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Abstract: This paper mainly consists of two parts: (i) We study the uniqueness, existence,
and stability of a new fractional nonlinear partial integro-differential equation in R" with
three-point conditions and variable coefficients in a Banach space using inverse operators
containing multi-variable functions, a generalized Mittag-Leffler function, as well as a
few popular fixed-point theorems. These studies have good applications in general since
uniqueness, existence and stability are key and important topics in many fields. Several
examples are presented to demonstrate applications of results obtained by computing
approximate values of the generalized Mittag-Leffler functions. (ii) We use the inverse
operator method and newly established spaces to find analytic solutions to a number
of notable partial differential equations, such as a multi-term time-fractional convection
problem and a generalized time-fractional diffusion-wave equation in R” with initial
conditions only, which have never been previously considered according to the best of
our knowledge. In particular, we deduce the uniform solution to the non-homogeneous
wave equation in # dimensions for all n > 1, which coincides with classical results such
as d’Alembert and Kirchoff’s formulas but is much easier in the computation of finding
solutions without any complicated integrals on balls or spheres.

Keywords: fractional nonlinear partial integro-differential equation; uniqueness and
existence; stability; fixed-point theory; generalized Mittag-Leffler function; inverse operator
method; time-fractional convection problem; time-fractional diffusion-wave equation

MSC: 35A02; 35C15; 47N20; 26 A33

1. Introduction and Preliminaries

Fractional differential equations (FDEs) play crucial roles in simulating real-world
systems due to their unique ability to model complex phenomena that involve memory
and hereditary properties, which are often not adequately captured by classical integer-
order differential equations. In addition, fractional derivatives or integrals are non-local
operators, meaning that they consider the influence of the function over an interval rather
than at a point. This property is beneficial for modeling systems with non-local interactions,
such as those found in continuum mechanics, electromagnetism, and population dynamics.

The gamma function, denoted by I'(z), is a generalization of the factorial function to
complex numbers. It is defined as
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I'(z) = / #le7tdt, Re(z) > 0.
0
Let (t,0) € [0,1] x [0,1]". We define the fractional partial integral operator I{" ... I}"
of a function, M(t,0), for p1,...,pn > 0[1,2] as

. r
T(o1) ... T(pn)

o] On
/ / (0’1—T1)p1_1...((Tn—Tn)p”_lM(t,Tl,...,Tn)dTn...dT1,
0 0

0. I M(t o) =

where M is a continuous function from [0,1] x [0,1]" toR and ¢ = (071, ..., 0%).
In particular, from [3], we have

B IOM(t,0) = M(t,0).

The partial Liouville-Caputo fractional derivative .9° /9t° of the orderm —1 < p < m
(m € N) with respect to f is defined in [1] as

(55M) (40) = gy ¢ 0 M o

In particular, for2 < p <3,

o t
(aatpM> (t,0) = r(31p) /O (t—1)* P M (1,0)dt.

Recently, Sadek et al. [4] investigated the foundational iterative processes of fractional
calculus, focusing on ®-conformable fractional derivatives, and defined several novel
fractional operators as well as associated function spaces, which are useful in dealing with
differential equations involving the ®-conformable derivatives.

C([0,1] x [0,1]") is the Banach space of all continuous functions from [0,1] x [0,1]"
into R with the norm

||M]| = max [M(t,0)| < +oo.
(to)€l0,1]x[0,1]"
Letap € C[0,1], a3, ag € C([0,1]") and a; € C([0,1] x [0,1]"). In this paper, we will
first study the uniqueness, existence, and stability for the following new equation with

three-point conditions and variable coefficients for all p; > 0 (i = 1,2,...,n € N) and
2<p <3

Cap 01 Pn
ﬁM(t,U) +a(t,o) ' ... L"M(t,0)

= N(t,o,M(t,0)), (t,0)€[0,1] x[0,1]", 1)
M(0,0) = /0.1 a(H)M(t,o)dt, M(1/2,0) =az(c), M(1,0)=ay(0),

where N : [0,1] x [0,1]" x R — R s a given function with certain conditions.
It follows that for M € C([0,1] x [0,1]"),
Hlfal(t,(f) i ...Iﬁ"MH < ||a1||\|M\|HIfHH1f1 e
1 1 1
(p+1)T(pr+1) "T(on+1)

< flar 1M =

which implies that
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1 1 1
IP IPl'“IPn < .
L A Y LY e e s VO Yo
Hence,
k 1 1 1
Pay I 10) || < g f
‘ ( a1 1 n ) — ||Q1H r(kp+1) r(kpl —|—1) F(kpn +1)/

for all integers k > 0.

We are going to derive an equivalent implicit integral equation of Equation (1) by an
inverse operator over C([0,1] x [0,1]") and then present sufficient conditions for the unique-
ness, existence, and stability using several fixed-point theorems and a newly established
generalized Mittag-Leffler function given below.

The generalized Mittag-Leffler function is defined by

o0 97‘
E 0) = ,
o) b)) = D o BT prr + Br) - Tour + o)

where0 € C,p >0, >0, p; >0, B; >0fori=1,2,...,n In particular,

o0 9}’
(... -)(0) = Eap(0) = )
(00,--,0), (B1,--.1) op r;o T(or + B)
which is the well-known two-parameter Mittag-Leffler function [5]. We should point out
that Ep o o), (B.1enB) (0) clearly converges since there is a positive integer, r, such that

pir +Bi = 2,

foralli=1,2,...,nif p; > 0.

To consider Equation (1), we first demonstrate use of the inverse operator method
to convert the following equation with an integral boundary condition (nonlocal) to an
equivalent implicit integral equation for 0 < p < 1and p; > 0:

%M(t,a) +ai(t,0) IN'M(t,0) = N(t,0, M(t,0)), (t,0)€[0,1] x[0,1], o
M(1,0) = /01 ay(t)M(t,o)dt, ap € C[0,1],

where a; and N are given continuous functions with

INJ| = sup IN(t,0,y)| < +oo.

(toy)€[01]x[0,1] xR

The motivation of employing the inverse operator method and the Mittag-Leffler func-
tions in the current work is that, as far as we know, there are no existing integral transforms
or other approaches that can change Equation (2) to an equivalent integral equation. To
study the uniqueness and existence by fixed-point theory, we need an equivalent integral
equation to define a nonlinear mapping.

Theorem 1. Let 0 < p <1, p; > 0, and ay, N, ap be given continuous functions. Furthermore,
we assume that N satisfies the following Lipschitz condition with respect to the third variable,

|N(t,0’,M1) *g(f,U,M2)| < £|M1 *M2|, M, M, € R,

for a non-negative constant, L, and
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a L
Q = LE(p gy o1y Inl) + (o2l + Fo oy + 1755 ) B () <1

Then, there is a unique solution in C([0,1] x [0,1]) to Equation (2).

Proof. Applying If to Equation (2), we obtain
M(t,0) = M(0,0) + Iay (t,0) I M(t,0) = IEN(t, 0, M(t,0)),
by noting that 0 < p < 1. Setting t = 1 yields
M(0,0) = ./0'1 a(H)M(t,0)dt + IF_ a1 (t,0) 15" M(t,0) — I'_ N(t, 0, M(t,0)).
Hence,
(1 + Iay (t,0) Ipl)M(t, 7) = I'N(t,0, M(t, 7))

+/ ax(DYM(t, )dt + I ay (o) 19 M(t,0) — I°_ N(t, 0, M(t, 7).

We shall show that the operator 1 + If a1(t, x) I5! has a unique inverse operator,
© r
Vg = Z (—1) (Ifal(t, o) I(‘;l)
r=0
in the space C([0,1] x [0,1]). Indeed, for any M € C([0,1] x [0,1]), we have

2(—1)*(Ifal(t,a) I}”)rM

< [[M] ZIIMII

= [IM]IE

|00, M| =

< £ (a0 2 120

1
I(ro+1) T(rp1 +1)

(01), 1) Ula1]]) < +oo,

which claims that the operator v,, is well defined and continuous over the space C([0,1] x
[0,1]), and the series is uniformly convergent. Moreover,

Vg (1 + IPay (t,0) L’;l) = (1 + IPay(t,0) Igl)vﬂl =1 (identity operator).

In fact,
Vay (1 + Iay(t,0) 151) = 2(1)7(15011(@0) If,’l)r +2(1)r(lfal(t,0_) Igl)m

=1+ ri(—l)r(lfm(t,a) Igl)r +2(_1)r(lfll1(t,(7) 1{;1)’“ .
Similarly,

(14 Far(t,0) 15 )og, = 1.

We assume that vle is another operator such that
Ua (1 + Ifay(t,0) Igl) = (1 + IPay(t,0) Igl)v;l =1.

Then, v,, = v, by applying v, to the above. Therefore,
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[e9) [e9)

M(t,0) = Y (=1) (K (t,0) 151)’15N(t,a,M(t,a)) + L (- (K (t0) If;l)r
r=0 r=0
1
: [/ ay(H)M(t,0)dt + IF_ a1 (t,0) 15" M(t, o) — If_lN(t,(f,M(t,a))], (3)
0
and
M|l < [INEp,p), (o+1,1) (Nlaall)
([ ||| M]] Nl
+ (il + s+ L e e,
where
a1l = sup lai(t,0)] < +oo.
(t,)€[0,1]x[0,1]
. Jal
_1_ n
then

N
MMSﬂﬂamnﬁm0mm+w&ﬂnawmmmmm

is uniformly bounded.
We further assume that N satisfies the following Lipschitz condition with respect to
the third variable,

IN(t, o, My) — g(t, 0, Ma)| < L|M; — Ma|, My, M, € R,

for a nonnegative constant, £, and

[ ] £

Then, there is a unique solution in C([0,1] x [0, 1]) to Equation (2). To prove this, we define
a nonlinear mapping, 7, over C([0,1] x [0,1]) by Equation (3)

WW(>—iFWWMwMﬂWMWM@m+iPW@M@®WY
r=0 r=0
[/ M(t,0)dt + I°_ay (t,0) I M(t,0) — If_lN(t,U,M(t,a))]

2 (Ipal to) 1P1) I'N(t,0, M(t,0)) + 2 (Ipal( )191) /0 L (M(t 0)dt

Z (Ipal (t,0) Ipl) I ay(t,0) I M(t,0)
=
Z (1%1 to) 1"1) If_ N(t,0, M(t,0)).

r=0
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It follows from the above that |7 M|| < +co. Thus, we only need to show that 7 is
contractive. Clearly, for M1, M, € C([0,1] x [0,1]),

TMy —TM; = i(—l)rotpal(t,a) I§1>r1tp(N(t, o, My(t,0)) — N(t,0, Ma(t,0))
r=0
+ i(_l)r(lfﬂl(t,g) Igl)r |:/Ol aZ(t)(M1(t,0') _ Mz(f,(f))dt
a1 (,0) 1 (M (8,0) = Ma(t,0)) = I, (N(t,0, My (1,0)) = N(t,0, Ma(t,0)) |-
So,
| TMy — T M|

o] £
<
= (5E<p,p1),<p+1,1>(lla1II)+ (Iazll T e 1) T e 1) ) Feen el
My = Mo = Q[ My — M.
Since Q < 1, there exists a unique solution to Equation (2) in C([0, 1] x [0,1]) by Banach’s
contractive principle. This completes the proof. [J

Example 1. The equation with the integral boundary condition

0%° 1
M(t,o) + 13(1+t+0?)

