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Abstract: Time-fractional convection-diffusion equations are critically important due to
their ability to model complex transport phenomena that deviate from classical behavior,
with many applications in anomalous diffusion modeling, memory and nonlocality. This
paper derives a unique series solution, for the first time, to a multiple time-fractional
convection-diffusion equation with a source term (non-homogenous) based on an inverse
operator, newly-constructed space and the multivariate Mittag-Leffler function. Several
illustrative examples are provided to show power and simplicity of our main theorems in
solving certain fractional convection-diffusions equations. Additionally, we compare these
results with the solutions obtained using the AI DeepSeek-R1, which serves to validate the
significance of our methods and main theorems.
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1. Introduction
Applying an inverse operator and multivariate Mittag-Leffler function, we find a

unique series solution to the following time-fractional convection-diffusion equation with
an initial condition and source term for constants a, b, γ ∈ R:





c∂α

∂tα
W(t, x) + a c∂β

∂tβ
W(t, x) = b△W(t, x) + γ∇W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),
(1)

where (t, x) ∈ R+ ×Rn, 0 < β < α ≤ 1,

△ =
∂2

∂x2
1
+ · · ·+ ∂2

∂x2
n

, ∇ =
∂

∂x1
+ · · ·+ ∂

∂xn
,

and the partial Liouville-Caputo fractional derivative c∂α

∂tα
of order 0 < α ≤ 1 with respect

to t is defined as
(

c∂α

∂tα
W
)
(t, x) =

1
Γ(1 − α)

∫ t

0
(t − τ)−αW ′

τ(τ, x)dτ.
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Abstract: Time-fractional convection–diffusion equations are significant for their ability
to model complex transport phenomena that deviate from classical behavior, with nu-
merous applications in anomalous diffusion, memory effects, and nonlocality. This paper
derives, for the first time, a unique series solution to a multiple time-fractional convection–
diffusion equation with a non-homogenous source term, based on an inverse operator, a
newly-constructed space, and the multivariate Mittag–Leffler function. Several illustrative
examples are provided to show the power and simplicity of our main theorems in solving
certain fractional convection–diffusions equations. Additionally, we compare these results
with solutions obtained using the AI model DeepSeek-R1, highlighting the effectiveness
and validity of our proposed methods and main theorems.

Keywords: generalized fractional convection–diffusion equation; multivariate Mittag–
Leffler function; inverse operator; Fourier transform
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1. Introduction
By applying an inverse operator and the multivariate Mittag–Leffler function, we ob-

tain a unique series solution to the following time-fractional convection–diffusion equation
with an initial condition and a source term, for constants a, b, γ ∈ R:





c∂α

∂tα
W(t, x) + a c∂β

∂tβ
W(t, x) = b△W(t, x) + γ∇W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),
(1)

where (t, x) ∈ R+ ×Rn, 0 < β < α ≤ 1,

△ =
∂2

∂x2
1
+ · · ·+ ∂2

∂x2
n

, ∇ =
∂

∂x1
+ · · ·+ ∂

∂xn
,

and the partial Liouville–Caputo fractional derivative c∂α

∂tα
of order 0 < α ≤ 1 with respect

to t is defined as
(

c∂α

∂tα
W
)
(t, x) =

1
Γ(1 − α)

∫ t

0
(t − τ)−αW ′

τ(τ, x)dτ.
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We note that b is the diffusion coefficient, γ is the velocity field of the fluid, and ϕ denotes
the sources.

In particular, we have the non-homogeneous convection equation, given below, if
α = 1 and a = b = 0:





c∂

∂t
W(t, x) = γ∇W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),
(2)

and the non-homogeneous heat equation:





c∂

∂t
W(t, x) = b△W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),
(3)

if α = 1, a = γ = 0.
Equation (1) is a multi-term time-fractional differential equation that describes the

