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Abstract: This paper mainly consists of two parts: (i) We study the uniqueness, existence,
and stability of a new fractional nonlinear partial integro-differential equation in Rn with
three-point conditions and variable coefficients in a Banach space using inverse operators
containing multi-variable functions, a generalized Mittag-Leffler function, as well as a
few popular fixed-point theorems. These studies have good applications in general since
uniqueness, existence and stability are key and important topics in many fields. Several
examples are presented to demonstrate applications of results obtained by computing
approximate values of the generalized Mittag-Leffler functions. (ii) We use the inverse
operator method and newly established spaces to find analytic solutions to a number
of notable partial differential equations, such as a multi-term time-fractional convection
problem and a generalized time-fractional diffusion-wave equation in Rn with initial
conditions only, which have never been previously considered according to the best of
our knowledge. In particular, we deduce the uniform solution to the non-homogeneous
wave equation in n dimensions for all n ≥ 1, which coincides with classical results such
as d’Alembert and Kirchoff’s formulas but is much easier in the computation of finding
solutions without any complicated integrals on balls or spheres.

Keywords: fractional nonlinear partial integro-differential equation; uniqueness and
existence; stability; fixed-point theory; generalized Mittag-Leffler function; inverse operator
method; time-fractional convection problem; time-fractional diffusion-wave equation

MSC: 35A02; 35C15; 47N20; 26A33

1. Introduction and Preliminaries
Fractional differential equations (FDEs) play crucial roles in simulating real-world

systems due to their unique ability to model complex phenomena that involve memory
and hereditary properties, which are often not adequately captured by classical integer-
order differential equations. In addition, fractional derivatives or integrals are non-local
operators, meaning that they consider the influence of the function over an interval rather
than at a point. This property is beneficial for modeling systems with non-local interactions,
such as those found in continuum mechanics, electromagnetism, and population dynamics.

The gamma function, denoted by Γ(z), is a generalization of the factorial function to
complex numbers. It is defined as
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Γ(z) =
∫ ∞

0
tz−1e−tdt, Re(z) > 0.

Let (t, σ) ∈ [0, 1]× [0, 1]n. We define the fractional partial integral operator Iρ1
1 . . . Iρn

n

of a function, M(t, σ), for ρ1, . . . , ρn ≥ 0 [1,2] as

Iρ1
1 . . . Iρn

n M(t, σ) =
1

Γ(ρ1) . . . Γ(ρn)

·
∫ σ1

0
. . .
∫ σn

0
(σ1 − τ1)

ρ1−1 . . . (σn − τn)
ρn−1M(t, τ1, . . . , τn)dτn . . . dτ1,

where M is a continuous function from [0, 1]× [0, 1]n to R and σ = (σ1, . . . , σn).
In particular, from [3], we have

I0
1 . . . I0

n M(t, σ) = M(t, σ).

The partial Liouville–Caputo fractional derivative c∂ρ/∂tρ of the order m − 1 < ρ ≤ m
(m ∈ N) with respect to t is defined in [1] as(

c∂ρ

∂tρ M
)
(t, σ) =

1
Γ(m − ρ)

∫ t

0
(t − τ)m−ρ−1M(m)

t (τ, σ)dτ.

In particular, for 2 < ρ ≤ 3,(
c∂ρ

∂tρ M
)
(t, σ) =

1
Γ(3 − ρ)

∫ t

0
(t − τ)2−ρ M(3)

t (τ, σ)dτ.

Recently, Sadek et al. [4] investigated the foundational iterative processes of fractional
calculus, focusing on Θ-conformable fractional derivatives, and defined several novel
fractional operators as well as associated function spaces, which are useful in dealing with
differential equations involving the Θ-conformable derivatives.

C([0, 1]× [0, 1]n) is the Banach space of all continuous functions from [0, 1]× [0, 1]n

into R with the norm

∥M∥ = max
(t,σ)∈[0,1]×[0,1]n

|M(t, σ)| < +∞.

Let a2 ∈ C[0, 1], a3, a4 ∈ C([0, 1]n) and a1 ∈ C([0, 1]× [0, 1]n). In this paper, we will
first study the uniqueness, existence, and stability for the following new equation with
three-point conditions and variable coefficients for all ρi ≥ 0 (i = 1, 2, . . . , n ∈ N) and
2 < ρ ≤ 3:

c∂ρ

∂tρ M(t, σ) + a1(t, σ) Iρ1
1 . . . Iρn

n M(t, σ)

= N(t, σ, M(t, σ)), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) =
∫ 1

0
a2(t)M(t, σ)dt, M(1/2, σ) = a3(σ), M(1, σ) = a4(σ),

(1)

where N : [0, 1]× [0, 1]n ×R → R is a given function with certain conditions.
It follows that for M ∈ C([0, 1]× [0, 1]n),∥∥∥Iρ

t a1(t, σ) Iρ1
1 . . . Iρn

n M
∥∥∥ ≤ ∥a1∥∥M∥

∥∥∥Iρ
t

∥∥∥∥∥∥Iρ1
1

∥∥∥ . . .
∥∥∥Iρn

n

∥∥∥
≤ ∥a1∥∥M∥ 1

Γ(ρ + 1)
1

Γ(ρ1 + 1)
. . .

1
Γ(ρn + 1)

,

which implies that
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∥∥∥Iρ
t a1 Iρ1

1 . . . Iρn
n

∥∥∥ ≤ ∥a1∥
1

Γ(ρ + 1)
1

Γ(ρ1 + 1)
. . .

1
Γ(ρn + 1)

.

Hence, ∥∥∥∥(Iρ
t a1 Iρ1

1 . . . Iρn
n

)k
∥∥∥∥ ≤ ∥a1∥k 1

Γ(kρ + 1)
1

Γ(kρ1 + 1)
. . .

1
Γ(kρn + 1)

,

for all integers k ≥ 0.
We are going to derive an equivalent implicit integral equation of Equation (1) by an

inverse operator over C([0, 1]× [0, 1]n) and then present sufficient conditions for the unique-
ness, existence, and stability using several fixed-point theorems and a newly established
generalized Mittag-Leffler function given below.

The generalized Mittag-Leffler function is defined by

E(ρ,ρ1,...,ρn), (β,β1,...,βn)(θ) =
∞

∑
r=0

θr

Γ(ρr + β)Γ(ρ1r + β1) . . . Γ(ρnr + βn)
,

where θ ∈ C, ρ > 0, β > 0, ρi ≥ 0, βi > 0 for i = 1, 2, . . . , n. In particular,

E(ρ,0,...,0), (β,1,...,1)(θ) = Eα,β(θ) =
∞

∑
r=0

θr

Γ(ρr + β)
,

which is the well-known two-parameter Mittag-Leffler function [5]. We should point out
that E(ρ,ρ1,...,ρn), (β,β1,...,βn)(θ) clearly converges since there is a positive integer, r, such that

ρir + βi ≥ 2,

for all i = 1, 2, . . . , n if ρi > 0.
To consider Equation (1), we first demonstrate use of the inverse operator method

to convert the following equation with an integral boundary condition (nonlocal) to an
equivalent implicit integral equation for 0 < ρ ≤ 1 and ρ1 ≥ 0:

c∂ρ

∂tρ M(t, σ) + a1(t, σ) Iρ1
σ M(t, σ) = N(t, σ, M(t, σ)), (t, σ) ∈ [0, 1]× [0, 1],

M(1, σ) =
∫ 1

0
a2(t)M(t, σ)dt, a2 ∈ C[0, 1],

(2)

where a1 and N are given continuous functions with

∥N∥ = sup
(t,σ,y)∈[0,1]×[0,1]×R

|N(t, σ, y)| < +∞.

The motivation of employing the inverse operator method and the Mittag-Leffler func-
tions in the current work is that, as far as we know, there are no existing integral transforms
or other approaches that can change Equation (2) to an equivalent integral equation. To
study the uniqueness and existence by fixed-point theory, we need an equivalent integral
equation to define a nonlinear mapping.

Theorem 1. Let 0 < ρ ≤ 1, ρ1 ≥ 0, and a1, N, a2 be given continuous functions. Furthermore,
we assume that N satisfies the following Lipschitz condition with respect to the third variable,

|N(t, σ, M1)− g(t, σ, M2)| ≤ L|M1 − M2|, M1, M2 ∈ R,

for a non-negative constant, L, and
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Q = LE(ρ,ρ1), (ρ+1,1)(∥a1∥) +
(
∥a2∥+

∥a1∥
Γ(ρ + 1)Γ(ρ1 + 1)

+
L

Γ(ρ + 1)

)
E(ρ,ρ1), (1,1)(∥a1∥) < 1.

Then, there is a unique solution in C([0, 1]× [0, 1]) to Equation (2).

Proof. Applying Iρ
t to Equation (2), we obtain

M(t, σ)− M(0, σ) + Iρ
t a1(t, σ) Iρ1

σ M(t, σ) = Iρ
t N(t, σ, M(t, σ)),

by noting that 0 < ρ ≤ 1. Setting t = 1 yields

M(0, σ) =
∫ 1

0
a2(t)M(t, σ)dt + Iρ

t=1a1(t, σ) Iρ1
σ M(t, σ)− Iρ

t=1N(t, σ, M(t, σ)).

Hence, (
1 + Iρ

t a1(t, σ) Iρ1
σ

)
M(t, σ) = Iρ

t N(t, σ, M(t, σ))

+
∫ 1

0
a2(t)M(t, σ)dt + Iρ

t=1a1(t, σ) Iρ1
σ M(t, σ)− Iρ

t=1N(t, σ, M(t, σ)).

We shall show that the operator 1 + Iρ
t a1(t, x) Iρ1

σ has a unique inverse operator,

va1 =
∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r

in the space C([0, 1]× [0, 1]). Indeed, for any M ∈ C([0, 1]× [0, 1]), we have

∥va1 M∥ =

∥∥∥∥∥ ∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iγ1

σ

)r
M

∥∥∥∥∥ ≤
∞

∑
r=0

∥∥∥(Iρ
t a1(t, σ) Iρ1

σ

)r∥∥∥∥M∥

≤ ∥M∥
∞

∑
r=0

∥a1∥r 1
Γ(rρ + 1)

1
Γ(rρ1 + 1)

= ∥M∥E(ρ,ρ1), (1,1)(∥a1∥) < +∞,

which claims that the operator va1 is well defined and continuous over the space C([0, 1]×
[0, 1]), and the series is uniformly convergent. Moreover,

va1

(
1 + Iρ

t a1(t, σ) Iρ1
σ

)
=
(

1 + Iρ
t a1(t, σ) Iρ1

σ

)
va1 = 1 (identity operator).

In fact,

va1

(
1 + Iρ

t a1(t, σ) Iρ1
σ

)
=

∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
+

∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r+1

= 1 +
∞

∑
r=1

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
+

∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r+1
= 1.