0106 21 M(t,0)
= %COS(WM(W)), (t,o) € [0,1] x [0,1], (4)

1
M(1,0) :/0 sin(£2/11)M(t, 0)dt,

has a unique solution in C([0,1] x [0,1]).

Proof. Evidently,
1
N(t,o,M) = 7 cos(toM)

is a continuous and bounded function with
1 1
IN(t,0,M1) — N(t, 0, Mp)| < ﬁ| cos(toMy) — cos(toMp)| < ﬁ|M1 — M|,
which infers that £ = 1/21. In addition,

p=06, p1 =21, |m] =1/13, |az] <1/11.

We need to evaluate the value of

laa]] £
Q = EE(p,pl),(p+1,l)(||a1||) + <||ﬂ2|| + r(p+1)r(p1 + 1) + r(p+ 1) E(p,pl),(l,l)(”alH)

1 1 1 1
< 57Ew0621), (161 (1/13) + (11 T BraerEn) T 2re) > Eean, an)(1/13)

~ % x 1.15105 4- 0.183378 x 1.03934 ~ 0.24540399528 < 1,
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by noting that

© (1/13)
E (1/1 ~1.
0621),(161)(1/13) E T06r + Lo (2ir 1 1)~ 1510% and,
& (1/13)" B
Eosan, n(1/13) = Z()F(O.6r+1) Toirs1) - %3

using online calculators on 11 December 2024 from the site https:/ /www.wolframalpha.
com. So, Equation (4) has a unique solution in C([0,1] x [0,1]) from Theorem 1. [

In addition, we provide applications of the inverse operator method to finding analytic
solutions to some well-known partial differential equations, such as the following multi-
term time-fractional convection problem in R” for 0 < p < 1, for the first time:

B%M t,o +Z Bi = atp] o) + iAj((Tj);O}M(t’J)
= fi(t,0), (t,0)€[0,1] x [0,1]",
M(0,0) = fa(0),

We provide the same for the generalized time-fractional diffusion-wave equation for 1 <
p=2

9 mo P
CoM(t,) + EA]- ﬁM(t,U):NM(t,a)Jrg(t,a), o
M(0,0) = 8(c), ML(0,0) = B(0), (t,0) € [0,1] % [0,1]", m, €N,

based on the multivariate Mittag-Leffler function and several newly constructed spaces. As
far as we know, there are no analytic solutions to the above two equations to date, although
there are some investigations on the convection—diffusion equations of a fractional order,
particularly in numerical studies [6-9].

Especially for all A; = 0 and n = [ = 1, Equation (6) turns out be

{gatZMaa) S ML)+ 5(t,0),
M(©.0) = 6(c), M}(0,0) = (o),

which is a non-homogeneous fractional wave equation in one dimension.

Fractional differential equations have played important roles in constructing mathe-
matical models, and they have also been extensively studied and used in various research
fields, particularly in materials, economics, mechanics, dynamic systems, environmental
science, signal and image processing, control theory, physics, and chemistry [10-15]. In
fact, fractional-order models are more suitable, in comparison to integer-order settings, in
modeling many biological phenomena due to their non-local nature and the presence of
memory functions [16]. There are many interesting works on fractional partial differential
equations, especially on uniqueness, existence, and stability analysis since they are impor-
tant studies in many pure and applied areas. In 2024, Li [17] investigated the uniqueness
and stability for the following equation for p;; > 0 (i = 1,2,...,n,j = 1,2,...,] € N)


https://www.wolframalpha.com
https://www.wolframalpha.com

Fractal Fract. 2025, 9, 200

8 of 39

using Babenko’s approach (the inverse operator method) and the generalized multivariate
Mittag-Leffler function:

o ! 01 POnj
S0+ Lo M(,0) = (1,0, M(t0), 2<p <3,
j=

M(0,0) = ¢a(0), M(1,0) = ¢3(c), Mi(1,0) = ¢4(0),

where (t,0) € [0,1] x [0,1]", a;, ¢ € C([0,1]") for k = 2,3,4,and ¢1 : [0,1] x [0,1]" x R —
R, with some conditions.

Kumar et al. [18] presented applications of fractional partial differential equations
in biology. Lu et al. [19] explored deep learning methods for solving fractional partial
differential equations.

Very recently, Li [20] studied the uniqueness and existence of solutions for the follow-
ing nonlinear partial integro-differential equation through a well-defined inverse operator
and a few fixed-point theorems.

o m
g%u(t,x) + ) a If"u(t,x) =gt xu(tx)), 1<a<2, B; >0,
i=1

u(0,x) = —¢p1(x), u(T,x) =¢a(x), ¢1,¢2 € C[0,b], b>0,

where (t,x) € [0,T] x [0,b] with T > 0, all a; are arbitrary constants fori = 1,2,...,m,
g :[0,T] x [0,b] x R — R satisfies certain conditions, and the analytic solution for the
following generalized fractional wave equation in R" is derived:

19
%u(t, x) =Dy, ault,x) +g(tx), 1<a<?2,

u(0,x) = ¢p1(x), ui(0,x) =¢p(x), (t,x) e RxR",

where
2 2

d
A = M—=+...+ A=, all A; bit tants.
Mo 1 ax% + ...+ Ay ax% all A; are arbitrary contants

The key contributions of this paper are listed as follows.

*  We study the uniqueness, existence, and stability for the new Equation (1) using
several notable fixed-point theorems, an equivalent implicit integral equation from
inverse operators, and the equicontinuity concept. Clearly, there are more studies
focusing on ordinary fractional differential equations and far fewer on FPDEs.

*  We derive a new analytic solution to the generalized multi-term time-fractional con-
vection problem (5) by the multivariate Mittag-Leffler function, an inverse operator,
and a subspace space, S, with several illustrative examples showing applications of
our main results.

e  We obtain a unique series solution in terms of the Laplacian operators, for the first
time, to the generalized time-fractional diffusion-wave Equation (6), and further, we
establish the uniform solution to the non-homogeneous wave equation in # dimensions
for all n > 1, which is consistent with all classical consequences but without any
complicated integrals in computation.

In the following, we shall derive sufficient conditions for the uniqueness, existence,
and stability of Equation (1) by an inverse operator, the generalized two-parameter Mittag-
Leffler function, Banach’s contractive principle, and Leray-Schauder’s fixed-point theorem,
with illustrative examples demonstrating applications of our main results in part (i) con-
taining Sections 2 and 3. To present applications of the inverse operator method, we will
find well-defined series solutions to a partial integro-differential equation and the two
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important partial differential Equations (5) and (6) by introducing some new spaces in part
(ii) (Section 4), which are the key contributions of this paper.

2. Uniqueness and Stability

Stability is an essential concept in differential equations since it guarantees that a small
perturbation from a model caused by errors will have a correspondingly slight effect on
the solution, so that the equation describing the model will predict the future outcomes
accurately. We begin defining a stability of Equation (1) as follows.

Definition 1. Problem (1) is stable if there exists a constant }C > 0, such that for all € > 0 and for
each fixed solution, M(t, o) € C([0,1] x [0,1]"), of

0
aE:pM(t o)+ ar(t,0) I " M(t,0) — N(t,0, M(t, (7))H <e

M(0,0) = /01 a(H)M(t,o)dt, M(1/2,0) =az(0), M(1,0) =ay(0),
then there exists a solution, My(t, o) € C([0,1] x [0,1]"), of Equation (1), satisfying
IM — M| < Ke,
where K is a stability constant and is independent of €.

Theorem 2. Let 2 < p < 3, ap, € C[0,1], a3,a4 € C([0,1])"), a1 € C(]0,1] x [0,1]") and
N :[0,1] x [0,1]" x R — R be continuous and bounded. Then, for all p; > 0 (i =1,2,...,n),
Equation (1) is equivalent to the following implicit integral equation in the space C([0,1] x [0,1]"):

o]

S
M(t,0) = Z(—1)5<Ifa1(t,0)11‘01 . 15") I'N(t,0, M(t, 7))
s=0
i s
+ Y (-1 (Ifal(t, o) 1{;") (4t — 412)a5(0)
s=0
el s
+Z(—l)S(Ifal(t,a)lfl...IP") (212 — t)ay(o)
s=0
00 1
+ Y (-0 (Ban (o)1) 28 ~ 3+ 1) / ax(H)M(t, 0)dt
s=0 0
el s
+ O(—l)s(Ifal(t,U)Ifl ) (4t — 4P () .. 1 M(t,0)
e
il s
+ 2(—1)5(Ifa1(t,0)1f1 ) Q@2 — I ay(t, o) I .. 5" M(t, )
5=0
© s
+ Z{)(—l)s(lfal(t,a)lfl...Iﬁ") (4 — 401’ N(t,0, M(t, 0))
S=
il s
+ Z(—l)S(Ifal(t,a)Ifl ) (t—22)1°_ N(t,0, M(t,0)).
s=0

In addition, if

(1/2)F|laq |
G=1- ||a2HE(p,p1,...,pn), (1,1,...,1)(”‘11”) - W (001,101, (1,p1+1,...,pn+1)(HalH)

—NalE o py....pn), (p+10141,pr) (l1]]) > O,
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then

INH a3 + [la4]]

0,01,-0n), (p+11,... (Hll H) ?E(p,pl,...,pn),( Jeerl (HMH)
(1/2)"!NII INT
m (001,101, (1,1,...,1)(”“ 1)+ G E(0,01,0n), (p+1,1,...,1)(||”1||)/

vy <INl

which is uniformly bounded.

Proof. We apply If to Equation (1) and obtain

2
M(t,0) — M(0,0) — ML(0, o)t — MY (0,0) =

5+ fay(t, o). I7"M(t,0) = I'N(t, 0, M(t,0)),

which implies that

1 2
M(t, o) — / o () M(t, o)t — ML(0, o)t — M;’(o,g)% + Pay (b ) I M(t, )
0

= I'N(t,0, M(t,0)).