transport of a scalar quantity—such as concentration, temperature, or momentum—in a
fluid medium due to the combined effects of convection (bulk motion) and diffusion (ran-
dom molecular motion). It is widely used in fields such as fluid dynamics, heat transfer, and
environmental modeling [1–3]. Moreover, practical applications of the studied fractional
differential equation include modeling contaminant transport in soils and groundwater,
where heterogeneous pore structures cause trapping, delays, and the slow release of pol-
lutants from binding sites. It is also used to model non-Fourier heat transfer, particularly
in materials such as polymers, biological tissues, and porous media. The use of multiple
fractional time derivatives of different orders allows for more accurate modeling of complex
memory effects and anomalous diffusion behaviors than single-order models. Each frac-
tional derivative term, with an order between 0 and 1, captures a distinct memory kernel
characterized by a specific decay rate. When combined, these terms model systems with
multiple relaxation times or heterogeneous memory behaviors. Lower-order derivatives
(e.g., 0.2) correspond to strong memory effects and slower diffusion, while higher-order
derivatives (closer to 1) indicate weaker memory and faster system responses. Together,
they enable the modeling of transitional behaviors between different anomalous diffusion
regimes. In materials or media with multiple trapping mechanisms, binding sites, or
structural heterogeneity, different fractional orders naturally reflect the various types of
obstructions or delays experienced by transported particles.

Physical scenarios where multi-term fractional equations are particularly relevant
include heat conduction in composite or porous materials and drug diffusion in biological
tissues, where complex temporal dynamics and structural variability play a significant role.

Generally speaking, there are many analytic approaches [4] (fractional Green’s func-
tion, separation of variables, integral transforms, adomian decomposition method, and
homotopy analysis method) and numerical methods [2] (finite difference methods, finite
element methods, spectral methods, and meshless methods) dealing with fractional partial
deferential equations. In 2024, Chertovskih et al. [5] studied an optimal control problem for
a stochastic differential equation related to the Fokker–Planck–Kolmogorov equation in the
space of probability measures and proposed a rapidly converging numerical algorithm to
address the fundamental nature of diffusion processes. In 1997, Tannehill et al. [6] studied
numerical schemes (e.g., upwind, SUPG) for convection–dominated flows. In 2008, Roos
et al. [7] addressed stabilization techniques for singularly perturbed convection–diffusion
equations. In 2007, Lin and Xu [8] considered the numerical resolution for the following
time-fractional diffusion equation for 0 ≤ α ≤ 1:
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c∂α

∂tα
u(t, x)− ∂2

∂x2 u(t, x) = f (t, x), 0 < t ≤ T, x ∈ Λ = (0, L) T, L > 0,

subject to the initial and boundary conditions:

u(0, x) = g(x), x ∈ Λ, u(t, 0) = u(t, L) = 0,

and proved that the full discretization is unconditionally stable, and the numerical solution
converges to the exact one with the order O(△t2−α + N−m), where △t, N, and m are the
time-step size, polynomial degree, and regularity of the exact solution, respectively. How-
ever, we believe that applying a numerical approach to Equation (1) presents significant
challenges due to the unbounded domain and the presence of complex terms. To use the
inverse operator method, it is necessary to represent the inverse operator as an infinite
series, which must be well-defined within an appropriate function space.

On the application side, Bear [9] applied convection–diffusion equations to model
groundwater flow and contaminant transport. LeVeque [10] discussed finite volume
methods for conservation laws, including convection–diffusion systems.

Variants of Equation (1) with a distributed order have been successfully analyzed in
various contexts, and it has been shown that these variants can lead to different diffusion
regimes. For example, Luchko [11] investigated the maximum principle for several types
of generalized time-fractional diffusion equations—including multi-term and distributed-
order diffusion equations—and applied it to establish the uniqueness of solutions to various
initial-boundary value problems. Additionally, Kilbas et al. [12] constructed a solution to
Equation (1) for the case a = 0, using the Laplace transform, multivariate Mittag–Leffler
functions, and Green’s functions. In contrast, our current work employs inverse operators
to derive a unique and novel series solution, offering a significantly simpler computational
approach that avoids the complex integrals and convolutions typically required when using
Green’s functions.

In summary, the multi-term time-fractional convection–diffusion equation extends
classical transport models by incorporating memory effects and multi-scale dynamics
through fractional derivatives of distinct orders. This equation is indispensable for mod-
eling systems in which transport processes exhibit anomalous behavior or long-range
temporal dependencies.