Similarly, (
1 + Iρ

t a1(t, σ) Iρ1
σ

)
va1 = 1.

We assume that v′a1
is another operator such that

v′a1

(
1 + Iρ

t a1(t, σ) Iρ1
σ

)
=
(

1 + Iρ
t a1(t, σ) Iρ1

σ

)
v′a1

= 1.

Then, va1 = v′a1
by applying va1 to the above. Therefore,
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M(t, σ) =
∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
Iρ
t N(t, σ, M(t, σ)) +

∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r

·
[∫ 1

0
a2(t)M(t, σ)dt + Iρ

t=1a1(t, σ) Iρ1
σ M(t, σ)− Iρ

t=1N(t, σ, M(t, σ))

]
, (3)

and

∥M∥ ≤ ∥N∥E(ρ,ρ1), (ρ+1,1)(∥a1∥)

+

(
∥a2∥∥M∥+ ∥a1∥∥M∥

Γ(ρ + 1)Γ(ρ1 + 1)
+

∥N∥
Γ(ρ + 1)

)
E(ρ,ρ1), (1,1)(∥a1∥),

where
∥a1∥ = sup

(t,σ)∈[0,1]×[0,1]
|a1(t, σ)| < +∞.

If

W = 1 −
(
∥a2∥+

∥a1∥
Γ(ρ + 1)Γ(ρ1 + 1)

)
E(ρ,ρ1), (1,1)(∥a1∥) > 0,

then

∥M∥ ≤ ∥N∥
W

E(ρ,ρ1), (ρ+1,1)(∥a1∥) +
∥N∥

WΓ(ρ + 1)
E(ρ,ρ1), (1,1)(∥a1∥)

is uniformly bounded.
We further assume that N satisfies the following Lipschitz condition with respect to

the third variable,

|N(t, σ, M1)− g(t, σ, M2)| ≤ L|M1 − M2|, M1, M2 ∈ R,

for a nonnegative constant, L, and

Q = LE(ρ,ρ1), (ρ+1,1)(∥a1∥) +
(
∥a2∥+

∥a1∥
Γ(ρ + 1)Γ(ρ1 + 1)

+
L

Γ(ρ + 1)

)
E(ρ,ρ1), (1,1)(∥a1∥) < 1.

Then, there is a unique solution in C([0, 1]× [0, 1]) to Equation (2). To prove this, we define
a nonlinear mapping, T , over C([0, 1]× [0, 1]) by Equation (3)

(T M)(t, σ) =
∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
Iρ
t N(t, σ, M(t, σ)) +

∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r

·
[∫ 1

0
a2(t)M(t, σ)dt + Iρ

t=1a1(t, σ) Iρ1
σ M(t, σ)− Iρ

t=1N(t, σ, M(t, σ))

]
=

∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
Iρ
t N(t, σ, M(t, σ)) +

∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r ∫ 1

0
a2(t)M(t, σ)dt

+
∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
Iρ
t=1a1(t, σ) Iρ1

σ M(t, σ)

−
∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
Iρ
t=1N(t, σ, M(t, σ)).
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It follows from the above that ∥T M∥ < +∞. Thus, we only need to show that T is
contractive. Clearly, for M1, M2 ∈ C([0, 1]× [0, 1]),

T M1 − T M2 =
∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
Iρ
t (N(t, σ, M1(t, σ))− N(t, σ, M2(t, σ))

+
∞

∑
r=0

(−1)r
(

Iρ
t a1(t, σ) Iρ1

σ

)r
[∫ 1

0
a2(t)(M1(t, σ)− M2(t, σ))dt

+Iρ
t=1a1(t, σ) Iρ1

σ (M1(t, σ)− M2(t, σ))− Iρ
t=1(N(t, σ, M1(t, σ))− N(t, σ, M2(t, σ)))

]
.

So,

∥T M1 − T M2∥

≤
(
LE(ρ,ρ1), (ρ+1,1)(∥a1∥) +

(
∥a2∥+

∥a1∥
Γ(ρ + 1)Γ(ρ1 + 1)

+
L

Γ(ρ + 1)

)
E(ρ,ρ1), (1,1)(∥a1∥)

)
· ∥M1 − M2∥ = Q∥M1 − M2∥.

Since Q < 1, there exists a unique solution to Equation (2) in C([0, 1]× [0, 1]) by Banach’s
contractive principle. This completes the proof.

Example 1. The equation with the integral boundary condition

c∂0.6

∂t0.6 M(t, σ) +
1

13(1 + t + σ2)
I2.1
σ M(t, σ)

=
1

21
cos(tσM(t, σ)), (t, σ) ∈ [0, 1]× [0, 1],

M(1, σ) =
∫ 1

0
sin(t2/11)M(t, σ)dt,

(4)

has a unique solution in C([0, 1]× [0, 1]).

Proof. Evidently,

N(t, σ, M) =
1

21
cos(tσM)

is a continuous and bounded function with

|N(t, σ, M1)− N(t, σ, M2)| ≤
1

21
| cos(tσM1)− cos(tσM2)| ≤

1
21

|M1 − M2|,

which infers that L = 1/21. In addition,

ρ = 0.6, ρ1 = 2.1, ∥a1∥ = 1/13, ∥a2∥ ≤ 1/11.

We need to evaluate the value of

Q = LE(ρ,ρ1), (ρ+1,1)(∥a1∥) +
(
∥a2∥+

∥a1∥
Γ(ρ + 1)Γ(ρ1 + 1)

+
L

Γ(ρ + 1)

)
E(ρ,ρ1), (1,1)(∥a1∥)

≤ 1
21

E(0.6,2.1), (1.6,1)(1/13) +
(

1
11

+
1

13Γ(1.6)Γ(3.1)
+

1
21Γ(1.6)

)
E(0.6,2.1), (1,1)(1/13)

≈ 1
21

∗ 1.15105 + 0.183378 ∗ 1.03934 ≈ 0.24540399528 < 1,
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by noting that

E(0.6,2.1), (1.6,1)(1/13) =
∞

∑
r=0

(1/13)r

Γ(0.6r + 1.6)Γ(2.1r + 1)
≈ 1.15105, and,

E(0.6,2.1), (1,1)(1/13) =
∞

∑
r=0

(1/13)r

Γ(0.6r + 1)Γ(2.1r + 1)
≈ 1.03934,

using online calculators on 11 December 2024 from the site https://www.wolframalpha.
com. So, Equation (4) has a unique solution in C([0, 1]× [0, 1]) from Theorem 1.

In addition, we provide applications of the inverse operator method to finding analytic
solutions to some well-known partial differential equations, such as the following multi-
term time-fractional convection problem in Rn for 0 < ρ ≤ 1, for the first time:

c∂ρ

∂tρ M(t, σ) +
m

∑
i=1

βi
c∂ρj

∂tρj
M(t, σ) +

n

∑
j=1

λj(σj)
∂

∂σj
M(t, σ)

= f1(t, σ), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = f2(σ),

(5)

We provide the same for the generalized time-fractional diffusion-wave equation for 1 <

ρ ≤ 2,
c∂ρ

∂tρ M(t, σ) +
m

∑
j=1

λj
c∂ρj

∂tρj
M(t, σ) = △l M(t, σ) + g(t, σ),

M(0, σ) = θ(σ), M′
t(0, σ) = β(σ), (t, σ) ∈ [0, 1]× [0, 1]n, m, l ∈ N,

(6)

based on the multivariate Mittag-Leffler function and several newly constructed spaces. As
far as we know, there are no analytic solutions to the above two equations to date, although
there are some investigations on the convection–diffusion equations of a fractional order,
particularly in numerical studies [6–9].

Especially for all λj = 0 and n = l = 1, Equation (6) turns out be c∂ρ

∂tρ M(t, σ) =
∂2

∂σ2 M(t, σ) + g(t, σ),

M(0, σ) = θ(σ), M′
t(0, σ) = β(σ),

which is a non-homogeneous fractional wave equation in one dimension.
Fractional differential equations have played important roles in constructing mathe-

matical models, and they have also been extensively studied and used in various research
fields, particularly in materials, economics, mechanics, dynamic systems, environmental
science, signal and image processing, control theory, physics, and chemistry [10–15]. In
fact, fractional-order models are more suitable, in comparison to integer-order settings, in
modeling many biological phenomena due to their non-local nature and the presence of
memory functions [16]. There are many interesting works on fractional partial differential
equations, especially on uniqueness, existence, and stability analysis since they are impor-
tant studies in many pure and applied areas. In 2024, Li [17] investigated the uniqueness
and stability for the following equation for ρij ≥ 0 (i = 1, 2, . . . , n, j = 1, 2, . . . , l ∈ N)

https://www.wolframalpha.com
https://www.wolframalpha.com
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using Babenko’s approach (the inverse operator method) and the generalized multivariate
Mittag-Leffler function:

c∂ρ

∂tρ M(t, σ) +
l

∑
j=1

aj(σ)I
ρ1j
1 . . . I

ρnj
n M(t, σ) = ϕ1(t, σ, M(t, σ)), 2 < ρ ≤ 3,

M(0, σ) = ϕ2(σ), M(1, σ) = ϕ3(σ), M′
t(1, σ) = ϕ4(σ),

where (t, σ) ∈ [0, 1]× [0, 1]n, aj, ϕk ∈ C([0, 1]n) for k = 2, 3, 4, and ϕ1 : [0, 1]× [0, 1]n ×R →
R, with some conditions.

Kumar et al. [18] presented applications of fractional partial differential equations
in biology. Lu et al. [19] explored deep learning methods for solving fractional partial
differential equations.

Very recently, Li [20] studied the uniqueness and existence of solutions for the follow-
ing nonlinear partial integro-differential equation through a well-defined inverse operator
and a few fixed-point theorems.

c∂α

∂tα
u(t, x) +

m

∑
i=1

ai Iβi
x u(t, x) = g(t, x, u(t, x)), 1 < α ≤ 2, βi ≥ 0,

u(0, x) = −ϕ1(x), u(T, x) = ϕ2(x), ϕ1, ϕ2 ∈ C[0, b], b > 0,

where (t, x) ∈ [0, T]× [0, b] with T > 0, all ai are arbitrary constants for i = 1, 2, . . . , m,
g : [0, T] × [0, b] × R → R satisfies certain conditions, and the analytic solution for the
following generalized fractional wave equation in Rn is derived:

c∂α

∂tα
u(t, x) = △λ1,...,λn u(t, x) + g(t, x), 1 < α ≤ 2,

u(0, x) = ϕ1(x), u′
t(0, x) = ϕ2(x), (t, x) ∈ R×Rn,

where

△λ1,...,λn = λ1
∂2

∂x2
1
+ . . . + λn

∂2

∂x2
n

, all λi are arbitrary contants.

The key contributions of this paper are listed as follows.

