(b(ﬂ))dﬂ‘)

zexpﬁs—lc) 1
Fexp(g2 'F) 55 T'(s1)

e

- (@, ¢(C))/ (F— )=~ leXp( (F DK, d’(u))du‘)

eXP( (F DK (e, L(w))d e

W(’y@ #(2)) / (€ - 1eXp( (C PN (i, p(1))d e

- V(¢ L)) f (¢ - 1exp( (z u))icw,au))duD

Z 25-3r1" §3r)

/ (¢ -t eXp( (4“ M))‘W(M o () = Wiu, E(M))‘dﬂ

sy(o‘”‘)%) (1 i)exp( g)(Ml $(0) - £(;)D
Y exp(£20)
Y Ve) exp(<LE) (Ml M)_E@)D

cexp(Li) 1
M
Y Vr) Fexp(£2F) Zl 6T (gsr)( ?

¢(§)—E(§)D

LG exp(<10) g
1 1 <M3
Fexp(g2 F) ¢, T'(s1)

¢(C)—£(§)D

1
T@)<M4 é(&) - ﬁ(f)‘)

Z §3r1" /(§ w3t exp( (C M))(Ms
So
Yo ¢ Go—1 8o
= V0,0 (1_F>exp( o g”(Mll—zzﬁ@))

Vel exp(2L) 50
Q
"YE Vr) exp(SELE) <M11—u (g))

() - E(C)D
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i
3

¢ exp(*2= 39! 4 1 80
M2 g
"V E Y0 Fexp(IF) & g?rr(gg,)( Sy “))

cexp(%—l;) 1 (M % g ))
Fexp(QlF)s‘zglr(gl) -v ¢

1
M2
lr(g1)< 1 (C))
S3r—
+;TF / €~ ) (/\/ls

-1
2

Q(§)>dﬂ«

Y, wo> F Y (E, ¥r) exp(<2F)
cexp(£1r) ¢ exp(£20)
° 1 Z 3 = My + M; > gil S1 .
Ve ) Fexp(<2F) 65, T (s3,) Fexp(<2F) ;' T'(s1)
1
GG
“ so
+Z§3,7 / (€ -t exp( (¢ - /L))Mse)—ﬂ(;“),
= 'l 1
and so
Acon(Wyr, L)
Vo ¢ Y exp(<2¢)
My 1-- 1
Y (0, ¥0) F Y (F,yre) exp(<-F)
cexp(£1r) ¢ exp(20)
° 1 Z 3 = My + M; > gil S1 .
Ve ) Fexp(<2F) 6" T (s3,) Fexp(<2F) ;' T'(s1)
1
GG
“ 8
+Zg3,7/ (¢ = w5 exp(Z— (C M))MSQ) ¢ <.
-1 52 r
This completes the proof. d

4 Implementation of reproducing kernel method for HPFIDE (1.1)
In this section, we apply the reproducing kernel method of equation (1.1) and obtain the
solution.

We define the operator J : U3[0, F] — U}[0, F] as

¢ -0 Hzémwr(c,¢(¢))>

(4.1)
Y&, ¢(5)

Jé(@) =5, Eng"” (

Then, according to the above differential operator, we have the system

#(0) = ¢o, $(F) = ¢r. '
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Theorem 4.1 The operator J : U3[0,F] — U3[0,F] defined in (4.1) is a linear bounded

operator.

Proof Step 1. First, we show that 7 is a linear operator. For this purpose, we assume that
V(¢),¢(¢) € U2[0,F]. Then we have

T +¢)&)

o ((w<;>+¢<;>> Yo g Wi, (w(§>+¢(c)>)>
m=Por V&, (Y (©) + ()

n-¢1—1
7F(n — [ (¢ == exp("

y (: e ((ww)w(u)) > i"nzéi@ww, (lﬁ(u)+¢>(u)))>) God

(C w))

Vs, (W () + G(1)))
_Cgye Q(WO) ST gl WL, w@)))
bot V&, ¥(©))
L Capt gz(w) ST g W, ¢<¢)))
=Por V()
= TY(@) + TP().

To complete the proof of linearity, we assume that ¥ (¢) € U% [0,F] and s € R. Then we

have

TW)E) = CEPS (“WD S TS WG, <sw<;>>>>

V(& (s ()

n-¢1-1

e (V) = Y Tnlgimwwxsw»)))
8 ( ( V(i ¥ () eddpe

_s Capse ((1//(5)) S T Wi, ()
Y&, ()

) =s JW)Q).