Setting t = 1, we obtain

1
7M;/(O’ o)+ Itpzlal(t; U')Ipl IpnM(t o)

1
a4(0)7/0 a()M(L,0)dt — M}(0,0) — 3

=1 N(t,0, M(t,0)),

by M(1,0) = a4(c), and t = 1/2 deduces

1 1 1
az(o) — /0 ay(t)M(t,o)dt — EMi(O, o) — gMi’(O, o) + 10 par(t,0) It .. " M(t,0)
=1, ,N(t,0, M(t,0)).

Thus,

M;(0,0) = 4a3(0) — ay(c 3/ ap(t)M(t, o dt—|—4lt 1720 (8, o)V I Mt o)
— 1" aq(t,0) I ...Iﬁ"M(t, %)
+ I f (8 x,u(t, x)) — 4L, o f (%, u(t, X)), and
1
M} (0,0) = — 8a3(c) +4ay(c) + 4/ ay(H)M(t, 0)dt =817 Hai(t, )17 .. 1" M(t, )
0
+ 410y (t, o). 1Mt o)
+81, ,N(t,0, M(t,0)) — 4I}_|N(t,0, M(t, 7).
Hence,

(1 + ay(t,0) I .. .1,6")M(t, o) = I'N(t,0, M(t, 7))

2
+/ a(t tadt—kM’(Oa)t—i—M”(Oa)tz

1
= I'N(t, 0, M(t,0)) + (4 — 4t*)a3(c) + (2> — t)ay(o) + (24> — 3t + 1)/0 ap (H)M(t, o)dt
+ (4 =4 par (b)Y Mt o) 4+ (282 — O] _jag (8, 0) IV Mt 0)
+ (47 =4I| N(t o, M(t,0)) + (t =262 N(t, 0, M(t,0)).
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Following Section 1, we can prove that the inverse operator of 1+ Ifay (t, x)I{" ... I}" is

i (Ipal (t,0) 1" . If;")s

in the space C([0,1] x [0,1]"). Indeed, for any ¢ € C([0,1] x [0,1]"), we claim that

1
HVM(PH <||¢H ZH 1“ pS+1) (P15+1)---F(Pn5+1)

= PlE(0,01pn), (11,...1) a1 ]]) < +oo.

Furthermore,
(1 + I ay (t,0) I ...Iﬁ")vu1 =V, (1 + IPay(t, o) 1" ...I,P;n) —1.

Clearly,

[e9)

(14 Bar (b, )T )V = 3 (-1 (Han (b, 0) . Iﬁ")s
s=0

o s+1
Z (1%1 (L) .. 1,6“)

o ©
_ Z (Ipﬂl t 0')1‘01 Lgn)s + Z(_l)s (Ifﬂl(tro')lfl . ,.Iﬁ’i)SJrl

s=0
= ]_,

and the uniqueness of the operator follows similarly.
Therefore,

M(t, o) = i(fl)s<lfa1(t,0)lf1 ...Iﬁn)ssz(t, o, M(t,0)) (=1)
5=0

S

+ 2(—1)5(1;%1 (t, o)1 1*’") (4t —42)as(0) (= D)
s=0
(o) s 2

+ L (1 (Ban(t ) ) (282 = Dau(@) (= )
5=0
o 1

+ Y (-1 (Far (o) ) (2 =3¢+ 1) / wm(OM(t, o)t (= L)
s=0 0
e s

+Z;)(—1)S(Ifal(t,a)1f1... ") (4t =) e (4 0) Mt ) (= T5)
Ss=

+ 2(—1)5(1fa1(t,a)lfl...IP")S 22 — IF_ay ()0 I M(t,0) (= I)
5=0
e s

- Z{)(—l)S(Ifal(t,a)Ifl 0) (42 —4DI, HN(L e, M(t) (= 1)
S=
i s

+Z(—l)s(lfal(t,a)lfl...Ip”) (t—22)If_ N(t,0, M(t,0)) (= I5)
s=0

=L+...+13

Since

max |4t — 42| =1, max |2t —t| =1, max [2t? -3t +1| =1,
tel0,1] tel0,1] te[0,1]

’
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we derive
IMI <INl oy (Spllﬂ)...r(spjm (from 1)

+ (Jlaz|| + ||las]]) Z||a1|| 5P+1) (sp11+1) "'F(sp:—f—l) (from I, I3)

el M) 0 e e 1) D) O )
(1/2)(2||ﬂ||M|| Z S|Z1|+1 - +1p1+1)'“r(spn +1pn+1) (from 1)

+ [lag ||| M| Z (sp”j—lp|+1) Tsor +1p1+1) e ‘:Pn+1) (from Ig)
(1/ii”1N| Z LzlJlll) (sp11+1)"‘r(spnl+1) (from I7)

||111 I ! ! (from Ig)

I S;) T(sp+p+1)T(sp1+1) " "T(spn+1)
=[IN[E(pp1,...0n), (0+11,..1) a1 [l) + (lasll + [[aal ) Epp1.....00), (11,...1) (llal])

+lla2lllIMI|E g p,,..0,), (1,1,...1) (llaa]])
(1/2)P|a[[[|M]]

+ T T+l E(op1,ron), (Lpr+1pns1) (A1)

=+ ||{11 || HMHE(p,pl,...,pn), (p+1,p1+1,...,pn+l)(“‘11 H)
(1/72)°|IN||

T(p 1) Cloprpn) w11 Ulal) + INIE .00, (0+1,1,...1) laal)-

Since

_ (1/72)P || |
G=1- HQZHE(p,pl,..‘,pn), (1,1,...,1)(||011H) - W (0,01,0n), (l,p1+1,.‘.,pn+1)(HalH)

— N1 lEp,py,....00), (041,01 41,...0n+1) (la1]]) >0,

we obtain
N azl| + ||a
) I oty el + LB ey )
(1/2)P||N|| INY ||
GT(p+1) (0prmspn) (11 L. o) + E( 1), (41,0 ([la1]]),

which is uniformly bounded. O

The following is our key theorem regarding the uniqueness and stability of Equation (1).

Theorem 3. Let2 < p < 3, a; € C[0,1], a3, a4 € C([0,1]"), a1 € C([0,1] x [0,1]"), and N :
[0,1] x [0,1]" x R — R be a continuous and bounded function satisfying the Lipschitz condition

IN(t,0,My) — N(t,0,Mp)| < C|My — M|, Mj,Mp €R,
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for a non-negative constant, C. Furthermore, we assume that
(1/2)FC
F =2CE,p,,..0n), (p+11,...0) (laa ) + | llazll + T+ 1) Eppo1,om), (11,1 (l81]])
(1/2)|as |
T ot1) Cemeen) (orttepnn )

=+ HalHE(p,pl,...,pn), (p+1,p1+1,...,pn+1)(Haln) <1

Then, Equation (1) has a unique solution in C([0,1] x [0,1]") and is stable.

Proof. To prove the uniqueness, we start defining a nonlinear mapping, W, over C([0,1] x
[0,1]") as

(W Z 1) (1 (o)1 . Iﬁn)slfN(t,a,M(t,a))
+Z(—1)S(Ifa1(t o) I IP") (4t — 412)as(0)
5=0
[e9) s 2
+ Z(—l)s(lfal(t,a)lfl 1"") (212 — t)ay(o)
s=0
o0 s 1
+ Y 0 (Bar (o) 1) 2R~ 3t +1) / ax(H)M(t, 0)dt
s=0 0
© s
+20(—1)5(Ifa1(t,a)1{’1... ") (at I pm (L) I M(t,0)
s=!
+ Y (-1 (Fa (o) )S 22 — )I°_ay (1, 0) I 18" M(t,0)
s=0
+ Z(:)(—l)s(lfal(t,a)lfl )S 42 — a1’ N(t,0, M(t,0))
s=
+ Z(—l)s<lfa1(t,0)lfl I"”)S t—22)I°_ N(t,0, M(t,0)).
5=0

It follows from the proof of Theorem 2 that W is a mapping from C([0, 1] x [0,1]") to itself.
We only need to prove that W is contractive. For any M, M, € C([0,1] x [0,1]"), we have

WM, — WM,

_ Z 1 (Har (1) 1! ...Iﬁ”)slf(N(t,a,Ml(t,U)) ~ N(t,0, Ma(t,0)))

n i(—l)s(ltpal(t, o) IP")s(th —3t+1) /1 a (1) (M (t,0) — Ma(t, 0))dt
s=0 0

+ i(—l)s(lfal(t,a)lfl 1,5’")5(4 =410 ey (t, o) IV I (M (t,0) — My(t,0))
s=0

+ i(—l)s(lfal(t,a)lfl I )s(2t2 — I ay(t,o) [T I (M (t,0) — Ma(t,0))
s=0

+i(—1)5(1fa1(t,0)1f1 s )S(4t2 41, (N(t,0, My(t,0)) = N(t,0, M(t,0)))
s=0

+ i(—1)5<lfu1(t, o) 1*’")5( —22)1°_ (N(t,0, My (t,0)) — N(t, 0, Ma(t,0))).
s=0
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WMy — WM, ||

< |CE(pprpn), (o411, ol + 2201 Epy, g, 10,..1) (e 1)
(1/2)(7”[11“ (Ha H)
T(p+1) (017-0n), (Lp1+1,.cpn+1) NIHT
+ ||l ||E(p,p1,...,pn), (p+1,p1+1,..-,Pn+1)(Hal )

1/2)PC
L Epprneon, 0 181+ CEip gy, o1 (lon ) I3 = M)

= F||[M; — M||.
Since F < 1, Equation (1) has a unique solution in C([0,1] x [0,1]") from Banach'’s contrac-

tive principle.
To show the stability, we let

of
z(t, o) = B?M(t,(f) +ay(t, o) I I M(t,0) — N(t,0, M(t,0)),

with the conditions
1
M(0,0) = /0 a(OM(t,o)dt, M(1/2,0) = a3(x), M(1,0) = as(0).
It follows from Definition 1 that
lzll <e,
and

a%M(t o) +ar(t,o) V. I M(t,0) = N(t,0, M(t,0)) +z(t,0). 7)

Since
IN(t,0,y1) +z(t,0) = N(t,0,y2) —z(t,0)| < Cly1 — 2!,

we claim that Equation (7) has a unique solution by the first part of Theorem 3 and
M(t,0) = 2(—1)5<Ifa1(t,(r)lf] ...Iﬁ”)slf(N(t,a,M(t,a)) +z(t,0))
s=0

+ Y (1) (FPay (b )T 1,6")5(415 — 4%)a5(0)

s
z—ta4 )

) (
)S
)S =4I (E ) L 1 M(t,0)
)«
) (

S

(2t
1

212 — 3t+1/ 2(H)M(t, 0)dt
0

4

(2t

20 jay(t, o). I M(t,0)

s

+ Y (1 (ay (o). 10 ) (42 =40 (N(t 0, M(t,0)) +z(t,0))

(
( T
(

+ Z(—l)s(lfal(t,a)lfl LI
( Ipn
(
(

+ Y (=1 (Iay (ko) I ...zgﬂ)sa — 22 (N(t, 0, M(t, o)) +z(t, 7).