• We study the uniqueness, existence, and stability for the new Equation (1) using
several notable fixed-point theorems, an equivalent implicit integral equation from
inverse operators, and the equicontinuity concept. Clearly, there are more studies
focusing on ordinary fractional differential equations and far fewer on FPDEs.

• We derive a new analytic solution to the generalized multi-term time-fractional con-
vection problem (5) by the multivariate Mittag-Leffler function, an inverse operator,
and a subspace space, S, with several illustrative examples showing applications of
our main results.

• We obtain a unique series solution in terms of the Laplacian operators, for the first
time, to the generalized time-fractional diffusion-wave Equation (6), and further, we
establish the uniform solution to the non-homogeneous wave equation in n dimensions
for all n ≥ 1, which is consistent with all classical consequences but without any
complicated integrals in computation.

In the following, we shall derive sufficient conditions for the uniqueness, existence,
and stability of Equation (1) by an inverse operator, the generalized two-parameter Mittag-
Leffler function, Banach’s contractive principle, and Leray–Schauder’s fixed-point theorem,
with illustrative examples demonstrating applications of our main results in part (i) con-
taining Sections 2 and 3. To present applications of the inverse operator method, we will
find well-defined series solutions to a partial integro-differential equation and the two



Fractal Fract. 2025, 9, 200 9 of 39

important partial differential Equations (5) and (6) by introducing some new spaces in part
(ii) (Section 4), which are the key contributions of this paper.

2. Uniqueness and Stability
Stability is an essential concept in differential equations since it guarantees that a small

perturbation from a model caused by errors will have a correspondingly slight effect on
the solution, so that the equation describing the model will predict the future outcomes
accurately. We begin defining a stability of Equation (1) as follows.

Definition 1. Problem (1) is stable if there exists a constant K > 0, such that for all ϵ > 0 and for
each fixed solution, M(t, σ) ∈ C([0, 1]× [0, 1]n), of

∥∥∥∥ c∂ρ

∂tρ M(t, σ) + a1(t, σ) Iρ1
1 . . . Iρn

n M(t, σ)− N(t, σ, M(t, σ))

∥∥∥∥ < ϵ,

M(0, σ) =
∫ 1

0
a2(t)M(t, σ)dt, M(1/2, σ) = a3(σ), M(1, σ) = a4(σ),

then there exists a solution, M0(t, σ) ∈ C([0, 1]× [0, 1]n), of Equation (1), satisfying

∥M − M0∥ ≤ Kϵ,

where K is a stability constant and is independent of ϵ.

Theorem 2. Let 2 < ρ ≤ 3, a2 ∈ C[0, 1], a3, a4 ∈ C([0, 1]n), a1 ∈ C([0, 1] × [0, 1]n) and
N : [0, 1]× [0, 1]n ×R → R be continuous and bounded. Then, for all ρi ≥ 0 (i = 1, 2, . . . , n),
Equation (1) is equivalent to the following implicit integral equation in the space C([0, 1]× [0, 1]n):

M(t, σ) =
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
Iρ
t N(t, σ, M(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)a3(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)a4(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − 3t + 1)

∫ 1

0
a2(t)M(t, σ)dt

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t2 − 4t)Iρ

t=1/2N(t, σ, M(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(t − 2t2)Iρ

t=1N(t, σ, M(t, σ)).

In addition, if

G =1 − ∥a2∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)−
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

− ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥) > 0,
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then

∥M∥ ≤∥N∥
G

E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +
∥a3∥+ ∥a4∥

G
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥N∥
G Γ(ρ + 1)

E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) +
∥N∥

G
E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥),

which is uniformly bounded.

Proof. We apply Iρ to Equation (1) and obtain

M(t, σ)− M(0, σ)− M′
t(0, σ)t − M′′

t (0, σ)
t2

2
+ Iρ

t a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ) = Iρ
t N(t, σ, M(t, σ)),

which implies that

M(t, σ)−
∫ 1

0
a2(t)M(t, σ)dt − M′

t(0, σ)t − M′′
t (0, σ)

t2

2
+ Iρ

t a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

= Iρ
t N(t, σ, M(t, σ)).

Setting t = 1, we obtain

a4(σ)−
∫ 1

0
a2(t)M(t, σ)dt − M′

t(0, σ)− 1
2

M′′
t (0, σ) + Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

= Iρ
t=1N(t, σ, M(t, σ)),

by M(1, σ) = a4(σ), and t = 1/2 deduces

a3(σ)−
∫ 1

0
a2(t)M(t, σ)dt − 1

2
M′

t(0, σ)− 1
8

M′′
t (0, σ) + Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

= Iρ
t=1/2N(t, σ, M(t, σ)).

Thus,

M′
t(0, σ) = 4a3(σ)− a4(σ)− 3

∫ 1

0
a2(t)M(t, σ)dt + 4Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

− Iρ
t=1a1(t, σ)Iρ1

1 . . . Iρn
n M(t, σ)

+ Iα
t=1 f (t, x, u(t, x))− 4Iα

t=1/2 f (t, x, u(t, x)), and

M′′
t (0, σ) =− 8a3(σ) + 4a4(σ) + 4

∫ 1

0
a2(t)M(t, σ)dt − 8Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+ 4Iρ
t=1a1(t, σ)Iρ1

1 . . . Iρn
n M(t, σ)

+ 8Iρ
t=1/2N(t, σ, M(t, σ))− 4Iρ

t=1N(t, σ, M(t, σ)).

Hence,(
1 + Iρ

t a1(t, σ)Iρ1
1 . . . Iρn

n

)
M(t, σ) = Iρ

t N(t, σ, M(t, σ))

+
∫ 1

0
a2(t)M(t, σ)dt + M′

t(0, σ)t + M′′
t (0, σ)

t2

2

= Iρ
t N(t, σ, M(t, σ)) + (4t − 4t2)a3(σ) + (2t2 − t)a4(σ) + (2t2 − 3t + 1)

∫ 1

0
a2(t)M(t, σ)dt

+ (4t − 4t2)Iρ
t=1/2a1(t, σ)Iρ1

1 . . . Iρn
n M(t, σ) + (2t2 − t)Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+ (4t2 − 4t)Iρ
t=1/2N(t, σ, M(t, σ)) + (t − 2t2)Iρ

t=1N(t, σ, M(t, σ)).
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Following Section 1, we can prove that the inverse operator of 1 + Iρ
t a1(t, x)Iρ1

1 . . . Iρn
n is

Va1 =
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s

in the space C([0, 1]× [0, 1]n). Indeed, for any ϕ ∈ C([0, 1]× [0, 1]n), we claim that

∥Va1 ϕ∥ ≤∥ϕ∥
∞

∑
s=0

∥a1∥s 1
Γ(ρs + 1)Γ(ρ1s + 1) . . . Γ(ρns + 1)

= ∥ϕ∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) < +∞.

Furthermore,(
1 + Iρ

t a1(t, σ)Iρ1
1 . . . Iρn

n

)
Va1 = Va1

(
1 + Iρ

t a1(t, σ)Iρ1
1 . . . Iρn

n

)
= 1.

Clearly,

(
1 + Iρ

t a1(t, σ)Iρ1
1 . . . Iρn

n

)
Va1 =

∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s+1

= 1 +
∞

∑
s=1

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
+

∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s+1

= 1,

and the uniqueness of the operator follows similarly.
Therefore,

M(t, σ) =
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
Iρ
t N(t, σ, M(t, σ)) (= I1)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)a3(σ) (= I2)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)a4(σ) (= I3)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − 3t + 1)

∫ 1

0
a2(t)M(t, σ)dt (= I4)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)(= I5)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)Iρ

t=1a1(t, x)Iρ1
1 . . . Iρn

n M(t, σ) (= I6)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t2 − 4t)Iρ

t=1/2N(t, σ, M(t, σ)) (= I7)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(t − 2t2)Iρ

t=1N(t, σ, M(t, σ)) (= I8)

= I1 + . . . + I8.

Since
max
t∈[0,1]

|4t − 4t2| = 1, max
t∈[0,1]

|2t2 − t| = 1, max
t∈[0,1]

|2t2 − 3t + 1| = 1,
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we derive

∥M∥ ≤∥N∥
∞

∑
s=0

∥a1∥s 1
Γ(sρ + ρ + 1)

1
Γ(sρ1 + 1)

. . .
1

Γ(sρn + 1)
(from I1)

+ (∥a3∥+ ∥a4∥)
∞

∑
s=0

∥a1∥s 1
Γ(sρ + 1)

1
Γ(sρ1 + 1)

. . .
1

Γ(sρn + 1)
(from I2, I3)

+ ∥a2∥∥M∥
∞

∑
s=0

∥a1∥s 1
Γ(sρ + 1)

1
Γ(sρ1 + 1)

. . .
1

Γ(sρn + 1)
(from I4)

+
(1/2)ρ∥a1∥∥M∥

Γ(ρ + 1)

∞

∑
s=0

∥a1∥s

Γ(sρ + 1)
1

Γ(sρ1 + ρ1 + 1)
. . .

1
Γ(sρn + ρn + 1)

(from I5)

+ ∥a1∥∥M∥
∞

∑
s=0

∥a1∥s

Γ(sρ + ρ + 1)
1

Γ(sρ1 + ρ1 + 1)
. . .

1
Γ(sρn + ρn + 1)

(from I6)

+
(1/2)ρ∥N∥

Γ(ρ + 1)

∞

∑
s=0

∥a1∥s

Γ(sρ + 1)
1

Γ(sρ1 + 1)
. . .

1
Γ(sρn + 1)

(from I7)

+ ∥N∥
∞

∑
s=0

∥a1∥s

Γ(sρ + ρ + 1)
1

Γ(sρ1 + 1)
. . .

1
Γ(sρn + 1)

(from I8)

=∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) + (∥a3∥+ ∥a4∥)E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+ ∥a2∥∥M∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥∥M∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥∥M∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥)

+
(1/2)ρ∥N∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) + ∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥).

Since

G =1 − ∥a2∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)−
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

− ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥) > 0,

we obtain

∥M∥ ≤∥N∥
G

E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +
∥a3∥+ ∥a4∥

G
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥N∥
G Γ(ρ + 1)

E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) +
∥N∥

G
E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥),

which is uniformly bounded.

The following is our key theorem regarding the uniqueness and stability of Equation (1).

Theorem 3. Let 2 < ρ ≤ 3, a2 ∈ C[0, 1], a3, a4 ∈ C([0, 1]n), a1 ∈ C([0, 1]× [0, 1]n), and N :
[0, 1]× [0, 1]n ×R → R be a continuous and bounded function satisfying the Lipschitz condition

|N(t, σ, M1)− N(t, σ, M2)| ≤ C|M1 − M2|, M1, M2 ∈ R,
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for a non-negative constant, C. Furthermore, we assume that

F =2CE(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +
(
∥a2∥+

(1/2)ρC
Γ(ρ + 1)

)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥) < 1.

Then, Equation (1) has a unique solution in C([0, 1]× [0, 1]n) and is stable.

Proof. To prove the uniqueness, we start defining a nonlinear mapping, W, over C([0, 1]×
[0, 1]n) as

(WM)(t, σ) =
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
Iρ
t N(t, σ, M(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)a3(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)a4(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − 3t + 1)

∫ 1

0
a2(t)M(t, σ)dt

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t2 − 4t)Iρ

t=1/2N(t, σ, M(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(t − 2t2)Iρ

t=1N(t, σ, M(t, σ)).

It follows from the proof of Theorem 2 that W is a mapping from C([0, 1]× [0, 1]n) to itself.
We only need to prove that W is contractive. For any M1, M2 ∈ C([0, 1]× [0, 1]n), we have

WM1 −WM2

=
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
Iρ
t (N(t, σ, M1(t, σ))− N(t, σ, M2(t, σ)))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − 3t + 1)

∫ 1

0
a2(t)(M1(t, σ)− M2(t, σ))dt

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n (M1(t, σ)− M2(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n (M1(t, σ)− M2(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t2 − 4t)Iρ

t=1/2(N(t, σ, M1(t, σ))− N(t, σ, M2(t, σ)))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(t − 2t2)Iρ

t=1(N(t, σ, M1(t, σ))− N(t, σ, M2(t, σ))).

Then,
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∥WM1 −WM2∥

≤
[
CE(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) + ∥a2∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥)

+
(1/2)ρC
Γ(ρ + 1)

E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) + CE(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥)
]
∥M1 − M2∥

= F∥M1 − M2∥.

Since F < 1, Equation (1) has a unique solution in C([0, 1]× [0, 1]n) from Banach’s contrac-
tive principle.

To show the stability, we let

z(t, σ) =
c∂ρ

∂tρ M(t, σ) + a1(t, σ) Iρ1
1 . . . Iρn

n M(t, σ)− N(t, σ, M(t, σ)),

with the conditions

M(0, σ) =
∫ 1

0
a2(t)M(t, σ)dt, M(1/2, σ) = a3(x), M(1, σ) = a4(σ).

It follows from Definition 1 that
∥z∥ < ϵ,

and
c∂ρ

∂tρ M(t, σ) + a1(t, σ) Iρ1
1 . . . Iρn

n M(t, σ) = N(t, σ, M(t, σ)) + z(t, σ). (7)

Since
|N(t, σ, y1) + z(t, σ)− N(t, σ, y2)− z(t, σ)| ≤ C|y1 − y2|,

we claim that Equation (7) has a unique solution by the first part of Theorem 3 and

M(t, σ) =
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
Iρ
t (N(t, σ, M(t, σ)) + z(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)a3(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)a4(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − 3t + 1)

∫ 1

0
a2(t)M(t, σ)dt

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t2 − 4t)Iρ

t=1/2(N(t, σ, M(t, σ)) + z(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(t − 2t2)Iρ

t=1(N(t, σ, M(t, σ)) + z(t, σ)).

On the other hand, there exists a unique M0(t, σ) ∈ C([0, 1]× [0, 1]n) of Equation (1) from
the above uniqueness proof, such that
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M0(t, σ) =
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
Iρ
t N(t, σ, M0(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)a3(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)a4(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − 3t + 1)

∫ 1

0
a2(t)M0(t, σ)dt

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M0(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n M0(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t2 − 4t)Iρ

t=1/2N(t, σ, M0(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(t − 2t2)Iρ

t=1N(t, σ, M0(t, σ)).

Hence,

∥M − M0∥ ≤F∥M − M0∥+ E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) ϵ

+
(1/2)ρ

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) ϵ + E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) ϵ,

which implies that
∥M − M0∥ ≤ K ϵ,

where

K =
1

1 − F

{
E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +

(1/2)ρ

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+ E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥)
}

,

is a stability constant, which is independent of ϵ.

Remark 1. (i) Along the same line, we are able to study the uniqueness for the following partial
integro-differential equation for λ ∈ C([0, 1]n):

c∂ρ

∂tρ M(t, σ) + a1(t, σ) Iρ1
1 . . . Iρn

n M(t, σ) = N(t, σ, u(t, σ)), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = λ(σ), M(t0, σ) = a3(x), M(1, σ) = a4(σ), 0 < t0 < 1.

(ii) In particular if ρ = 3 and ρi = 0 for i = 1, 2, . . . , n, then Equation (1) turns out to be
the following:

∂3

∂t3 M(t, σ) + a1(t, σ) M(t, σ) = N(t, σ, M(t, σ)), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) =
∫ 1

0
a2(t)M(t, σ)dt, M(1/2, σ) = a3(σ), M(1, σ) = a4(σ).

Example 2. The following equation with three-point conditions and a variable coefficient,
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

c∂2.5

∂t2.5 M(t, σ) +
1

13(t2 + σ3
1 + 1)

I0.7
1 I1.4

2 M(t, σ) =
1

17(M2(t, σ) + 1)
+ sin tσ2,

(t, σ) ∈ [0, 1]× [0, 1]2

M(0, σ) =
1
31

∫ 1

0
cos t M(t, σ)dt, M(1/2, σ) =

1
21(|σ|2 + 1)

,

M(1, σ) =
1

7(σ2
1 + 1)

,

(8)

where σ = (σ1, σ2) and |σ|2 = σ2
1 + σ2

2 , has a unique solution in C([0, 1]× [0, 1]2) and is stable.

Proof. From the equation, we can see that

ρ = 2.5, ρ1 = 0.7, ρ2 = 1.4, ∥a1∥ = 1/13, ∥a2∥ = 1/31, ∥a3∥ = 1/21, ∥a4∥ = 1/7,

and
N(t, σ, y) =

1
17(y2 + 1)

+ sin tσ2

is a continuous and bounded function, with

|N(t, σ, y1)− N(t, σ, y2)| ≤
1

17
|y1 − y2|,

by using the mean value theorem and noting that∣∣∣∣ d
dy

1
y2 + 1

∣∣∣∣ = 2|y|
(1 + y2)2 ≤ 1.

So, C = 1/17. We need to find the value of

F =2CE(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +
(
∥a2∥+

(1/2)ρC
Γ(ρ + 1)

)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥)

=
2
17

E(2.5,0.7,1.4),(3.5,1,1)(1/13) +
(

1
31

+
(1/2)2.5

17Γ(3.5)

)
E(2.5,0.7,1.4),(1,1,1)(1/13)

+
(1/2)2.5

13Γ(3.5)
E(2.5,0.7,1.4),(1,1.7,2.4)(1/13) +

1
13

E(2.5,0.7,1.4),(3.5,1.7,2.4)(1/13)

≈ 2
17

∗ 0.30146912 + 0.0353870 ∗ 1.0205157523 + 0.00409172 ∗ 0.88995845

+
1
13

∗ 0.266704780 ≈ 0.095737159 < 1,

where

E(2.5,0.7,1.4),(3.5,1,1)(1/13) =
∞

∑
k=0

(1/13)k

Γ(2.5k + 3.5)Γ(0.7k + 1)Γ(1.4k + 1)
≈ 0.30146912,

E(2.5,0.7,1.4),(1,1,1)(1/13) =
∞

∑
k=0

(1/13)k

Γ(2.5k + 1)Γ(0.7k + 1)Γ(1.4k + 1)
≈ 1.0205157523,

E(2.5,0.7,1.4),(1,1.7,2.4)(1/13) =
∞

∑
k=0

(1/13)k

Γ(2.5k + 1)Γ(0.7k + 1.7)Γ(1.4k + 2.4)
≈ 0.88995845,

E(2.5,0.7,1.4),(3.5,1.7,2.4)(1/13) =
∞

∑
k=0

(1/13)k

Γ(2.5k + 1)Γ(0.7k + 1.7)Γ(1.4k + 2.4)
≈ 0.266704780.
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By Theorem 3, Equation (8) has a unique solution in C([0, 1]× [0, 1]2) and is stable. We
finish the proof.

3. Existence
We are now ready to present the theorem regarding the existence of Equation (1) based

on Leray–Schauder’s fixed-point theorem and the equicontinuity given below.

Definition 2. Let (X, d) be a metric space and F be a family of functions from X to X. The family
F is uniformly equicontinuous if for every ϵ > 0 there exists a δ > 0 such that d( f (x1), f (x2)) < ϵ

for all f ∈ F and all x1, x2 ∈ X such that d(x1, x2) < δ, which may depend only on ϵ.

Theorem 4. Let 2 < ρ ≤ 3, a2 ∈ C[0, 1], a3, a4 ∈ C([0, 1]n), a1 ∈ C([0, 1] × [0, 1]n), and
N : [0, 1]× [0, 1]n ×R → R be a continuous and bounded function satisfying the condition

|N(t, σ, y1)− N(t, σ, y2)| ≤ C|y1 − y2|, y1, y2 ∈ R,

for a non-negative constant, C. Furthermore, we assume that

G =1 − ∥a2∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)−
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

− ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥) > 0.

Then, Equation (1) has at least one solution in C([0, 1]× [0, 1]n).

Proof. We use W over C([0, 1]× [0, 1]n) again, given by

(WM)(t, σ) =
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
Iρ
t N(t, σ, M(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)a3(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)a4(σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − 3t + 1)

∫ 1

0
a2(t)M(t, σ)dt

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t − 4t2)Iρ

t=1/2a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(2t2 − t)Iρ

t=1a1(t, σ)Iρ1
1 . . . Iρn

n M(t, σ)

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(4t2 − 4t)Iρ

t=1/2N(t, σ, M(t, σ))

+
∞

∑
s=0

(−1)s
(

Iρ
t a1(t, σ)Iρ1

1 . . . Iρn
n

)s
(t − 2t2)Iρ

t=1N(t, σ, M(t, σ)).

It follows from Theorem 2 that



Fractal Fract. 2025, 9, 200 18 of 39

∥WM∥ ≤ ∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) + (∥a3∥+ ∥a4∥)E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+ ∥a2∥∥M∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥∥M∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥∥M∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥)

+
(1/2)ρ∥N∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) + ∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) < +∞, (9)

where
∥N∥ = sup

(t,σ,y)∈[0,1]×[0,1]n×R
|N(t, σ, y)| < +∞.

We first claim that (i) W is a continuous mapping from C([0, 1]× [0, 1]n) to itself from the
contraction in Theorem 3.

(ii) Furthermore, we are going to prove that W is a mapping from bounded sets to
bounded sets in C([0, 1]× [0, 1]n). Let B be a bounded set in C([0, 1]× [0, 1]n). Then, there
exists a positive constant, C, such that

∥M∥ ≤ C

for all M ∈ B. Using Inequality (9), we claim that WB is uniformly bounded.
(iii)W is equicontinuous on every bounded setB in C([0, 1]× [0, 1]n). Then,W is a compact

operator by the Arzela–Ascoli theorem. From Theorem 3, we have for M1, M2 ∈ B that

∥WM1 −WM2∥ ≤ F∥M1 − M2∥,

where the constant F is

F =2CE(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +
(
∥a2∥+

(1/2)ρC
Γ(ρ + 1)

)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥) > 0,

which is not required to be less than one here. By Definition 2, we infer that W is equicon-
tinuous by using F = {W} and d is the defined norm of the space C([0, 1]× [0, 1]n).