Step 2. For the boundedness, we consider (IP-U}) and (N-U}):

F
ITY N2y = TV @), Ty = (TY)OF + / [(Tv)©] ds. (43)
2 0

On the other hand, according to (RKF-2), we have
o Y@ = (), Apu(n, §)>U%[0‘1];
(T = (W), T A1, O g0y
« (TYY @)= (v, (JA[,k](n,o))Uzm

Using Schwarz'’s inequality and con51der1ng positive constants 531, B, > 0 and the conti-

nuity of Ap«(¢,n), we have

(TINO! = (40, T Apic D)z | = [T At WOl = Billw @l
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and, similarly,

(T ) (©)| < B2l ¥ llyz. Therefore

F
TP @Iy < BV @I, + fo Bi I ©)llgzde = (B + EB;) 19 (©)l - 0

Now, to complete the reproducing kernel Hilbert space method, we make an orthogonal
system of UZ[0, F]. For this purpose, we consider the following:

(0-1) Q1,(8) = Aprie, (0

(0-2) Q,(5) = T*Q1,(5);
where {£,}77; is a dense sequence in [0, F], J*: Ué[O, F] — U%[O, F] is the conjugate oper-

ator of 7, and {Q,,(-)}%%, is a complete system of U[0, F]. Then we have

Q5,(8) = T*Q1,(8) = (T* Q1,(0), A (U))U% =(Q1,(n), jA[rk]{(n»U%

= (®[rk]c,(77), jA[rk]c(’?»U% = LyA[rk]g(n)|ﬂ:{r~

By the Gram—Schmidt process on U3[0, F] we obtain an orthogonal basis in {Q5,(£)}°2},
which is shown as follows:

D2, (0) =Y ;i Da:(0), (4.4)
i=1

where the orthogonalization coefficients of ¥ are as follows:
(OC-1) th1 = 7o

T2’
(OC-2) ¥, = 21 ;
|2y |*-Xict £%
_Nyr-lgog.
(0C-3) 9, = =1 117

VI -2 5
such that f;; = (QZ,, Q2i>U2'

In the following, we pre25ent several lemmas regarding exact and approximate solutions
obtained by reproducing kernel Hilbert space method [40].

Lemma 4.2 Let Y (¢) be an exact solution of (4.2). Then, for any dense set {¢,}o0, in
U3[0, F], we have

V@) =D Y 0K (G ¥ (G)) Dar(0). (4.5)
r=1 i=1

If we substitute a finite sum into (4.5) instead of an infinite sum, we obtain an approximate
solution, which is written as

Un(@) =YY 90K (G ¥ (£6)) Qar(0). (4.6)

r=1 i=1

Lemma4.3 Ify € U%[O, Fl, then there exists a constant C > 0 such that

[y = Clivlyg r=01.

Lemma 4.4 The approximate solutions V,(¢) and v, (¢) uniformly converge to the exact
solutions () and ' (), respectively.
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5 EXAMPLE

In this section, we analyze qualitatively and numerically an HPFID equation. First, we in-
vestigate the optimal stability of the equation using specific controller functions. Before
discussing the stability, we will introduce some special functions and control functions.
After studying optimal stability and obtaining the best approximation, we find the nu-
merical solutions of the equation by considering the reproducing kernel Hilbert space
method [48].

Remark 5.1 The specific functions used in the optimal control function are as follows:

o Ifforany (&1,...,Em), (01,...,0m) € R™, and ¢t € {1,...,m} and an idempotent function
z™ :R™ — R, we have £, < o, = 2™ (&1,...,&m) < 2™(01,...,0m), then the m-ary
z™ is a generalized aggregation function for m € N. For m = 1 and each & € R, we
have zV (&) = £, and for the convenience of writing, we can remove m (m indicates the
number of function variables).

The arithmetic mean function, the projection function, the order statistic function,
the median function, and the minimum and maximum functions are among the
important functions of aggregation type. In [48—50] the authors showed that a control
function constructed from the minimum aggregation function is an optimal
controller. The minimum (MIN) is the smallest generalized aggregation function, and
it is defined as

MIN(§) = 0S1(€) = min{&1,....,&,} = /\ &. (5.1)

=1

Consider the generalized aggregate function for the values of
R= (WEML’ WWA.M ’ WZFI’ WHZS,’Zi ’ WEXP) . (5.2)

In the following, we introduce special functions used in the Q function [48—50].
« For A, € C such that Re(A), Re(i) > 0, the Mittag-Leffler functions are defined as
follows