On the other hand, there exists a unique My(t, o) € C([0,1] x [0,1]") of Equation (1) from
the above uniqueness proof, such that
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Z( 1) (1 (o)1 . I,ﬁ’“)slfN(t,a,Mo(t,a))

[e0]

+ Y (-1 (Bt o)1 1”")3(4t —42)a5(0)
s=0
[ee] s 2
+ L (1 (Fan(t o)) (26 =~ (o)
5=0
oo 1
+ Y1 (R (o)1 Ip”)s(2t2—3t+1)/ ax (1) Mo (t, o) dt
s=0 0
+ Y (-1 (B (o) .Ip”)s(4t—4t VP (£, 0) I 10 Mo (1, 0)
5=0
+ L (- (o) Iﬁ”)S(th — DI (o)1 My (t, o)
s=0
el s
+Z(—1)S(Ifa1(t,a)zfl...1 )(4t2 a1’ ,N(t, 0, My(t,0))
s=0
+ Y (-1 (B (o) IP")S(t—ZtZ)Ip N(t, 0, My(t, ).
5=0

Hence,

IM = Mo|| <F[|M = Mol + E,0,,..0,), (p+1,1,...1) ([la1]]) €

(1/2)F

To+1) (001, pn), W11y A1) €+ Eqo o 0w, (0+1,1,...1) (la1]]) €

which implies that
IM— Myl <Ke,
where

1 (1/2)f
K= Enren, a4 £ 2 B, 11 ()

+ Epprrpn) (o111 (a1l },

is a stability constant, which is independent of e. [

Remark 1. (i) Along the same line, we are able to study the uniqueness for the following partial
integro-differential equation for A € C([0,1]"):

otP

“apM(t o) +ar(t,o) IV I M(t,0) = N(t,0,u(t,0)), (t,o)€[0,1] x[0,1]",
M(0,0) = A(o), M(ty,0) =as(x), M(1,0)=a4(c), 0<tyg<1.

(ii) In particular if p = 3 and p; = O fori = 1,2,...,n, then Equation (1) turns out to be
the following:
3
o 1
M(0,0) = / ay (D M(t, o) dt,
J0

M(t,o) +ay(t,o) M(t,oc) = N(t,0, M(t,0)), (t,0)€[0,1] x[0,1]",

M(1/2,0) = az(c), M(1,0) = ay(0).

Example 2. The following equation with three-point conditions and a variable coefficient,
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i, - 0714 _ .
atz-SM(t’0)+13(tz+a§+1) 1 RTM(0) = men oy Tsintor
(t,0) € [0,1] x [0,1]2
MO,0) = - [ cost M(L,o)dt, M(/2,0) = — - ®
("T)_ﬁ/o cost Mt o)dt,  M(1/2,0) = a7y
1
M(1,0)=—+—,
(L,0) 7(07 +1)

where o = (01,07) and |0|? = 0? + 03, has a unique solution in C([0,1] x [0,1]?) and is stable.

Proof. From the equation, we can see that
p=25 p1 =07, pp=14, |m| =1/13, |az|| =1/31, |as|| =1/21, |las|| =1/7,

and

1
N(¢t = ————— +sint
(t,0,y) 72+ + sintoy

is a continuous and bounded function, with
1
IN(t,o,y1) = N(to,y2)| < =y =12l
by using the mean value theorem and noting that

d 1 ‘_ 2|y
dyy?+1|  (1+y2)2 —

So, C = 1/17. We need to find the value of

1/2)°C
F=2CE(pp,,..00), (p+11,..1) o ll) + <||ﬂ2|| + I(—‘(p—:1)> Etop1,pn), (11,...0) (l1]])

(1/2)p||al|| (Ha ”)
T(p+1) (prmpn) (o1l pat ) HIEL
+ ||a1 HE(p,pl,...,pn), (p+1,01+1,....0n+1) (Hul ||)

2 1 1/2)%3
=Ee 507,1.4),351,1) (1/13) + (31 + 1(7H?35)) E2507,1.4),1,1,1)(1/13)

L2y (1/13) + ~E (1/13)
130(35) L (250714),(11724) 135(250714),3517.24)

N% * 0.30146912 4- 0.0353870 * 1.0205157523 4- 0.00409172 * 0.88995845

+ % * 0.266704780 ~ 0.095737159 < 1,

where
E@so714),6511)(1/13) = ,i T(2.5k + 3.5)1"((10{71: K D14k 1) 0.30146912,
E@s07,4),011)(1/13) = i < T(2.5k + 1)r(((}.;iﬁk1)r(1.4k+ 1)~ 10205157523,
E@so714) 11724 (1/13) i) I(2.5k+1)T (0.(71k/ff7)r(1.4k+2.4) ~ 0.88995845,
3 (/13 ~ 0.266704780.

E250714),351724)(1/13) k;r 2.5k + 1)T(0.7k + 1.7)T(1.4k 1 2.4)
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By Theorem 3, Equation (8) has a unique solution in C([0,1] x [0,1]?) and is stable. We
finish the proof. [

3. Existence

We are now ready to present the theorem regarding the existence of Equation (1) based
on Leray—Schauder’s fixed-point theorem and the equicontinuity given below.

Definition 2. Let (X, d) be a metric space and F be a family of functions from X to X. The family
F is uniformly equicontinuous if for every € > 0 there exists a § > 0 such that d(f(x1), f(x2)) < €
forall f € Fandall x1,x, € X such that d(xq,x2) < 8, which may depend only on e.

Theorem 4. Let 2 < p < 3, ap € C[0,1], a3, ay € C([0,1]"), a3 € C(]0,1] x [0,1]"), and
N :[0,1] x [0,1]" x R — R be a continuous and bounded function satisfying the condition

|N(t/0—/y1) - N(t/ 0_/]/2)| S C|]/1 - ]/2‘/ ]/1/]/2 S RI
for a non-negative constant, C. Furthermore, we assume that

(1/2)F]|ay |
G=1- HQZHE(p,p],..‘,pn), (1,1,...,1)(”‘11”) - W (001,101, (1,p1+1,.‘.,[)n+1)(”alH)

- ”al”E(p,pl,...,pn), (p+1,p1+1,...,pn+1)(”al H) > 0.

Then, Equation (1) has at least one solution in C([0,1] x [0,1]™).

Proof. We use W over C([0,1] x [0,1]") again, given by

(WM)(t, o) = io(_w(lfal(t, o) ...15")5151\1(@ o, M(t,0))

5=

+ io(—ns (s (o) 1" ...15")5(41& —42)a3(0)
s=

+ i}(—l)s(lfm(t,a)lfl Iﬁ”)s(2t2 — t)ay(0)
s=!

+ i{)(l)S (Ifal(t,a)lfl ..I,ﬁ’”)s(ztz —3t+1) /01 ay(t)M(t, o)dt
s=

+ io(—ns (Ifal(t,(f)lfl ..Iﬁ")s(4t 4 (E ) I M(t,0)
s=!

+ io(—l)s(lfal(t,v)lfl 15”)5(21%2 — I o (t,o) [T I M(t, o)
s=

+ i}(—ns (Har(t, o)1 ..15")5(4t2 — 401’ ,N(t,0, M(t,0))
s=

+ io(—l)S(Ifal(t,g)lfl ..Iﬁn)s(t —28)I°_ N(t,0, M(t, ).
5=

It follows from Theorem 2 that
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WM < INEp,p,...00), (o+11,...1) (laxll) + (llas ]l + laa D) Ep,py,....00), (1,1,...1) lan )

+ a2l IMIEp,p5,....00), (11,0 (Nlaall)
(1/2)P[|ax ||| M|
r(p T+ 1) (0,01,-0n), (Lp1+1,...,0n+1) (Hﬂl ”)
=+ ||ll1 || HMHE(p,pl,...,pn), (p+1,01+1,....00+1) (”al ”)
(1/2)7]IN]|

r(p ¥ 1) (0,01,--40n), (1,1,...,1)(”“1 H) + HNHE(p,pl,...,pn), (p+11,...1) (Hal H) <o, (9)

where

N = sup IN(t,0,y)| < +o0.
(t,oy)€[0,1]x[0,1]" xR

We first claim that (i) W is a continuous mapping from C([0,1] x [0,1]") to itself from the
contraction in Theorem 3.

(ii) Furthermore, we are going to prove that W is a mapping from bounded sets to
bounded sets in C([0,1] x [0,1]"). Let B be a bounded set in C([0,1] x [0,1]"). Then, there
exists a positive constant, C, such that

M|l <€

for all M € B. Using Inequality (9), we claim that W5 is uniformly bounded.
(iil) W is equicontinuous on every bounded set B in C([0, 1] x [0,1]"). Then, W is a compact
operator by the Arzela—Ascoli theorem. From Theorem 3, we have for My, M, € B that

[WM; — WM, || < F[[M; — My,

where the constant F is

1/2)°C
F=2CEppn it + (a2l + 5225 Vs, ()

(1/2)P||011|| ( )
T(p+1) (0.01/0n), (Lo1+1,..0n+1) [|a1 ]

+ ”alHE(p,pl,...,pn), (p+1,p1+1,“.,p”+1)(Haln) >0,

which is not required to be less than one here. By Definition 2, we infer that W is equicon-
tinuous by using F = {W} and d is the defined norm of the space C([0,1] x [0,1]").
(iv) Finally, we show that the set

{M € C([0,1] x [0,1]") : M = WM forsome 0 <6 <1}

is bounded. Indeed,

1M < [WM]| <
INIE o101 11,1 11D + (laal] + s ) Eqop,. ), 1,1l )
+ a2 1M1 E gy, 11,1 ()
(/20 M) )
T(p+1) (1), (L1400 +1) UL
- laa 1M1 Eqppy,.. ), (01,141, puet) (2 )
(1/2)7N]]

To11) Cooiempo) 1,1 () + INNE01,...00), (0+1,1,...1) (llaal]),



Fractal Fract. 2025, 9, 200

19 of 39

which claims that

GIMI < INWE(p,ps,....00), (o+1,1,...1) Ulanl]) + (llazll + 13| Eqppy.....0), (11,...,1) (Nl ])

1/2)P||N
I e g, 10 111D + DN 11 ),

where

_ (1/2)F]|aq |
G=1- ||a2HE(p,p1,..‘,pn), (1,1,...,1)(||“1||) - W (0,01,0n), (l,p1+1,.‘.,pn+1)(HalH)

=N lEp,py,....00), (p+1,0141,...0u+1) (la1][) > 0.
Therefore,
N
[N]] a3 ]| + llasll

(| M| STE(p,pl,...,pn), (p+1,1,...1) lax]]) + < Eprpn), 1,1,...1)([la1])

(L/2)FIN]| [Nl
CT(p+1) Prupn) 1.1 (el + TE(p,pl,...,pn), (o+1.1,...0) (laa ),

which is bounded. Hence, Equation (1) has at least one solution in C([0,1] x [0,1]") from
Leray-Schauder’s fixed-point theorem. [J

Remark 2. (i) We should add that F < 1 in Theorem 3 implies that G > 0 in Theorem 4. However,
the converse is not true. In other words, the uniqueness theorem requires a stronger condition
overall.
(ii) There may be another possible approach to showing that W is equicontinuous by considering
the difference
[(WM)(t1,00) — (WM)(t2, 000)],

where
|(t1,00) — (t2,000)] < 6.