(iv) Finally, we show that the set

{M ∈ C([0, 1]× [0, 1]n) : M = θWM for some 0 < θ ≤ 1}

is bounded. Indeed,

∥M∥ ≤ ∥WM∥ ≤
∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) + (∥a3∥+ ∥a4∥)E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+ ∥a2∥∥M∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥∥M∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥∥M∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥)

+
(1/2)ρ∥N∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) + ∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥),
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which claims that

G∥M∥ ≤ ∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) + (∥a2∥+ ∥a3∥)E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥N∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) + ∥N∥E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥),

where

G =1 − ∥a2∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)−
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

− ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥) > 0.

Therefore,

∥M∥ ≤∥N∥
G

E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +
∥a3∥+ ∥a4∥

G
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥N∥
G Γ(ρ + 1)

E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) +
∥N∥

G
E(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥),

which is bounded. Hence, Equation (1) has at least one solution in C([0, 1]× [0, 1]n) from
Leray–Schauder’s fixed-point theorem.

Remark 2. (i) We should add that F < 1 in Theorem 3 implies that G > 0 in Theorem 4. However,
the converse is not true. In other words, the uniqueness theorem requires a stronger condition
overall.

(ii) There may be another possible approach to showing that W is equicontinuous by considering
the difference

|(WM)(t1, σ0)− (WM)(t2, σ00)|,

where
|(t1, σ0)− (t2, σ00)| < δ.

However, it seems challenging due to the multiple variables and partial fractional integrals.

Example 3. The following equation with three-point conditions and a variable coefficient,



c∂2.1

∂t2.1 M(t, σ) +
1

10(σ2
1 + 1)

I0.5
1 I1.1

2 M(t, σ) = 200 arctan |M(t, σ)|+ cos(t|σ|1/2),

(t, σ) ∈ [0, 1]× [0, 1]3

M(0, σ) =
1
15

∫ 1

0
t2 M(t, σ)dt, M(1/2, σ) =

1
11(σ2

3 + 2)
, M(1, σ) =

3
6(σ2

1 + σ2
2 + 1)

,

(10)

where σ = (σ1, σ2, σ3) and |σ|2 = σ2
1 + σ2

2 + σ2
3 , has at least one solution in C([0, 1]× [0, 1]3).

Proof. From the equation, we have

ρ = 2.1, ρ1 = 0.5, ρ2 = 1.1, ρ3 = 0, ∥a1∥ = 1/10, ∥a2∥ = 1/15, ∥a3∥ = 1/22, ∥a4∥ = 1/2,

and
N(t, σ, y) = 200 arctan |y|+ cos(t|σ|1/2)

is a continuous and bounded function over [0, 1]× [0, 1]3, with the condition

|N(t, σ, y1)− N(t, σ, y2)| ≤ 200| arctan |y1| − arctan |y2|| ≤ 200||y1| − |y2|| ≤ 200|y1 − y2|,
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which claims that C = 200.
We need to evaluate the value of

G = 1 − ∥a2∥E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)−
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

− ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥)

= 1 − 1
15

E(2.1,0.5,1.1,0), (1,1,1,1)(1/10)− (1/10)2.1

10Γ(3.1)
E(2.1,0.5,1.1,0), (1,1.5,2.1,1)(1/10)

− 1
10

E(2.1,0.5,1.1,0), (3.1,1.5,2.1,1)(1/10)

≈ 1 − 1
15

∗ 1.04919 − (1/10)2.1

10Γ(3.1)
∗ 1.09705 − 1

10
∗ 0.491914

≈ 0.8804661 > 0,

using

E(2.1,0.5,1.1,0), (1,1,1,1)(1/10) =
∞

∑
k=0

(1/10)k

Γ(2.1k + 1) Γ(0.5k + 1) Γ(1.1k + 1)
≈ 1.04919,

E(2.1,0.5,1.1,0), (1,1.5,2.1,1)(1/10) =
∞

∑
k=0

(1/10)k

Γ(2.1k + 1) Γ(0.5k + 1.5) Γ(1.1k + 2.1)
≈ 1.09705,

E(2.1,0.5,1.1,0), (3.1,1.5,2.1,1)(1/10) =
∞

∑
k=0

(1/10)k

Γ(2.1k + 3.1) Γ(0.5k + 1.5) Γ(1.1k + 2.1)

≈ 0.491914.

By Theorem 4, Equation (10) has at least one solution in the space C([0, 1]× [0, 1]3).

Remark 3. (i) As a note, we would like to point out that F > 1 in Theorem 3 since

F =2CE(ρ,ρ1,...,ρn), (ρ+1,1,...,1)(∥a1∥) +
(
∥a2∥+

(1/2)ρC
Γ(ρ + 1)

)
E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥)

+
(1/2)ρ∥a1∥

Γ(ρ + 1)
E(ρ,ρ1,...,ρn), (1,ρ1+1,...,ρn+1)(∥a1∥)

+ ∥a1∥E(ρ,ρ1,...,ρn), (ρ+1,ρ1+1,...,ρn+1)(∥a1∥)

>
(1/2)ρC
Γ(ρ + 1)

E(ρ,ρ1,...,ρn), (1,1,...,1)(∥a1∥) =
(1/2)2.1 ∗ 200

Γ(3.1)
E(2.1,0.5,1.1,0), (1,1,1,1)(1/10),

≈ (1/2)2.1 ∗ 200
Γ(3.1)

∗ 1.04919 ≈ 22.2725 > 1,

for Equation (10). Hence, we are not sure if it has a unique solution in the space C([0, 1]× [0, 1]3).
(ii) Generally speaking, the Lipschitz constant C in Theorem 3 is small to make F < 1. However,

C in Theorem 4 has no restriction provided it is non-negative.

4. Applications of Inverse Operators
The inverse operator method is also powerful in finding series solutions to certain

partial differential or integro-differential equations. We are going to present the following
three examples to demonstrate this.
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4.1. A Partial Integro-Differential Equation

Theorem 5. The equation below with the initial conditions for all ρij ≥ 0 (i = 1, 2, . . . , n ∈ N and
j = 1, 2, . . . , m ∈ N) and λj ∈ R


c∂ρ

∂tρ M(t, σ) +
m

∑
j=1

λj I
ρ1j
1 . . . I

ρnj
n M(t, σ) = f (t, σ), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = θ(σ), M′
t(0, σ) = β(σ), M′′

t (0, σ) = γ(σ), 2 < ρ ≤ 3,

(11)

has a unique solution,

M(t, σ) =
∞

∑
s=0

(−1)s Iρs+ρ
t ∑

s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n f (t, σ)

+
∞

∑
s=0

(−1)s tρs+ρ

Γ(ρs + ρ + 1) ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n θ(σ)

+
∞

∑
s=0

(−1)s tρs+ρ+1

Γ(ρs + ρ + 2) ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n β(σ)

+
∞

∑
s=0

(−1)s tρs+ρ+2

Γ(ρs + ρ + 3) ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n γ(σ),

where f ∈ C([0, 1]× [0, 1]n), θ, β, and γ are all in C([0, 1]n).

Proof. Applying Iρ
t to Equation (11), we have

M(t, σ)− M(0, σ)− M′
t(0, σ)t − M′′

t (0, σ)
t2

2
+

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n M(t, σ) = Iρ

t f (t, σ),

which implies that(
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)
M(t, σ) = Iρ

t f (t, σ) + θ(σ) + β(σ)t +
t2γ(σ)

2
. (12)

We claim that the inverse operator of

1 +
m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

is

V =

(
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)−1

=
∞

∑
s=0

(−1)s

(
m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)s

=
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)(
λ1 Iρ

t Iρ11
1 . . . Iρn1

n

)s1
. . .
(

λm Iρ
t Iρ1m

1 . . . Iρnm
n

)sm

=
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m Iρs

t Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n
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in the space C([0, 1]× [0, 1]n), where(
s

s1, s2, . . . , sm

)
=

s!
s1! . . . sm!

.

Indeed, we have that for any M ∈ C([0, 1]× [0, 1]n),

∥VM∥ =

∥∥∥∥∥∥
(

1 +
m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)−1

M

∥∥∥∥∥∥
≤ ∥M∥

∞

∑
s=0

∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

·
∥∥∥Iρs

t

∥∥∥∥∥∥Iρ11s1+...+ρ1msm
1

∥∥∥ . . .
∥∥∥Iρn1s1+...+ρnmsm

n

∥∥∥
≤ ∥M∥

∞

∑
s=0

∑
s1+s2+...+sm=k

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

· 1
Γ(ρs + 1)

1
Γ(ρ11s1 + . . . + ρ1msm + 1)

. . .
1

Γ(ρn1s1 + . . . + ρnmsm + 1)
.

Clearly, there exists a positive constant c such that

Γ(ρ11s1 + . . . + ρ1msm + 1) ≥ c,

. . . ,

Γ(ρn1s1 + . . . + ρnmsm + 1) ≥ c,

for all ρij ≥ 0 and si ≥ 0 for i = 1, . . . , m.
This implies that

∞

∑
s=0

∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

· 1
Γ(αs + 1)

1
Γ(ρ11s1 + . . . + ρ1msm + 1)

. . .
1

Γ(ρn1s1 + . . . + ρnmsm + 1)

≤ 1
cn

∞

∑
s=0

∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

1
Γ(ρs + 1)

=
1
cn E(ρ,ρ,...,ρ),1(|λ1|, . . . , |λm|) < +∞,

where for αi, β > 0, and zi ∈ C,

E(α1,α2,...,αm), β(z1, . . . , zm)

=
∞

∑
s=0

∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
zs1

1 . . . zsm
m

Γ(α1s1 + . . . + αmsm + β)

is the well-known multivariate Mittag-Leffler function [17], which is an entire function on
complex plane C.

Furthermore, we will show that

V

(
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)
=

(
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)
V = 1 (identity operator).

In fact,
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V

(
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)

= 1 +
∞

∑
s=1

(−1)s

(
m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)s

+
∞

∑
s=0

(−1)s

(
m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)s+1

= 1 +
∞

∑
s=0

(−1)s+1

(
m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)s+1

+
∞

∑
s=0

(−1)s

(
m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)s+1

= 1.

Similarly, (
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)
V = 1,

and V is unique.
From Equation (12), we come to

M(t, σ) =

(
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)−1(
Iρ
t f (t, σ) + θ(σ) + β(σ)t +

t2γ(σ)

2

)

=
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m Iρs+ρ

t

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n f (t, σ)

+
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m Iρs+ρ

t

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n θ(σ)

+
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m Iρs+ρ

t t

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n β(σ)

+
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m Iρs+ρ

t
t2

2

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n γ(σ).