~ s g/ ~ > g/
Wms)—;—rmﬂ), WEA,#@)—;J*F(]“M),

where I'(-) is the gamma function, and Wy, and W, , are the one- and
two-parameter Mittag-Leffler functions, respectively.
o For A >-1, u>0and & € R, the Wright function is defined as

ul8) = Z 'F(M+u)

so that it is of order 1/(1 + o).
» H-Fox function for 0 <07 < 09,1 <03 <03, {b,,¢,} € C,and {d,,e,} € R is defined as

(budl)t 02
] o [ Hemesas 53)
2mi 294

(cre)i-1 o))

Hpo1(§) = Wy [E

(72 04
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where A € C is a path that is deleted, R1(¢) =[], I'(c, — 0,5),
Ra() =12 T =b, + &), Ra(s) =[172,,,1 TA—c +ais),
Ru(g) = ]_[E(71+1 I'(b, - &), and £ = exp{c(log|&| + iarg &)}. For these functions,
o1 =0if and only if Ra(¢) = 1, 03 = 04 if and only if R3(¢) = 1, and 07 = 03 if and only
if 04() = 1. Also, HZC1(g) = %.

+ For p,q,r >0, the Gaussian hypergeometric function W,f, : R® x S3 — S, is defined
as

o e @,@, 8 T ST+ Tg+)E
WzFl(P,q,r,E)—jXO: (r)] ]' = F(p)F(q)Z F(r+]) J'

J=0

Example 5.2 We consider the HPFIDE system

3r=2 5
c TDg,g o)t S 8 G _ €@+0)sin|gp(0)]
m =Do+ a2 4+l 7 (5.4)

$(0) = 135, 6(1) = 555

where ¢ € [O,F], F=1, ¢1 = %» G2 = %: G3p = ¥’ ¢0: ﬁ’ ¢1 = ﬁrQ = i’ Wr(§r¢(§)):

() (2+)sin|9(2)]
S (r =1,...,4), K(¢,¢(¢)) = HZEEO and Y(£,$(0)) = 551/4 + [$(¢)[2. For con-
tinuous functions YV : [0,F] x R > R - {0}, W,:[0,1] x R—> R, K£:[0,1] x R — R, and
Q:R — R, we have the following inequalities:

1
VBN = V& Y@ = 55160 = Y, (5.5)
1 ! r -3
SV VP f 1-w* exp(Z (1 A (5.6)
0 u+ 150r

1 ! 3r=2 -3
20 4+|¢(§)|2/ (1—M)T_16Xp(?(1_u))wdu‘
0 1+ 1507

1
= 1o =¥ (I,

=20
1 1 1 -3 €2+ w)sin|y(w)]
_ 2 _ 3 (1 —
S VA Q) /0 1=y exp(5(1 - ) TS g (5.7)
1 2/1 Cant =3 €2+ wsing(p)] ‘
20v4+|¢(§)| 0(1 DR eXP(5(1 M))—4+|¢(IJ«)| du
1
< %Iqﬁ(;“) -l
1 ¢ -1 -3 2 i
L Japor f (€ =) exp( (g — S 2t SmIGL (5.8)
20 0 5 4+ ()l
1 /72/§ Lo =3 €@+ pysin () ‘
2 4+ | (2)l O(C ) eXp(S(E ) PRI du
1
< %M)(C) -l
1 ¢ -1
P / (¢ —w)e exp(sr—1(& — ) <MINOPT(R)>dM (5.9)
§6 (_) 0

< i <M1N OPT(R)),
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where M = 20, My = ﬁ, Ms = 3—10, My = %, Ms = %. Assume that ¢ : [0,1] — R is
a function such that for § >0 and ¢ € [0, 1]
e 33 [9©- T T L0\ 24 b)sinlgo) 510
ot L /ot @) 4+10(0)| '
Sé (MINOPT(R)>,
|/C(§,¢(§)) (5.11)
1 o -3 dr¢ exp(2£¢)
_ /4 2 1— il _ TS s 5
<20 iy [Mo,qso)( DTS E dyexp(D)
(20
Y (F, ¢r) exp(3)
x ﬁ/ (1-w)'F" exp(—(l— ))%d
r=1 3 8 F(T
_(eXp(_gSe“) 51 /(I_M)_%exp(—_(l_M))6(2+u)sin|¢(u)|
exp() sips)Jo 5 4+ o)l
8 6
€(2+¢)sin|g(2)]
_p) 2T g
g%r / (N 6e><p( ({ ©)) T4 160 }
1 ¢ 32 4 ¢ —1
+Z T — (¢ =) "F T exp(2— (C—u))Wr(u,cb(u))du)‘
1 S‘ZTF(%) 0 S2

Then HPFIDE (5.4) has a unique solution ¥ : [0,1] — R such that

1
[ (¢) - ¢(C)|S8 30 (MINOPT(R)>¢

where

Yo e s —1
= 1——
leo,wo)( F)eXp( o ¢

cop(ly)