Howeuver, it seems challenging due to the multiple variables and partial fractional integrals.

Example 3. The following equation with three-point conditions and a variable coefficient,

a?..l
gtle(t'”) 10(of +1) L' M(t, o) = 200 arctan |M(t, 0)| + cos(t|o|'/?),
(t,0) € [0,1] x [0,1]3 (10)
1 1 3
M(0, :—/tZMt,Udt, M(1/2,0)= ——>——, MQ,0)= —
(0.0) =15 J, * M(t:0) W20 =1y ME9 = @i

where o = (01,02, 03) and |o|? = 07 + 02 + 032, has at least one solution in C([0,1] x [0,1]3).
Proof. From the equation, we have
p=21p1=05 p=11p3=0, ||m] =1/10, ||az|| =1/15, |a3| =1/22, |jas]| = 1/2,

and
N(t,o,y) = 200arctan |y| 4 cos(t|o|'/?)

is a continuous and bounded function over [0, 1] x [0, 1]3, with the condition

IN(t,0,y1) — N(t,0,y2)| < 200]|arctan |y;| — arctan [y>|| < 200][y1| — [y2|| < 200[y1 — y2|,
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which claims that C = 200.
We need to evaluate the value of
1/2 e ai
G =1 [a2E(p g0, (11 111D ~ Tt E e, (1141111
- ||a1||E(p,p1,...,pn), (0+1,01+1,....0n+1) (Hal H)
1 (1/10)%1
=1- EE(2.1,0.5,1.1,0), (1,1,1,1)(1/10) — 101~(;1)E(2.1,0.5,1‘1,0), (1,15,2.1,1)(1/10)
1
- EE(Z.LO.S,LLO), (3.1,152.1,1)(1/10)
1 (1/10)%1 1
~1—-—x%1.04919 — ———— % 1.097 491914
15* 04919 100(3.1) 09705 — *0 919
=~ 0.8804661 > 0,
using
i (1/10)k
E (1/1 ~ 1.0491
(2105110), (111,1) (1/10) kzo [(21k+1) T(0.5k+1) [(L.1k+1) 04519,
°° 1/10)k
E(21,05,11,0), (1,1521,1)(1/10) = ) (1/10) ~ 1.09705,

& T(21k +1) T(0.5k + 1.5) T(1.1k +2.1)

o (1/10)*
E@105110), (3115211 (1/10) k;O I(2.1k +3.1) T(0.5k + 1.5) T(1.1k + 2.1)

~ (0.491914.

By Theorem 4, Equation (10) has at least one solution in the space C([0,1] x [0,1]3). O
Remark 3. (i) As a note, we would like to point out that F > 1 in Theorem 3 since
(1/2)PC
F =2CE,,,, .00, (o+11,..,0) (a1l + { [1a2]l + === ) E(p.p1,...0m), (1,1,...1) (@ [])

I'(p+1)
(1/2)(?”{11“ (H” ”)
F(P + 1) (0.01,--0n), (Lp1+1,...,0n+1) 1

+ Hal H E(p,pl,...,pn), (p+1,01+1,....0n+1) ( Hal ||)

1/2)°C 1/2)*" 200
1(“((7—31) o1, (11,1) (0211 = (F)(3.1)E<2-1,045,1-1 0, (111, (1/10),
2.1
~ (1/?(31*;200 £ 1.04919 ~ 22,2725 > 1,

for Equation (10). Hence, we are not sure if it has a unique solution in the space C([0,1] x [0,1]3).

(ii) Generally speaking, the Lipschitz constant C in Theorem 3 is small to make F < 1. However,
C in Theorem 4 has no restriction provided it is non-negative.

4. Applications of Inverse Operators

The inverse operator method is also powerful in finding series solutions to certain

partial differential or integro-differential equations. We are going to present the following
three examples to demonstrate this.
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4.1. A Partial Integro-Differential Equation

Theorem 5. The equation below with the initial conditions for all p;; > 0 (i =1,2,...,n € Nand
j=12...,meNand A € R

a Pl/ Onj _ n
ﬁM (t,c +2/\ LY. L"M(to) = f(t,0), (to)e€0,1]x[0,1]",

MO0,0) = 0(0), MH0,0) = ple), M/(O)=1(c) 2<p<3

(11)

has a unique solution,

o)

R M VI (R L
s=0 s1+s2+...+sm=s 51,82,-+-,5m

IP1151+~~-+P1mSm L I£n151+~~~+anSmf(t, 0_)
fos+p

S
s U (I [P
Z pS +p+ 1) 51+52+Z+5 =5 S],SZ,..., m 1 m

IPUSH”-“JFlesm o I’F;nlslﬁL +Pnn15m6(0_)
tos+p+1

S
N R
Z ps +po+ 2) 51+52+Z+Sm_s $1,82,---,5m 1 m

IP1151+~~-+P1mSm . I£n151+ +Pnn15m'3(
tps+p+2

S
T e (L s
Z pS +po+ 3) 31+52+2+5m_5 $1,82,---,5m 1 m

If1]51+~~-+plnzsm o Iﬁnlsl+ +.Dnmsm,)/(a.),

o)

where f € C([0,1] x [0,1]"), 0, B, and «y are all in C([0,1]").

Proof. Applying If to Equation (11), we have

m . .
Y AR LMt o) = (L 0),
j=1

2
M(t, o) — M(0,0) — ML(0, )t — MY(0, a)%

which implies that

7(0)
o

(1 + i AR 15”]’) M(t,0) = I f(t,0) + 6(0) + B(0)t + (12)

j=1
We claim that the inverse operator of
- 0 7015 Onj
1+ Y ALY L
j=1

is

e

-1
m . .
V= (1 +Y ALY ...15’”) =

j=1 s

S
m . .
(=1)° (2 ALY 1§”f>
0 =1

S 51 Sm
( ) (Allf L .1,6"1) (Amlflflm . 1,’;"'”)
51489 trsmes \S1,52, .., 5m

[
[7e
N

)S

9}
Il
o

[
[7e

S
-1° Y (S ) )Ail...mlfslf“sl* B
0 S1+Sp+.tsy=s \"1/ 92/, om

w
Il
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in the space C([0,1] x [0,1]"), where

( s )_ s!
$1,52,++,5m s1l.. . 5,!

Indeed, we have that for any M € C([0,1] x [0,1]"),

-1
m . .
VM| = <1+2Ajlflf”...1§”f> M
j=1

ad S
<MY Y ( )wl A

s=081+82+...+8; =85 51,52, -+, 5m
A 1°f
|1

‘Ifl1sl+~~-+P1mSm
ad s
<[M[Y ) < m>|A1|81,,.|Am|s,n

5=051 459+ tsm=k \51r527++-,8
1 1 )
Los +1) T(pusi +---+prmsm +1) " Tlomsi + oo+ pumsm + 1)’

Pn151+ - FPnmSm
e

Clearly, there exists a positive constant ¢ such that

I'(p11s1+---+pmsm+1) >¢,

F(Pnlsl + .o+ OnmSm + 1) >,

forallpl-]- >0ands; >0fori=1,...,m.

This implies that
(o]
Y, L ( ] )|/\1|S]...|Am|5m
5081 +5p+..+sp=s \51,52,---,Sm
1 1 )

T(as+1)T(p1151+ .-+ p1msSm+1) " "T(oms1+ .-+ pumSm + 1)

i1 (s 50) 1
<L AL A
c" 5=051+524...45m=s 51,82,+++,5m F(ps + 1)

1

= CTzE(p,p,...,p),l(MlL s |Aml) < oo,

where for a;, > 0,and z; € C,

E(ﬂq,ﬂtz,...,am), 5(21,. . .,zm)

) ( s ) Zil Zsm
sy tsrtrsy=s \S1,52, -+, Sm [(ays1+ ...+ amsSm + B)

is the well-known multivariate Mittag-Leffler function [17], which is an entire function on
complex plane C.
Furthermore, we will show that

1% (1 +Y A 1Y ...1,?”) = (1 +Y A Y 1£"f> V =1 (identity operator).
j=1 j=1

In fact,
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17 : .
V<1 +Y A 1Y IZ"J>

j=1

o) m ) ‘ s 00 m . , s+1
=1+) (-1 (2 A IPTY ...Iﬁ”f> + Y (-1 (2 A IPTY ...1,‘1"/)
s=0 j

s=1 j=1 =1

00 m ‘ ‘ s+1 o " ‘ ‘ s+1
=1+ Z(l)”l( ALY ~--IZ'”> + 2(1)S< ALY ...1;’"/)
s=0 j=1 s=0 j=1
=1.
Similarly,

m . .
(1 +Y A 1Y ...15"]) V=1,
=1

and V is unique.
From Equation (12), we come to

-1
Mt o) = <1+ > A Iflf”.--lﬁ’”) (Iffu,a) +0(0) + B0t + fz?;"))

=1

[ee] s S+
= E (_1)5 < )Ail . .)t%”[f 4
s=0 §1+sgtodsm=s \51752, -+, 5m

If1151+"'+P1m5m o Iﬁn151+---+an5mf(t’ 0_)

o0
S
’ 51 Sm PSP

+Z(_1) 2 (S s s )Al"')‘n'znlt

§=0 $14+82 4 dsm=s \S51/52/+ -+, 5m
If1151+...+p]msm o 1£;1151+...+an5n,9(0_)

[ee] S S+

S

+)_(=1)° y ( )Allm)\%nlf 0

s=0 514524 dsm=s \51/52/ -+, Sm

If1151+---+,01msm o Iﬁnlsl"r---""anSm‘B(U)
S
) >A§1 LA
rom

S
+ Y (—1)° (
s;) s1+S2+...+sm=s 51,52, - -

If1131+.-.+P1m5m o I£n151+...+[)nm$m’)/(0_).