Using

Iρs+ρ
t 1 =

tρs+ρ

Γ(ρs + ρ + 1)
, Iρs+ρ

t t =
tρs+ρ+1

Γ(ρs + ρ + 2)
, Iρs+ρ

t t2/2 =
tρs+ρ+2

Γ(ρs + ρ + 3)
,

we find that
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M(t, σ) =

(
1 +

m

∑
j=1

λj Iρ
t I

ρ1j
1 . . . I

ρnj
n

)−1(
Iρ
t f (t, σ) + θ(σ) + β(σ)t +

t2γ(σ)

2

)

=
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m Iρs+ρ

t

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n f (t, σ)

+
∞

∑
s=0

(−1)s tρs+ρ

Γ(ρs + ρ + 1) ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n θ(σ)

+
∞

∑
s=0

(−1)s tρs+ρ+1

Γ(ρs + ρ + 2) ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n β(σ)

+
∞

∑
s=0

(−1)s tρs+ρ+2

Γ(ρs + ρ + 3) ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n γ(σ)

in the space C([0, 1]× [0, 1]n). Moreover,

∥M∥ ≤ ∥ f ∥
∞

∑
s=0

1
Γ(ρs + ρ + 1) ∑

s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

· 1
Γ(ρ11s1 + . . . + ρ1msm + 1)

. . .
1

Γ(ρn1s1 + . . . + ρnmsm + 1)

+ ∥θ∥
∞

∑
s=0

1
Γ(ρs + ρ + 1) ∑

s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

· 1
Γ(ρ11s1 + . . . + ρ1msm + 1)

. . .
1

Γ(ρn1s1 + . . . + ρnmsm + 1)

+ ∥β∥
∞

∑
s=0

1
Γ(ρs + ρ + 2) ∑

s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

· 1
Γ(ρ11s1 + . . . + ρ1msm + 1)

. . .
1

Γ(ρn1s1 + . . . + ρnmsm + 1)

+ ∥γ∥
∞

∑
s=0

1
Γ(ρs + ρ + 3) ∑

s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
|λ1|s1 . . . |λm|sm

· 1
Γ(ρ11s1 + . . . + ρ1msm + 1)

. . .
1

Γ(ρn1s1 + . . . + ρnmsm + 1)
< +∞.

The uniqueness follows immediately from the fact that the equation
c∂ρ

∂tρ M(t, σ) +
m

∑
j=1

λj I
ρ1j
1 . . . I

ρnj
n M(t, σ) = 0, (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = 0, M′
t(0, σ) = 0, M′′

t (0, σ) = 0, 2 < ρ ≤ 3,

only has solution zero. We complete the proof.

In particular, the following partial integro-differential equation,
c∂ρ

∂tρ M(t, σ) +
m

∑
j=1

λj I
ρ1j
1 . . . I

ρnj
n M(t, σ) = f (t, σ), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = 0, M′
t(0, σ) = 0, M′′

t (0, σ) = 0, 2 < ρ ≤ 3,
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has a unique solution,

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+s2+...+sm=s

(
s

s1, s2, . . . , sm

)
λs1

1 . . . λsm
m Iρs+ρ

t

Iρ11s1+...+ρ1msm
1 . . . Iρn1s1+...+ρnmsm

n f (t, σ).

Remark 4. Using Banach’s contractive principle, we are able to study the uniqueness for the
following nonlinear equation with the initial conditions for all ρij ≥ 0 (i = 1, 2, . . . , n ∈ N and
j = 1, 2, . . . , m ∈ N) and λj ∈ R.


c∂ρ

∂tρ M(t, σ) +
m

∑
j=1

λj I
ρ1j
1 . . . I

ρnj
n M(t, σ) = f (t, σ, M(t, σ)), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = θ(σ), M′
t(0, σ) = β(σ), M′′

t (0, σ) = γ(σ), 2 < ρ ≤ 3,

where f ∈ C([0, 1]× [0, 1]n ×R), θ, β, and γ are all in C([0, 1]n) or the boundary value problem:
c∂ρ

∂tρ M(t, σ) +
m

∑
j=1

λj I
ρ1j
1 . . . I

ρnj
n M(t, σ) = f (t, σ, M(t, σ)), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = θ(σ), M(1, σ) = β(σ), M′
t(1, σ) = γ(σ), 2 < ρ ≤ 3.

4.2. A Multi-Term Time-Fractional Convection Problem

Theorem 6. Let m, n ∈ N, 0 < ρ1 < ρ2 < . . . < ρm < ρ ≤ 1, βi ∈ R for i = 1, 2, . . . , m. In
addition, we assume that λj is a function of σj only in C[0, 1]. Then, the multi-term time-fractional
convection Equation (5) has a unique solution,

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ
t

(
λ1(σ1)

∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

f1(t, σ)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + 1)

·
(

λ1(σ1)
∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

f2(σ)

+
m

∑
i=1

βi

∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ−ρi

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + ρ − ρi + 1)

·
(

λ1(σ1)
∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

f2(σ)

in the space C([0, 1]× [0, 1]n), if f1, f2 ∈ S, which is given by

S =
{

f (t, σ) ∈ C([0, 1]× [0, 1]n) : ∃ a constant M f ,λ1,...,λn > 0 such that

sup
(t,σ)∈[0,1]×[0,1]n

∣∣∣∣(λ1(σ1)
∂

∂σ1

)s1

. . .
(

λn(σn)
∂

∂σn

)sn

f (t, σ)

∣∣∣∣ ≤ Ms1+...+sn
f ,λ1,...,λn

}
,

where (s1, . . . , sn) ∈ (N∪ {0})n.
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Proof. Applying Iρ
t to Equation (5), we obtain

M(t, σ)− M(0, σ) +
m

∑
i=1

βi Iρ−ρi
t Iρi

t
c∂ρj

∂tρj
M(t, σ) +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj
M(t, σ) = Iρ

t f1(t, σ),

and

m

∑
i=1

βi Iρ−ρi
t Iρi

t
c∂ρj

∂tρj
M(t, σ) =

m

∑
i=1

βi Iρ−ρi
t M(t, σ)−

m

∑
i=1

βi
tρ−ρi

Γ(ρ − ρi + 1)
f2(σ).

Hence, (
1 +

m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)
M(t, σ)

= Iρ
t f1(t, σ) + f2(σ) +

m

∑
i=1

βi
tρ−ρi

Γ(ρ − ρi + 1)
f2(σ). (13)

To find the inverse operator of

1 +
m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj
,

we begin to define the operator V as

V =
∞

∑
s=0

(−1)s

(
m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)s

=
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n
t

(
λ1(σ1)

∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

.

Then, V is well defined on S. Indeed, for any function f (t, x) ∈ S, we have

∥V f ∥ ≤
∞

∑
s=0

∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
|β1|s1 . . . |βm|sm

·
∥∥∥I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n

t

∥∥∥
· sup
(t,σ)∈[0,1]×[0,1]n

∣∣∣∣(λ1(σ1)
∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

f (t, σ)

∣∣∣∣
≤

∞

∑
s=0

∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
|β1|s1 . . . |βm|sm Msm+1

f ,λ1,...,λn
. . . Msm+n

f ,λ1,...,λn

· 1
Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + 1)

=E(ρ−ρ1,...,ρ−ρm ,ρ,...,ρ), 1

(
|β1|, . . . , |βm|, M f ,λ1,...,λn , . . . , M f ,λ1,...,λn

)
< +∞.

Moreover, V is an inverse operator since

V

(
1 +

m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)

=

(
1 +

m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)
V = 1.
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In fact,

V

(
1 +

m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)

= V +
∞

∑
s=0

(−1)s

(
m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)s+1

= 1 +
∞

∑
s=1

(−1)s

(
m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)s

+
∞

∑
s=0

(−1)s

(
m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)s+1

= 1.

Similarly, (
1 +

m

∑
i=1

βi Iρ−ρi
t +

n

∑
j=1

Iρ
t λj(σj)

∂

∂σj

)
V = 1,

and V is unique. We note that if f2 ∈ S, then

m

∑
i=1

βi
tρ−ρi

Γ(ρ − ρi + 1)
f2(σ) ∈ S,

which implies from Equation (13) that

M(t, σ) = V

(
Iρ
t f1(t, σ) + f2(σ) +

m

∑
i=1

βi
tρ−ρi

Γ(ρ − ρi + 1)
f2(σ)

)

=
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ
t

(
λ1(σ1)

∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

f1(t, σ)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + 1)

·
(

λ1(σ1)
∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

f2(σ)

+
m

∑
i=1

βi

∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ−ρi

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + ρ − ρi + 1)

·
(

λ1(σ1)
∂

∂σ1

)sm+1

. . .
(

λn(σn)
∂

∂σn

)sm+n

f2(σ).

The uniqueness follows from the fact that the equation
c∂ρ

∂tρ M(t, σ) +
m

∑
i=1

βi
c∂ρj

∂tρj
M(t, σ) +

n

∑
j=1

λj(σj)
∂

∂σj
M(t, σ)

= 0, (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = 0,
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only has solution zero. This completes the proof.

In particular, if ρ = 1, β1 = . . . = βm = 0, and λ1(x1) = . . . = λn(xn) = 1, then
Equation (5) turns out to be

∂

∂t
M(t, σ) +∇M(t, σ) = f1(t, σ), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = f2(σ),
(14)

which has the solution from Theorem 6 (derived for the first time):

M(t, σ) =
∞

∑
s=0

(−1)s Is+1
t ∇s f1(t, σ) +

∞

∑
s=0

(−1)s ts

s!
∇s f2(σ). (15)

Thus, the following equation,
∂

∂t
M(t, σ) +∇M(t, σ) = t(σ1 + σ2 + . . . + σn), (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = sin σ1,

has the solution

M(t, σ) =
∞

∑
s=0

(−1)s Is+1
t t∇s(σ1 + σ2 + . . . + σn) +

∞

∑
s=0

(−1)s ts

s!
∇s sin σ1

= Itt(σ1 + σ2 + . . . + σn)− I2
t t∇(σ1 + σ2 + . . . + σn)

+
∞

∑
s=0

(−1)s ts

s!
sin(σ1 + sπ/2)

=
t2

2
(σ1 + σ2 + . . . + σn)−

nt3

6
+

∞

∑
s=0

(−1)s ts

s!
sin(σ1 + sπ/2).