" Y (E, ) Fexp( -1F) 21: g§3'F

)+ M,y Ve exp(gz—;lgif
Y (F, yp) exp(<-F)

cexp(17)
Fexp(gz—_lF) 55'T(s1)

S3r—
4- gl F(gl) VXI: gzggrr / (é‘ M) exp(

(C u)Msodu,
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Table 1 Exact solution, approximate solution, and absolute error for Example 5.2 using 15 points

(2024) 2024:120

¢

Exact solution

Approximate solution

Approximate solution

0.1
0.2
0.3
04
0.5
06
0.7
0.8
0.9
1

0.01024838364
0.02132564272
0.17599125413
0.19921237451
0.205598631164
0.257000186351
0.317221400000
0.388924536100
0455245160370
0491100000275

0.01164548364
0.0257943685
0.19635721478
0.21025681527
0.2115635268
0.289000369573
0.365437500000
0.397001573410
0470763894721
0.505178569316

0.00139710000
0.00446872578
0.0203659607
0.0110444408
0.0059648956
0.0320001832
0.0482161000
0.0080770373
0.0155187343
0.0140785690

Table 2 Exact solution, approximate solution, and absolute error for Example 5.2 using 60 points

¢

Exact solution

Approximate solution

Approximate solution

0.1
0.2
0.3
04
0.5
0.6
0.7
0.8
0.9
1

0.03247084555
0.05452367100
0.06971289364
0.07141258369
0.08030479612
0.08568713549
0.08442100030
0.08976395721
0.10214007362
0.109971463827

0.04658193455

0.06614758213

0.075223741587
0.079051478216
0.087475111357
0.089581746920
0.092458697125
0.099478963581
0.104596327100
0.127854126903

0.01411108900
0.01162391113
0.00551084795
0.00763889453
0.00717031524
0.00389461143
0.00803769682
0.00971500637
0.0024562535

0.0178826631

and v = 0.657124821 < 1. Now we will implement the reproducing kernel Hilbert space
method for (5.4). We have

r=a 11 %555 cosp@)0)
j:yC’;ED(%;% ¢(C)_?r=1 H]()+8 SW (5.12)
30V 4+ 902
€2+ ¢)sin|p(8)]
e = oen 5.13
(&, 9(£)) T+ 160)] 513
and
3r-2 5
55 [ Ag(8)— 2:24 HIT’gw
Q2,(8) = T Arii(Olp=, = yc,,ED&S ‘ 1°°0 £ +150 (5.14)

0V 4+ 1A (O

Here, in the interval [0, 1], we consider 15, 60, and 95 points, respectively, and using the in-
troduced method, we obtain approximate numerical solutions. For the solutions obtained
in each of these points, we calculate the absolute errors. Tables 1-3 show all numerical
results obtained for exact solutions, approximate solutions, and absolute errors.

6 Conclusions

In this work, we have considered an HPFID equation to investigate the existence of a
unique solution and obtain a suitable approximation for this equation. The stability and
existence of a unique solution were established using the controller. We considered the re-
producing kernel Hilbert space method to obtain approximate solutions of the equation.

Page 21 of 25
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(2024) 2024:120

Table 3 Exact solution, approximate solution, and absolute error for Example 5.2 using 95 points

¢ Exact solution Approximate solution Approximate solution
0.1 0.06657142301 0.07375472970 0.00718330669
0.2 0.06914523781 0.07991753624 0.01077229843
03 0.10156789413 0.11157368910 0.0100057950
04 0.11943692817 0.15067813281 0.0312412046
05 0.13652147369 0.18302016870 0.0464986950
06 0.15111200748 0.21314285364 0.0620308461
0.7 0.19423147569 0.24856931407 0.0543378384
08 0.22110036710 0.28136874501 0.0602683779
0.9 0.280005320144 0.30100268234 0.0209973622
1 0.310781267382 0.35615732815 0.0453760608
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Figure 1 Diagrams of approximate and exact solutions and absolute error of Example 5.2 by selecting 15
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Figure 2 Diagrams of approximate and exact solutions and absolute error of Example 5.2 by selecting 60
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Figure 3 Diagrams of approximate and exact solutions and absolute error of Example 5.2 by selecting 95
points

Also, we implemented the algorithm in a numerical example and obtained approximate
solutions for the equation. We have also selected a suitable controller by considering spe-
cific functions and derived the best approximation using the optimal control function. All
the obtained numerical results are presented in Tables 1-3, and the graphic representa-
tions of the calculations are shown in Figs. 1-3.
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