2
2

Using

os+p+1 #os+o+2

pos+p osto, _ ez
T(ps+p+3)

IPS+P1 S oo
t Tlps+p+1)" T(ps+p+2)

Ifs+pt2 /2 _

we find that
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-1
( + 2/\ .. 1“””) (Iff(t,a) +0(0) + Bo)t+ t272(0)>
-r

Z ( 5 ))\51 ASm ItPH’P
1A
S1+sp+Asy=s \51,/52,---,5m

IP1151+~-~+P1mSm . I£n151+-~+an5mf<t, o)

+ Z ﬂ Z < 5 )Asl ASm
Tlps+p+1) 14524 Asm=s \51/52/ -, Sm Lo
IP1131+---+P1m5m o I£n151+ A OnmSm 9(0,)
tps+p+1 ( s ) s
+ R —— AL ASm
Z pS + Y + 2) 51+52+Z+3m =5 51,52,-+-/,5m 1 "
IP1151+~-'+P1mSm o Iﬁnller +an5mﬁ<0,)
tps+p+2 ( S ) s
+ — ASLL L ASy
Z pS +p +3) Sl+52+2+5 — 51,82,++-,5m 1 "
11P1151+---+P1n15m o I£n151+ +ansm,y(0.)
in the space C([0,1] x [0,1]"). Moreover,
S
YR/ p— ( )w«..m o
Z ps+p+1) 51+52+Z+Sm_s 51,50, ++,5m "
1 1

(p1151 + + p]mSm + 1) o r(pn151 + c e + pnmSm + 1)
+ el Z )|A1|51...|Am|5m
Sm

S
pS+p+1) 51+52+Z+5m 5(51’52’ Y
1 1
(P1151 +...+ leSm +1) " T(pp1s1+ .-+ PrumSm + 1)
s
AlFL . A5
D o= SR DU (RPN LT B

S1+8aFtSm=s
1 1
(p1151+...—|—p1msm+1) CUT(pmis1 -t PramSm + 1)
1 s s .
L i) LI R [
1 1
T(p1151+ ...+ p1mSm+1) " Tpmst + ...+ pumsm +1)

< —+o00.

The uniqueness follows immediately from the fact that the equation

I )
aatpM to) + Z)\ Y. M(t0) =0, (t0) € [0,1] x [0,1]",
j=1

M(0,0) =0, M;(0,0)=0, M{(0,0)=0, 2<p<3,
only has solution zero. We complete the proof. [

In particular, the following partial integro-differential equation,

© )
a(sz to) + 2/\ Y Mt o) = f(t o), () e[0,1] x [0,1]",
=1

M(0,0) =0, M(0,0)=0, M/(0,0)=0, 2<p<3,
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has a unique solution,

[e°]

M(to) =} (-1 ) ( S )A;._'A;;qfw
s=0 $1+5p+Asm=s \51,/52,---,8m

Iflllerm‘Holmsm o Iﬁn151+..-+an5mf(t, 0_).

Remark 4. Using Banach’s contractive principle, we are able to study the uniqueness for the
following nonlinear equation with the initial conditions for all p;; > 0 (i =1,2,...,n € Nand
j=12,....meN)and ); € R.

B%M to —1—2/\ Y Mt o) = f(t o, M(t,0)), (o) €[0,1] x [0,1]",
=1

M(0,0) =0(c ), M;(0,0) = B(o), M{(0,0)=7(r), 2<p<3,

where f € C([0,1] x [0,1]" x R), 8, B, and <y are all in C([0,1)") or the boundary value problem:

a%M t,o) + Z/\ YT Mt o) = f(t 0, M(t ), (t0) € [0,1] x [0,1]",
=1

M(0,0) = 6(c )/ M(1,0) = (o), Mi(l,0)=7(r), 2<p<3.

4.2. A Multi-Term Time-Fractional Convection Problem

Theorem 6. Letm, n €N, 0<p1 < <...<pm<p<1,Bi€eRfori=1,2,...,m In
addition, we assume that A; is a function of o; only in C[0,1]. Then, the multi-term time-fractional
convection Equation (5) has a unique solution,

Moo =Y E (T e
S1+.ASmin=s S1/+++sSm+n

s=0
Sm+1 Sm+n
. It(P*pl)sl+-.-+(pfpm)5m+psm+1+~~-+psm+n+p Al(gl)i o An(ow) 9 fi(t,0)
8(71 aU’n

R DIC VD DU (R [ .

s=0 S1+..+Sm+n=s
t(P*Pl )51+ (0—0m)SmA0S g1+ FOSimn

L((p—p1)s1+ ...+ (0—pm)Sm + PSms1 + -+ PSmgn + 1)
a Sm+1 a Sm+n

+i‘3ii(_l)s L <sl,...€’,sm+n) 1B

i=1 s=0 51+ +Smyn=5
Hlo=p1)s1+ A (0—Pm)Sm+0S 41+ OSmn+p—pi

T((p—p1)s1+...+ (0= Pm)Sm + PSmi1 + -+ PSmsn +p —0i +1)
p) Sp+1 P} Sm+n
. (/\1(01)80_1) <)\n(¢7n)aan> fa(0)

in the space C([0,1] x [0,1]"), if f1, f» € S, which is given by

S :{f(t, o) € C([0,1] x [0,1]") : Faconstant My, . A, > Osuch that

(/\1 (al);ﬁ)s1 (/\n(an)a;)snf(t, o)

where (s1,...,sn) € (NU{O})"

sup

51+ +Sn
< l\/lf Ao }/
(t,r)€[0,1]x[0,1]"
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Proof. Applying If to Equation (5), we obtain

m ap
M(t,0) — M(0,0) + Y B I P1PS atP ZIfA] M(t,0) = If fi(t,0),
i=1
and
i a O —Pi
£—pi 10i € P=Pipg
i:zllBZI I; WMtO’ Z,BZI Z,Bzrp p+1)f2(a)-
Hence,
m . n a
1+) B Il "+ Elf/\j(aj)g M(t,0)
i=1 =1
O Pi

=1'fi(t,0) + falo +2 /31 fa(o). (13)

Llp—pi+1)
To find the inverse operator of

m n
. J
1+ Z Bi If Py Zlf)‘j(‘fj)ﬁz
i=1 =1 ]

we begin to define the operator V as

V=Y. (-1 ()m: By IfA]-w]-)a?,)
i=1 j=1 j

s=0
- S

Y (-1 % ( ) S g
s=0 S1+...+Sm+n=S$ S1/evvy 5m+n n

(p—p1)s14-F(0—Ppm)Sm+0PSms1+-.40Smn 9\ 9\t
-1 — .. — .
! (Al (1) doy ) An(on) doy,

Then, V is well defined on S. Indeed, for any function f(t,x) € S, we have

[0 9)

/D YD R RN TP

s=081+...+Sm4n=5
. HI(Pﬂol)51*--~+(P*Pm)5n1+P5m+1+~--+P5m+n
t

<A1(01)aaal> o ... (/\"(0")8(87,1> strnf(if, o)

sup
(t,o)€[0,1]x[0,1]"
) s .
< r | VB BN M
$=081+...+Sm4n=>5 Sl,...,5m+n f v f’ L

1
I((o—p1)si+ ...+ (0= pm)Sm + PSmy1 + ... 4 PSmsn + 1)

=E(p—prp—pmprp), 1 (“31 e Bl Mpp o Mf,Al,.-.,An) < oo

Moreover, V is an inverse operator since

m e n a
V<1 +Y B+ Zlf)\j(aj)ag)
j=1

i=1

: d
<1+2 Bi Il " +21f/\] aa>V:1'
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In fact,
1 I A (o a
+ 2 rBl + Z t J 8(7
. m - " , P s+1
—VH Y (L B Y A ()
s=0 i=1 =1 j
o m o—pi n 0 a 5
:1+Z(*1)S Z ,Bi It Z+ZIt/\j(0'j)$
s=1 i=1 j=1 j
o0 m e n 0 a S+l
(X B Y A
s=0 i=1 j=1 j
=1.
Similarly,

m e n a
(1 +Y B+ Y If)tj(aj)aa>v =1,
i=1 j=1 j
and V is unique. We note that if f, € S, then

to—Pi

Z ,Bz r s +1>f2(0) €S

which implies from Equation (13) that
M(t0) = V(110 + £20) + 15 Bi s g £(0)
,0) = % (o ; o
H 2T E M To— 0+ 1)

- S
= (=1 < > S B
Sgo S1+...§n+n:s Slr e /Sern m

. I(P*P])51+-~-+(P*Pm)5m+()5m+1+~~-+P5m+n+p A (0_ )i Sm+1 N (0_ )i 5m+nf (t U)
t 1\V1 8(71 n\Un E)o’n 1\L

R (G VD DU (R [

s=0 S1+...FSmin=s
t(P*.Dl )51+ (0—0m)SmA0S g1+ FOSmn

T((o—p1)s1 4.+ (0= Pm)sm + PSmi1 + -+ PSmin +1)
) Sm41 ] Sm+n

+iﬁ,- i(—l)s y <Sll”_€’,5m+n> S B

i=1  s5=0 $14 -t Sman=5

Hlo—p1)s1+.A(0—pm)Sm+ps i1+ H0Smn+p—pi

I'((p—p1)s1+ ...+ (0= pm)sm + pSpmi1 + ..+ pSmin +p — pi + 1)
p) Sp+1 b} Sm+n
. (/\1(01)(—%'1) <An(‘7n>m> fa(0).