Example 4. The following equation for 0 < ρ1 < ρ2 < . . . < ρm < ρ ≤ 1, βi ∈ R, and
m, n ∈ N, 

c∂ρ

∂tρ M(t, σ) +
m

∑
i=1

βi
c∂ρj

∂tρj
M(t, σ) +

n

∑
j=1

σj
∂

∂σj
M(t, σ)

= tσ2
1 . . . σn+1

n , (t, σ) ∈ [0, 1]× [0, 1]n,

M(0, σ) = 1,

has a unique solution,

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m 2sm+1 . . . (n + 1)sm+n

t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ+1σ2
1 . . . σn+1

n
Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + ρ + 2)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm=s

(
s

s1, . . . , sm

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + 1)

+
m

∑
i=1

βi

∞

∑
s=0

(−1)s ∑
s1+...+sm=s

(
s

s1, . . . , sm

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρ−ρi

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρ − ρi + 1)
.
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Proof. From Theorem 6, we have

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ
t

(
σ1

∂

∂σ1

)sm+1

. . .
(

σn
∂

∂σn

)sm+n

tσ2
1 . . . σn+1

n

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + 1)

·
(

σ1
∂

∂σ1

)sm+1

. . .
(

σn
∂

∂σn

)sm+n

1

+
m

∑
i=1

βi

∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ−ρi

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + ρ − ρi + 1)

·
(

σ1
∂

∂σ1

)sm+1

. . .
(

σn
∂

∂σn

)sm+n

1.

Using

I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ
t t

=
t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + ρ + 2)
,(

σ1
∂

∂σ1

)sm+1

σ2
1 = 2sm+1 σ2

1 ,

. . . ,(
σn

∂

∂σn

)sm+n

σn+1
n = (n + 1)sm+n σn+1

n ,

we obtain

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+...+sm+n=s

(
s

s1, . . . , sm+n

)
βs1

1 . . . βsm
m 2sm+1 . . . (n + 1)sm+n

t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+...+ρsm+n+ρ+1σ2
1 . . . σn+1

n
Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + . . . + ρsm+n + ρ + 2)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm=s

(
s

s1, . . . , sm

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + 1)

+
m

∑
i=1

βi

∞

∑
s=0

(−1)s ∑
s1+...+sm=s

(
s

s1, . . . , sm

)
βs1

1 . . . βsm
m

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρ−ρi

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρ − ρi + 1)
.

We complete the proof.
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4.3. A Generalized Time-Fractional Diffusion-Wave Equation

Theorem 7. Let △ =
n

∑
i=1

∂2

∂σ2
i

. Assume that all λj for j = 1, 2, . . . , m are arbitrary constants, 1 < ρ1 <

ρ2 < . . . < ρm < ρ ≤ 2, and all θ, β, and g are in S0 given by

S0 =
{

g ∈ C([0, 1]× [0, 1]n) : ∃ a constant Mg > 0 such that

sup
(t,σ)∈[0,1]×[0,1]n

∣∣∣∣∣ ∂2s1

∂σ2s1
1

. . .
∂2sn

∂σ2sn
n

g(t, σ)

∣∣∣∣∣ ≤ Ms1+...+sn
g

}
,

where (s1, s2, . . . , sn) ∈ (N∪ {0})n. Then, Equation (6) has a unique solution:

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+ρ
t △lsm+1 g(t, σ)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + 1)
△lsm+1 θ(σ)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + 2)
△lsm+1 β(σ)

+
m

∑
j=1

λj

Γ(ρ − ρj + 1)

∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+ρ−ρj

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + ρ − ρj + 1)
△lsm+1 θ(σ)

+
m

∑
j=1

λj

Γ(ρ − ρj + 2)

∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+ρ−ρj+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + ρ − ρj + 2)
△lsm+1 β(σ).

Proof. Applying Iρ
t to Equation (6), we arrive at

M(t, σ)− M(0, σ)− M′
t(0, σ)t +

m

∑
j=1

λj I
ρ−ρj
t I

ρj
t

c∂ρj

∂tρj
M(t, σ) = Iρ

t △
l M(t, σ) + Iα

t g(t, σ),

which implies that

M(t, σ) +
m

∑
j=1

λj I
ρ−ρj
t [M(t, σ)− θ(σ)− β(σ)t]− Iρ

t △
l M(t, σ) = Iρ

t g(t, σ) + θ(σ) + β(σ)t.
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Hence,(
1 +

m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)
M(t, σ)

= Iρ
t g(t, σ) + θ(σ) + β(σ)t +

m

∑
j=1

λj I
ρ−ρj
t (θ(σ) + β(σ)t)

= Iρ
t g(t, σ) + θ(σ) + β(σ)t + θ(σ)

m

∑
j=1

λj
tρ−ρj

Γ(ρ − ρj + 1)
+ β(σ)

m

∑
j=1

λj
tρ−ρj+1

Γ(ρ − ρj + 2)
. (16)

We claim that the inverse operator of

1 +
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

is

V =
∞

∑
s=0

(−1)s

(
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)s

=
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)(
λ1 Iρ−ρ1

t

)s1
. . .
(

λm Iρ−ρm
t

)sm(
−Iρ

t △
l
)sm+1

=
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1
t △lsm+1 .

Using

△s =

(
∂2

∂σ2
1
+ . . .

∂2

∂σ2
n

)s

= ∑
s1+...+sn=s

(
s

s1, . . . , sn

)
∂2s1

∂σ2s1
1

. . .
∂2sn

∂σ2sn
n

,

∑
s1+...+sn=s

(
s

s1, . . . , sn

)
= ns,

we have, for any g(t, σ) ∈ S0,

∥Vg∥ ≤
∞

∑
s=0

∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)

· |λ1|s1 . . . |λm|sm(nl)sm+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + 1)

· sup
(t,σ)∈[0,1]×[0,1]n , i1+s2 ...+in=lsm+1

∣∣∣∣∣ ∂2i1

∂σ2i1
1

. . .
∂2in

∂σ2in
n

g(t, σ)

∣∣∣∣∣
= E(ρ−ρ1,...,ρ−ρm ,ρ), 1(|λ1|, . . . , |λm|, nl Ml

g) < +∞.

Thus, V is a continuous mapping over S0 under the norm of C([0, 1]× [0, 1]n).
In addition,

V
(

1 +
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)
=

(
1 +

m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)
V = 1.
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It follows that

V
(

1 +
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)

= 1 +
∞

∑
s=1

(−1)s

(
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)s

+
∞

∑
s=0

(−1)s

(
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)s+1

= 1 +
∞

∑
s=0

(−1)s+1

(
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)s+1

+
∞

∑
s=0

(−1)s

(
m

∑
j=1

λj I
ρ−ρj
t − Iρ

t △
l

)s+1

= 1.

Clearly, such V is unique.
From Equation (16), we obtain

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· I(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+ρ
t △lsm+1 g(t, σ)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + 1)
△lsm+1 θ(σ)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + 2)
△lsm+1 β(σ)

+
m

∑
j=1

λj

Γ(ρ − ρj + 1)

∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+ρ−ρj

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + ρ − ρj + 1)
△lsm+1 θ(σ)

+
m

∑
j=1

λj

Γ(ρ − ρj + 2)

∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+ρ−ρj+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + ρ − ρj + 2)
△lsm+1 β(σ),

which is a well-defined solution of Equation (6) since g, θ, and β are all in S0. The uniqueness
follows similarly. We finish the proof.

Remark 5. If λ1 = . . . = λm = 0, then we can easily change the domain (t, σ) ∈ [0, 1]× [0, 1]n

to (t, σ) ∈ R+ ×Rn by using the inverse operator 1 − Itρ△l directly and set

S0 =
{

g ∈ C(R+ ×Rn) : ∃ a constant Mg > 0 and a positive function θ(t, x)

in C(R+ ×Rn) such that

∣∣∣∣∣ ∂2s1

∂σ2s1
1

. . .
∂2sn

∂σ2in
n

g(t, σ)

∣∣∣∣∣ ≤ θ(t, x)Ms1+...+sn
g

}
.

If
ρ = 2, λ1 = . . . = λm = 0, n = l = 1, g(t, σ) = 0,
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then Equation (6) becomes the wave equation in R given below:
∂2

∂t2 M(t, σ) =
∂2

∂σ2 M(t, σ),

M(0, σ) = θ(σ), M′
t(0, σ) = β(σ), (t, σ) ∈ R+ ×R.

(17)

It follows from Theorem 7 that it has the solution

M(t, σ) =
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + 1)
△lsm+1 θ(σ)

+
∞

∑
s=0

(−1)s ∑
s1+...+sm+1=s

(
s

s1, s2, . . . , sm+1

)
λs1

1 . . . λsm
m (−1)sm+1

· t(ρ−ρ1)s1+...+(ρ−ρm)sm+ρsm+1+1

Γ((ρ − ρ1)s1 + . . . + (ρ − ρm)sm + ρsm+1 + 2)
△lsm+1 β(σ)

=
∞

∑
s=0

t2s

(2s)!
d2s

dσ2s θ(σ) +
∞

∑
s=0

t2s+1

(2s + 1)!
d2s

dσ2s β(σ),

by noting that λ1 = . . . = λm = 0. We are going to prove that this solution can be reduced
to

M(t, σ) =
θ(σ + t) + θ(σ − t)

2
+

1
2

∫ σ+t

σ−t
β(ζ)dζ,

which is the classical solution to Equation (17) (d’Alembert’s formula). Since θ ∈ S0, we
have Taylor’s expansion at the point σ:

θ(σ + t) =
∞

∑
s=0

θ(s)(σ)

s!
ts,

which implies that
θ(σ + t) + θ(σ − t)

2
=

∞

∑
s=0

t2s

(2s)!
d2s

dσ2s θ(σ).

On the other hand,

β(ζ) =
∞

∑
s=0

β(s)(σ)

s!
(ζ − σ)s,

since β ∈ S0. This claims that

1
2

∫ σ+t

σ−t
β(ζ)dζ =

∞

∑
s=0

t2s+1

(2s + 1)!
d2s

dσ2s β(σ).

Evidently, if

ρ = 2, λ1 = . . . = λm = 0, l = 1, g(t, σ) = 0,

then Equation (6) turns out to the wave equation in Rn,
∂2

∂t2 M(t, σ) = △M(t, σ),

M(0, σ) = θ(σ), M′
t(0, σ) = β(σ), (t, σ) ∈ R+ ×Rn,

(18)
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with the solution by Theorem 7:

M(t, σ) =
∞

∑
s=0

t2s

(2s)!
△sθ(σ) +

∞

∑
s=0

t2s+1

(2s + 1)!
△sβ(σ). (19)

We will show that it can be converted into Kirchoff’s formula [21] for n = 3. Let
Bn(σ, t) be the ball of the radius t about σ ∈ Rn and ∂Bn(σ, t) be the boundary of Bn(σ, t).
We define the average of ϕ over ∂Bn(σ, t) as

Atϕ(σ) =
1

SA(Bn(σ, t))

∫
∂Bn(σ,t)

ϕ(y)ds(y) =
1

SA(Bn(0, 1))

∫
∂Bn(0,1)

ϕ(σ + tθ)ds(θ),

where SA(Bn(σ, t)) denotes the surface area of Bn(σ, t) and ds(y) is the surface measure of
Bn(σ, t).