The uniqueness follows from the fact that the equation

of ! %)
c . .
—atpM (t,0) + E ,BI 8tp )+j§1/\](a])a jM(f,O’)

=0, (t,0)€ [0,1] x [0,1]",
M(0,0) =0,
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only has solution zero. This completes the proof. [J
In particular, if p = 1, 1 = ... = B = 0, and Aq(x7) = ... = Ay(x,) = 1, then
Equation (5) turns out to be
9 Mt o)+ VML) = fi(L ), (t0) € [0,1] x [0,1]"
at 7 7 — J1\L, 7 7 7 7 7 (14)
M(0,0) = fa(0),
which has the solution from Theorem 6 (derived for the first time):
M(t,o) =Y (-1 LTIV fi(t,0) Z S Vefa(0). (15)
s=0 s=0

Thus, the following equation,
]
gy M(t,o) + VM(t,o) =t(or + 02 +...+0u), (t,0) €[0,1] x[0,1]",
M(0,0) =sinoy,

has the solution

o tS
=Y (-1 LUV (ot .. o) + Z(fl)sgvssinal
5=0 5=0 :

=1 ((71+(72+...—|—(7n)—IftV((ﬁ—l—(Tz—l-...—l—Un)

Mz

—sm (o1 +sm/2)
s=0
2 ntd & s

t
= E((Tl oyt o) — -+ Z(—l)sg sin(oy +s7/2).
5=0 :

Example 4. The following equation for 0 < p1 < p2 < ... < pm < p <1, B; € R, and
m,n € N,

0° d
SpM(t0) +Z Bi = atP M(t,0) +Za]a M(t,0)

:tal...a;}“, (,(7) [0,1] x [0,1],
M(0,0) =

has a unique solution,

[e°]

S
MO =Y B (T B

5=0 S$1+...FSm4+n=5s
tlo—p1)sit+(p—pm)smtpsmir+.+psmin+p+152  Fn+l
7.0y

C((o—p1)s1+.--+ (0= pPm)sSm + PSmi1+ -+ PSmsn +p0 +2)
> S s S
S IC VD o (R [ -
s—0 1+ Sm=$ S1,+++,5m
tlo=p1)s1+-A(p—pm)sm

T((p—p1)s1+.--+ (0= pom)sm+1)

(L 5D S (RN

s=0 S1+...+Sm=s
tlp=p1)s1+-A(p—pm)sm+p—pi

T((o—p1)s1+...+(0—pm)sm+p—pi+1)
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Proof. From Theorem 6, we have
[ee]

M(t,0) =) (—1)° ) ( ° ) T B
S1+...+Smyn=s 51,

s—0 < s Sm+n

80'1

S 1 Sm+
n

S

S S
) 1B
tlo—p1)s1t.. A (0—pm)Sm+pS i1+ +0Smtn

. T((o—p1)s1+...+ (0 —pm)sSm +PSps1 + .. 4 0Smin +1)

o Sm+1 9 5m+nl

109 (SIS S R

s=0 S+ FSmtn=s <o/ Sm4n

5=0 S1F.tSmin=5 <51/ <o Smtn

tlo—p1)s1+-+(o—Pm)Sm+0Sm+1+--+0Smntp—pi
T((o=p1)s1+ -+ (0 = Pm)Sm +0Smi1 + -+ PSmn +0 =i +1)

i Sm+1 i Sm+n .
0-1 aal PP U-n ag‘n .

Using
It(prl)sl+-~+(P*Pm)sm+P5m+1+~-+PSm+n+Pt
Ho=p1)s1+ A (0—0m)Sm+pSy 1+ HpSm4n+o+1
S T((p—p1)s1+ -+ (0= Pm)Sm + OSmi1 + -+ PSmin + 0 +2)
a Sm+1 5
- — 25m+1 2
(Ul 801) 7 1
o 0 Sm+110_n+1 _ (1’1 + 1)sm+n0_n+1
"0, n no
we obtain

M(t,J) = Z(—l)s Z <51 . s ) 51] “.ﬁ%nzstrl ...(Tl—i—l)str”

5=0 S+ +Smrn=s -7 Sm+n

t(prl)51+-~~*(P*Pm)sm+.05m+l+-~+Psrn+n+P*1g'12 ... Ur’l’Jrl
T((p—p1)s1+-.-4 (0= om)sSm + PSpms1 + - . + PSmin + 0 +2)

D E VD VI (R I

S1+...+Sm=s
to—p1)s1 A+ (0—pm)Sm

T((p—p1)s1+-..+ (0= pm)sm+1)

+Iiﬁii(_1)5 y (Sl’“s',sm) S B

s=0 $1+...tsm=s
tlo—p1)s1+-.+(p—pm)sm+o—p;

T((p—p1)si+-..t (0 —pm)sm+p—pi+1)

We complete the proof. [
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4.3. A Generalized Time-Fractional Diffusion-Wave Equation
no52
Theorem 7. Let A = Z 32 Assume that all Aj for j =1,2,...,m are arbitrary constants, 1 < py <

i=1
P2 <...<pm<p S2,andizll(9,ﬁ,andgareinSogivenby

So ={g € C([0,1] x [0,1]") : I a constant Mg > 0 such that
8251 825" $1+...+Sn
S Mgl 7

sup e —
8(71251 do2sn

(t,o)el0,1]x[0,1]"

g(t,o)

where (s1,s2,...,5,) € (NU{0})". Then, Equation (6) has a unique solution:

M(t,o) =
oo S s

(-1)° ( )A LA (=)0
s;[) 51+...+Zsm+1:s 51,52, -+ Sm1) "

. It(P*.Ol)51+~-~+(P*Pm)9m+.09m+1+PAlsm+1g(t, o)

> s
+ ) (—1)° ( )Asl AT (—1)m
s;O s1Hotspii=s 5152/ Smt1 ! "
Ho—p)s1+.A(0—Pm)Sm+psm+1 ]
YA 5m+19(0—)
I((p—p1)si+...+ (0 —pm)sm + psmi1 + 1)
— s
+ (=1 < )Asl L AS(—1)Sm
S;J Sl+..‘+zsm+1:s 51152/‘ . -/Sm-',-] 1 m
tlo—p1)si+..4(o—pm)sm+psmi1+1 s
A\ m+1lB(0-)

T((p —p1)51 oo (0 — Pm)Sm + PSmi1 +2)

m [ee)

S
+ 1) ASLL L ASH (1)
El" p p]+1) Z< ) Z <51/52;.--/5m+1> ! ( )

j= S1+...+Spm41=5

tlo—p1)s1+.A(0—m)sm+psmi1+0—p)

T((p —p1)51 + .ot (0= pm)Sm + PSmi1 +p —pj+1)

Alsm+1 0 (0-)

(9]

+ —1)¢ < ° )Asl o ASH(—1)Smt
ZI’ p p]+2) Z( ) Z 51,582/« +,Sm+1 1 ( )

s+ Sy 1=5

t(p 01)s1+-..+(0—0m)Sm+0Sm+1 +P_Pj+1

I((o—p1)s1+...+ (0= pm)sm +pSpi1 +p —pj +2)

Nlsm1 B(o).

Proof. Applying If to Equation (6), we arrive at

UL —p: 0; 0P
M(t,0) — M(0,0) — Mj(0,0)t + Y A; I D1 S ML) = PA'M(t,0) + Ig(t, ),
j=1

which implies that

+ f: A LPIM(t o) — 8(0) — B(o)t] — P AIM(t, o) = Ifg(t,0) + 6(0) + (o).
j=1
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Hence,

m .
(1 +Y AL - IfA’) M(t,0)

j=1

= 5(t,0) +0(0) + B+ LA, 1 600) + o))
=1
= 1Pg(t,0) + 6(0) + B(c)t + 6(0) i A =P m o041

S T(o—pj+1) W(J),;Aj T(p—pj+2)

(16)

We claim that the inverse operator of
PP
1+Yy AL T —1al
j=1

is

<
|
agk

S
m .
(—1)S< AL —IfAl>
o

J
( S + )(/\l t ])Sl (/\ It m)sm( t [)sm 1
51,52,/ Sm+1

S

0

w
i

I
e
=

[9)
Il
o

S$1+..tSmy1=5

I
hgk

s 51 S S
<_1> (S s s >)L1 ,“/\”rln(_m m+1
$1+...+Spm41=5 1,927+« +r9m+1

. It(p*m)S1+~-~+(p*pm)sm+psm+1 Alsmi

©w
Il
(=)

Using

po (20 2V v (L)oo
80—12 o 80'721 51+-..+Sn:S Sl/ e ,Sn 80'1251 - aa%sn ,
L ()
$1+...4+5,=5 S17-++/5n

we have, for any g(t,0) € Sp,

0o S
||Vg|| < Z Z (Sl,Sz,---/Serl)

s=081+...+Sp+1=5
|)\1 |51 . |Am ‘Sm (nl)5m+l
T((p—p1)si+...+ (0= om)Sm + pSm+1 +1)
aZil aZin
: sup — ... ——g(t,0)
(LO)EOA X [OA]", iy +52recbin—lspsr | DT DO

= E(pppppmpy, 1 (1] oo [l 1t ML) < oo,

Thus, V is a continuous mapping over Sy under the norm of C([0, 1] x [0, 1]").
In addition,

V<1+2Aj I —IfAl> = <1+2Aj A —IfAl>V:1.
=1

j= j:l
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It follows that
m [
Vii+ YA L - 1Al
j=1
o " - s oo m - s+1
—1+Z(—1)S<ZA]- 1 Pf—IfA’) +E(—1)S<EA]- 1 p’—IfA’)
s=1 j=1 §=0 j=1
s+1 s+1
R S e PP A LN 1y PP A LN
*"‘2() th ¢ +2()2]t t
5=0 j=1 s=0 j=1

Clearly, such V is unique.
From Equation (16), we obtain

M(t,o) =

5 s s s
(=1)° ( )Al.../\m(—l) m1
sg) 51+...4-Zsm+1:s §1,82 -+, Smy1/) "

. It(P_Pl)51+---+(P—PM)5m+P5m+1+PAlsm.ﬂg(tl 0.)

< ’ )Ail L ASm(—1)Sme
s=0 S1+...+Spm41=5 51152/ e /Sm—',-]

tp=p1)s1+-A(p—pm)sm+psm+1
I((o—p1)s1+...+ (0= pm)sm + pSpmi1 +1)

s s
—1)* AL ASm(—1)Sm+1
DNCIS (%&wq%ﬂ)l o (—1)

S$1+..tSmy1=5

AZSWH-l 0 (0-)

to—p1)s1+-A(0—pm)sm+psmi1+1
I'((p— P1)51 +.ood (0= om)Sm + PSm1 +2)

m j oo s
+ -1y ( ))ﬁ‘l L AS (=18
]Zr P P]+1) Z( ) Z 51,82, +,Sm+1 1 m( )

s=0 S$1+..tSmy1=5

A ()

Ho=p1)s1+. A (0—pm)Sm+psmi1+0—p;

((P_P1)51+ + (0 — Pm)Sm + PSm+1 +P_Pj+1)

Alstrle(O-)
R s
ATt AS(—1)8m
]Z (P P] + 2 Z 51+...§n+1=s <Sl’ 52/- - ’Sm+1> ! "
Hlo—p1)s1t..4(0—pm)smtpsmi1+p—p;+1

T((o—p1)s1+..-+ (0 —pm)sSm+PSmi1+p—pj+2)

_|_

Absmr1 5(0),

which is a well-defined solution of Equation (6) since g, 8, and B are all in S¢. The uniqueness
follows similarly. We finish the proof. [

Remark 5. If Ay = ... = Ay, = 0, then we can easily change the domain (t,0) € [0,1] x [0,1]"
to (t,0) € RT x R" by using the inverse operator 1 — Lip Al directly and set

So = {g € C(R" x R") : Ja constant Mg > 0 and a positive function 6(t, x)
8251 aZs,,

in C(R* x R") such that 025 ﬁg(t, o)
n

< G(t,x)M(Sgﬁ“‘Jrs” }

If
p=2 M=...=Ay =0, n=1=1, g(t,o) =0,
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then Equation (6) becomes the wave equation in R given below:

0> 0?
ﬁMO’ o) = WM(t’ o), 17)
M(0,0) =6(c), M;i(0,0) = B(0), (t,oc) e RT xR.