Assuming that ϕ ∈ S0, we have Taylor’s expansion:

ϕ(σ + tθ) =σ(σ) + ∑
|i|=1

∂iσ(σ)

i!
(tθ)i + . . . + ∑

|i|=2j

∂iσ(σ)

i!
(tθ)i

+ ∑
|i|=2j+1

∂iσ(σ)

i!
(tθ)i + . . . ,

where

|i| = i1 + i2 + . . . + in, i! = i1!i2! . . . in!,

σi = σi1
1 σi2

2 . . . σin
n ,

∂iϕ = ∂i1
1 . . . ∂in

n ϕ =
∂|i|ϕ

∂σi1
1 . . . ∂σin

n
.

Clearly,

t2j+1 ∑
|i|=2j+1

∂iϕ(σ)

i!

∫
∂Bn(0,1)

θids(θ) = 0, j = 0, 1, . . . ,

due to the cancellations over the unit sphere ∂Bn(0, 1). Therefore,

Atϕ(σ) =ϕ(σ) + t2 ∑
|i|=2

∂iϕ(σ)

i!
1

SA(Bn(0, 1))

∫
∂Bn(0,1)

θids(θ)

+ . . . + t2j ∑
|i|=2j

∂iϕ(σ)

i!
1

SA(Bn(0, 1))

∫
∂Bn(0,1)

θids(θ) + . . . .

Thus,

Atϕ(σ) =ϕ(σ) + t2 ∑
|i|=1

∂2iϕ(σ)

(2i)!
1

SA(Bn(0, 1))

∫
∂Bn(0,1)

θ2ids(θ)

+ . . . + t2j ∑
|i|=j

∂2iϕ(σ)

(2i)!
1

SA(Bn(0, 1))

∫
∂Bn(0,1)

θ2ids(θ) + . . . .
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Applying the following formulas from [22],

∫
∂Bn(0,1)

θ2ids(θ) =
2Γ
(

1
2
+ i1

)
. . . Γ

(
1
2
+ in

)
Γ
(
|i|+ n

2

) ,

Γ
(

1
2
+ i1

)
=

(2i1)!
√

π

4i1 i1!
,

we arrive at

t2j ∑
|i|=j

∂2iϕ(σ)

(2i)!
1

SA(Bn(0, 1))

∫
∂Bn(0,1)

θids(θ)

= t2j ∑
|i|=j

∂2iϕ(σ)

(2i)!
1

SA(Bn(0, 1))

2Γ
(

1
2
+ i1

)
. . . Γ

(
1
2
+ in

)
Γ
(
|i|+ n

2

)
=

2πn/2

22j j!SA(Bn(0, 1))Γ
(

j +
n
2

)△jϕ(σ)t2j

=
Γ(n/2)

22j j!Γ
(

j +
n
2

)△jϕ(σ)t2j,

where

SA(Bn(0, 1)) =
2πn/2

Γ(n/2)
.

This implies that

Atϕ(σ) =Γ(n/2)
∞

∑
j=0

1

22j j!Γ
(

j +
n
2

)△jϕ(σ)t2j.

For n = 3, we are going to prove that the solution given in Formula (19) is

M(t, σ) =
∂

∂t
(tAtθ(σ)) + tAtβ(σ)

=
∂

∂t
1

SA(Bn(0, 1))

(
t
∫

∂Bn(0,1)
ϕ(σ + tθ)ds(θ)

)
+

t
SA(Bn(0, 1))

∫
∂Bn(0,1)

β(σ + tθ)ds(θ),

which is the well-known Kirchoff formula. Indeed,

∂

∂t
(tAtθ(σ)) + tAtβ(σ)

= Γ(3/2)
∞

∑
j=0

2j + 1

22j j!Γ
(

j +
3
2

)△jϕ(σ)t2j + Γ(3/2)
∞

∑
j=0

1

22j j!Γ
(

j +
3
2

)△jϕ(σ)t2j+1

=
∞

∑
j=0

t2j

(2j)!
△jϕ(σ) +

∞

∑
j=0

t2j+1

(2j + 1)!
△jβ(σ),
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by

Γ(3/2)
2j + 1

22j j!Γ
(

j +
3
2

) =
1

(2j)!
,

Γ(3/2)
1

22j j!Γ
(

j +
3
2

) =
1

(2j + 1)!
.

We can use Kirchoff’s formula for the solution of the wave equation in three dimen-
sions to derive the solution of the wave equation in two dimensions. This technique is
known as the method of descent. A similar result also follows for n = 2.

Moreover, if n > 3 and n is odd, then the solution given in Formula (19) is

M(t, σ) =
1
cn

(
∂

∂t

)(
1
t

∂

∂t

) n−3
2 (

tn−2Atθ(σ)
)
+

1
cn

(
1
t

∂

∂t

) n−3
2 (

tn−2Atβ(σ)
)

,

where
cn = 1 · 3 . . . (n − 2).

In fact, we have

(
∂

∂t

)(
1
t

∂

∂t

) n−3
2

t2j+n−2 = (2j + n − 2) . . . (2j + 3)(2j + 1)t2j,

and

Γ(n/2)(2j + n − 2) . . . (2j + 3)(2j + 1)
cn22j j!Γ(j + n/2)

=
Γ(n/2)(2j + n − 2) . . . (2j + 3)(2j + 1)

2j j!(2j + n − 2) . . . n · (n − 2) . . . 3 · 1 · Γ(n/2)

=
1

2j j! 1 · 3 . . . (2j − 1)
=

1
(2j)!

,

which implies that

1
cn

(
∂

∂t

)(
1
t

∂

∂t

) n−3
2 (

tn−2Atθ(σ)
)
=

∞

∑
s=0

t2s

(2s)!
△sθ(σ).

Similarly,

1
cn

(
1
t

∂

∂t

) n−3
2 (

tn−2Atβ(σ)
)
=

∞

∑
s=0

t2s+1

(2s + 1)!
△sβ(σ).

If n > 3 and n is even, then a similar conclusion follows.
Furthermore, if

ρ = 2, λ1 = . . . = λm = 0, l = 1,

then Equation (6) turns out to the non-homogenous wave equation in Rn,
∂2

∂t2 M(t, σ) = △M(t, σ) + g(t, σ),

M(0, σ) = θ(σ), M′
t(0, σ) = β(σ), (t, σ) ∈ R+ ×Rn,
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with the uniform solution by Theorem 7 for all n ≥ 1:

M(t, σ) =
∞

∑
s=0

I2s+2
t △sg(t, σ) +

∞

∑
s=0

t2s

(2s)!
△sθ(σ) +

∞

∑
s=0

t2s+1

(2s + 1)!
△sβ(σ). (20)

Example 5. The following wave equation,
∂2

∂t2 M(t, σ) = △M(t, σ) + σ1σ2t2,

M(0, σ) = σn, M′
t(0, σ) = σ3, (t, σ) ∈ R+ ×Rn,

has the solution

M(t, σ) =
t4

12
σ1σ2 + tσ3 + σn,

where n ≥ 3.

It follows from Formula (20) that

M(t, σ) =
∞

∑
s=0

I2s+2
t △s(σ1σ2t2) +

∞

∑
s=0

t2s

(2s)!
△sσn +

∞

∑
s=0

t2s+1

(2s + 1)!
△sσ3

=
Γ(3)
Γ(5)

t4σ1σ2 + σn + tσ3 =
t4

12
σ1σ2 + tσ3 + σn.

by noting that σ1σ2t2 and σn are in S0.
For n = 3, this approach is much simpler than the following classical one based on

Kirchoff’s formula:

M(t, σ)

=
∂

∂t
1

SA(B3(0, 1))

(
t
∫

∂B3(0,1)
ϕ(σ + tθ)ds(θ)

)
+

t
SA(B3(0, 1))

∫
∂B3(0,1)

β(σ + tθ)ds(θ)

+
1

4π

∫
B3(σ,t)

g(t − |y − σ|, y)
|y − σ| dy.

The Laplacian appears in many well-known differential equations describing phys-
ical phenomena, such as Poisson’s equation, the diffusion equation, the wave equation,
and the Schrödinger equation. The inverse operator method mentioned above clearly
goes in a new direction in studying these important equations under certain initial or
boundary conditions.

Generally speaking, there are analytic approaches [2] (fractional Green’s function,
separation of variables, integral transforms, adomian decomposition method, and ho-
motopy analysis method) and numerical methods [10] (finite difference methods, finite
element methods, spectral methods, and meshless methods) dealing with fractional partial
deferential equations. Section 4 introduces a novel technique of inverse operators which
is also powerful in studying fractional differential equations, which are seen from the
above examples.

5. Conclusions
We studied the uniqueness, existence, and stability of Equation (1) in Rn with three-

point conditions and variable coefficients in C([0, 1]× [0, 1]n) based on the inverse operator
containing a multi-variable function, the new generalized two-parameter Mittag-Leffler
function, Banach’s contractive principle, and Leray–Schauder’s fixed-point theorem. Sev-
eral examples were presented to demonstrate applications of key theorems obtained. The
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technique used has a wide range of applications to various fractional nonlinear partial
differential or integro-differential equations with initial or boundary conditions. In addi-
tion, we provided series solutions to a few well-known partial differential equations, such
as the multi-term time-fractional convection problem and the generalized time-fractional
diffusion-wave equation. Especially, we obtained the uniform and simple solution to the
non-homogeneous wave equation in n dimensions for all n ≥ 1, which is consistent with
classical results such as d’Alembert’s and Kirchoff’s formulas but more powerful in finding
solutions for some wave equations. As future research, it is worth considering the following
time-fractional convection–diffusion equation with an initial condition and source term
for the constants a, b, γ ∈ R by an inverse operator and the multivariate Mittage-Leffler
function:

c∂α

∂tα
u(t, x) + a c∂β

∂tβ
u(t, x) = b △λ1,...,λn u(t, x) + γ∇u(t, x) + ϕ(t, x),

u(0, x) = ψ(x),

where (t, x) ∈ R+ ×Rn, 0 < β < α ≤ 1,

△λ1,...,λn = λ1(x1)
∂2

∂x2
1
+ . . . + λ(xn)

∂2

∂x2
n

, ∇ =
∂

∂x1
+ . . . +

∂

∂xn
,

and the partial Liouville–Caputo fractional derivative c∂α

∂tα
of the order 0 < α ≤ 1 with

respect to t is defined as(
c∂α

∂tα
u
)
(t, x) =

1
Γ(1 − α)

∫ t

0
(t − τ)−αu′

t(τ, x)dτ.

Applications of such convection–diffusion equations span numerous scientific and engi-
neering disciplines, such as fluid dynamics and heat transfer.
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