It follows from Theorem 7 that it has the solution

[e.9)

M(t,o) =Y (-1)°

S
s=0 s1+...+Sm41=5 (Sll 52,/ Sm+1
tlo—p1)s1+..A(p—pm)sSm+psm+1
F((p—p1)s1+...+ (o —pom)sm + pSmi1 +1)

)A§1 AT (—1)n

)A§1 AT (—1)In

Alsm+1 0 (U)

( s
S]+---+Sm+1=5 51152/- . -/Serl
Ho—p1)s1+-+(p—pm)sm+psm41+1

T((o—p1)s1+ -+ (0= pm)Sm + pSm11+2)
00 t25 dZs 00 t25+1 d25
2s)1d0= () +S;0 s+ ao=P )

A1 p(o)

s=0
by noting that Ay = ... = A;; = 0. We are going to prove that this solution can be reduced
to
O(c+t)+0(c—t) 1 fott

M(t, o) = 5 +5 ), POE,

which is the classical solution to Equation (17) (d’Alembert’s formula). Since § € Sp, we
have Taylor’s expansion at the point ¢

O(c+1t) = i

which implies that

© 425 g2s
6(0+t);—9(0’ t) _S;)(;S)!ﬂ;izge(”)-
On the other hand,
PO =1L B ¢ oy,
= !
since B € Sp. This claims that
1 pott o 251 g2

2 |, PO = & o yapm PO

Evidently, if

then Equation (6) turns out to the wave equation in R",

aZ
ﬁM(f,U) = AM(t,0), (18)
M(0,0) =0(c), M;}(0,0) = B(0), (t,0) € RT xR",
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with the solution by Theorem 7:

tZS s o) t25+1 .
a0 L ey AP

We will show that it can be converted into Kirchoff’s formula [21] for n = 3. Let
B, (0, t) be the ball of the radius t about o € R" and 9B, (c, t) be the boundary of B, (0, t).
We define the average of ¢ over 0B, (0, t) as

M(t,0) = i (19)

1 1
Aip(c) = SA(Bh(,)) /a&,(at) P(y)ds(y) = SA(B(0,1)) /88,,(0,1) ¢(c +t0)ds(0),

where SA(B,(0,t)) denotes the surface area of By, (0, t) and ds(y) is the surface measure of
Bu(o,t).
Assuming that ¢ € Sy, we have Taylor’s expansion:

dlo(o)

g aiU(U) (t@)i

P(c+10) =0 (o) + HZ A
i|=1 :
+ ¥ ai‘fi!(‘f)(te)w...,

li|=2j+1

) +...+ Y,

li[=2j

where

li| =iy +ip+...+iy, il =i1ligl.. iy,
ol =olloR ..o,
. . . alil
doy' ... o0y
Clearly,

' i .
gty SB[ eas@) =0 =01,
<2141 i! 9B,(0,1)

due to the cancellations over the unit sphere 9B,,(0,1). Therefore,

_ d'¢9(o) 1 ;
Aiglo) =p(o) + MZ:‘E T SAGOT) /aB”(Oll)()ds(G)

2 (o) 1 i
—I—...—O—t]';' : SA(Bn(o,l))/aBn(o,l)Gds(GH”“

|i|=2j
Thus,
_ 2 (o) 1 2i
Ap(0) =p(0) +t mX:;l Bt SAGLET) /aBn(O,l)e ds(6)
2 v 9%9(0) 1 2i
+...+tJMZ:j 201 SA(Bn(O,l))/aBn(o,l)e ds(0) +....
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Applying the following formulas from [22],

(i) (i)
/ 6%ds(0) =
3B, (0,1)

TR I
r(; +z~1) _CigvE

4ij,1

we arrive at

 0%4(0) 1 i
ey Qi) SA(Bn(O,l))/33,1(0,1)0618(6)

lil=j

1 1
; 2I'( = +i1 ) ...T{ = +1i,
_py o0 1 (3+0)--r(z+)

&7 @) SA(B.0,1)) e+ 1)
27.[71/2 . .
= N 2j
2j1S A(Ba(0, )T (j+ 3 ) P
/2 e Nip(o),

B 22ijir (j + g)

where 1
27"
A 1)) = .
This implies that
= 1

Ap(o) =T (n/2) Y, Np(o) .

= 022]]'F(]+ 2)

For n = 3, we are going to prove that the solution given in Formula (19) is

M(t, o) = %(tAtG(a)) +tAB(0)

9 1 t
=SS oo 1 50) + ST ) P OO

which is the well-known Kirchoff formula. Indeed,

= (H40(0)) + tAB(@)
= 13/2) Y, — L Nip(o) £ T(3/2) Y s ()P
j=0 2% jir (]‘ + ) j=0 2%jir <j + 2)

e t2 j+1

[=S) t2]
“ Lot L M)

j=0
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by
re2) s = G
2217 <j+ 2) 1
1 1
I(3/2) = — .
22j]'!r <]+ 2) (2j+1)!

We can use Kirchoff’s formula for the solution of the wave equation in three dimen-
sions to derive the solution of the wave equation in two dimensions. This technique is
known as the method of descent. A similar result also follows for n = 2.

Moreover, if n > 3 and n is odd, then the solution given in Formula (19) is

M(t, o) :é (E)at) Caat) H (r2A000)) + Cl (1;) H ("248(0)),

where

In fact, we have

n—=3
d 19\ 2 . ' ‘ ‘ ‘
(81‘) (t8t> 2i+n=2 _ (2]+n_2)"'(2]+3)(2]+1)t2],

and

T(n/2)(2j +n—2)...(2j +3)(2j + 1)
cn2¥j'T(j +n/2)
 T(/2)2j4+n—2)...(2j+3)(2j +1)
S22 +n—2)..n-(n—2)...3-1-T(n/2)
1 1

213, (2i-1) @)

which implies that

H(E)(12) () B

s=0

Similarly,
[ee] t25+1

;(1;) B (t”_ZAtﬁ(U)) = S;) mﬁsﬂ(‘ﬁ

If n > 3 and n is even, then a similar conclusion follows.
Furthermore, if
p=2 M=...=A;=0, I =1,

then Equation (6) turns out to the non-homogenous wave equation in R”,

{;;M(t,a) = AM(t,0) + g(t,0),
M(0,0) =0(c), M;}(0,0) = B(0), (t,0) € RT xR",
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with the uniform solution by Theorem 7 for all n > 1:

00 00 t25+1

2s+2 AS s
M(t ;}1 N3g(t,0) S;] +§)7(2S+1)!A[3(0). (20)

Example 5. The following wave equation,

2

E%M(t, o) = AM(t,0) + o0at?,

M(0,0) =0y, M}(0,0) =03, (t,0) €RT xR",

has the solution

4
M(t, o) = 15712 + tos + oy,
where n > 3.
It follows from Formula (20) that
0 ) 00 t25+1
M(t,0) = Y P20 (o100t?) + on + Z 03

s=0 s—O

I'(3) 4 t4

= @t 0102 + 0y + tog = EO’](TQ + tos + 0y,

by noting that 109t2 and 0, are in Sg.
For n = 3, this approach is much simpler than the following classical one based on
Kirchoft’s formula:

M(t, o)

d 1 t
= ST oo 0) + SHE T PO OO

1 glt—ly—oal, y)
f L syl
47[ BS(Urt) |y 0| y

The Laplacian appears in many well-known differential equations describing phys-
ical phenomena, such as Poisson’s equation, the diffusion equation, the wave equation,
and the Schrodinger equation. The inverse operator method mentioned above clearly
goes in a new direction in studying these important equations under certain initial or
boundary conditions.

Generally speaking, there are analytic approaches [2] (fractional Green’s function,
separation of variables, integral transforms, adomian decomposition method, and ho-
motopy analysis method) and numerical methods [10] (finite difference methods, finite
element methods, spectral methods, and meshless methods) dealing with fractional partial
deferential equations. Section 4 introduces a novel technique of inverse operators which
is also powerful in studying fractional differential equations, which are seen from the
above examples.

5. Conclusions

We studied the uniqueness, existence, and stability of Equation (1) in R"” with three-
point conditions and variable coefficients in C([0, 1] x [0, 1]") based on the inverse operator
containing a multi-variable function, the new generalized two-parameter Mittag-Leffler
function, Banach’s contractive principle, and Leray-Schauder’s fixed-point theorem. Sev-
eral examples were presented to demonstrate applications of key theorems obtained. The
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References

technique used has a wide range of applications to various fractional nonlinear partial
differential or integro-differential equations with initial or boundary conditions. In addi-
tion, we provided series solutions to a few well-known partial differential equations, such
as the multi-term time-fractional convection problem and the generalized time-fractional
diffusion-wave equation. Especially, we obtained the uniform and simple solution to the
non-homogeneous wave equation in # dimensions for all n > 1, which is consistent with
classical results such as d’Alembert’s and Kirchoff’s formulas but more powerful in finding
solutions for some wave equations. As future research, it is worth considering the following
time-fractional convection—diffusion equation with an initial condition and source term
for the constants a,b,y € R by an inverse operator and the multivariate Mittage-Leffler
function:

14

cd (9P _
ﬁu(t,x) +a ﬁu(t,x) =b Ay, au(t,x) +yVu(t,x) +¢(t x),

u(0,x) = (x),

where (t,x) e RT xR", 0< B <a<],

Do = M) o 4 A, V= Ly 2
My — M ax% oo n ax% ’ - axl cee axn ’
aﬂ(
and the partial Liouville-Caputo fractional derivative Lat“ of the order 0 < a < 1 with

respect to ¢ is defined as

(?tZu) (t,x) = F(llzx) /Ot(t — 1) *uj(t, x)dt.

Applications of such convection—-diffusion equations span numerous scientific and engi-
neering disciplines, such as fluid dynamics and heat transfer.
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