Let α1, · · · , αm, β > 0 and z1, · · · , zm ∈ C. Then

E(α1,··· ,αm), β(z1, · · · , zm)

=
∞

∑
j=0

∑
j1+···+jm=j

(
j

j1, · · · , jm

)
zj1

1 · · · zjm
m

Γ(α1 j1 + · · ·+ αm jm + β)

is the well-known multivariate Mittag–Leffler function [12–14], which is an entire function
on complex plane Cm. When m = 1, it reduces to the following two-parameter Mittag–
Leffler function:

Eα,β(z) =
∞

∑
j=0

zj

Γ(αj + β)
, α, β > 0, z ∈ C.

If β = 1, we obtain the classical Mittag–Leffler function defined by

Eα(z) =
∞

∑
j=0

zj

Γ(αj + 1)
, α > 0, z ∈ C.
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The partial fractional integral operator Iα
t (α ≥ 0) is defined as

Iα
t W(t, x) =

1
Γ(α)

∫ t

0
(t − τ)α−1W(τ, x)dτ, t ∈ R+.

In particular, I0
t W(t, x) = W(t, x).

The inverse operator method is a powerful tool for studying the uniqueness, existence,
and stability of differential equations with various conditions and variable coefficients [15].
In addition, it is also useful for finding analytic solutions to partial fractional-differential
equations or partial integro-differential equations. As an example, we present the following
theorem to demonstrate applications of inverse operators in fractional partial differential
equations, thereby laying the groundwork for Equation (1). In addition, we show that the
inverse operator method is also applicable to equations with variable coefficients.

Theorem 1. The following equation with a variable coefficient for all αi ≥ 0 (i = 1, · · · , n) and
1 < α ≤ 2 in the space C([0, 1]× [0, 1]n):





c∂α

∂tα
W(t, x) + a(x) Iα1

1 · · · Iαn
n W(t, x) = f (t, x), (t, x) ∈ [0, 1]× [0, 1]n,

W(0, x) = ϕ1(x), W ′
t (0, x) = ϕ2(x),

(4)

where

Iα1
1 · · · Iαn

n W(t, x) =
1

Γ(α1) · · · Γ(αn)

·
∫ x1

0
· · ·

∫ xn

0
(x1 − τ1)

α1−1 · · · (xn − τn)
αn−1W(t, τ1, · · · , τn)dτn · · · dτ1,

has a solution

W(t, x) =
∞

∑
k=0

(−1)k(a(x) Iα
t Iα1

1 · · · Iαn
n
)k
(Iα

t f (t, x) + ϕ1(x) + ϕ2(x)t)

=
∞

∑
k=0

(−1)k Iαk+α
t

(
a(x) Iα1

1 · · · Iαn
n
)k f (t, x)

+
∞

∑
k=0

(−1)k tαk

Γ(αk + 1)
(
a(x) Iα1

1 · · · Iαn
n
)k

ϕ1(x)

+
∞

∑
k=0

(−1)k tαk+1

Γ(αk + 2)
(
a(x) Iα1

1 · · · Iαn
n
)k

ϕ2(x).

Proof. Applying the operator Iα
t to both sides of Equation (4), we have

W(t, x)− ϕ1(x)− ϕ2(x)t + a(x) Iα
t Iα1

1 · · · Iαn
n W(t, x) = Iα

t f (t, x),

using the initial conditions given. This implies that

(
1 + a(x) Iα

t Iα1
1 · · · Iαn

n
)
W(t, x) = Iα

t f (t, x) + ϕ1(x) + ϕ2(x)t. (5)

We are going to show that the inverse operator (unique) of 1 + a(x) Iα
t Iα1

1 · · · Iαn
n is

V0 =
∞

∑
k=0

(−1)k(a(x) Iα
t Iα1

1 · · · Iαn
n
)k

in the space C([0, 1]× [0, 1]n). In fact, for any f ∈ C([0, 1]× [0, 1]n),
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∥V0 f ∥ ≤ ∥ f ∥
∞

∑
k=0

∥a∥k
∥∥∥Iαk

t

∥∥∥
∥∥∥Iα1k

1

∥∥∥ · · ·
∥∥∥Iαnk

n

∥∥∥

≤ ∥ f ∥
∞

∑
k=0

∥a∥k 1
Γ(αk + 1)

1
Γ(α1k + 1)

· · · 1
Γ(αnk + 1)

< +∞,

where
∥ f ∥ = max

(t,x)∈[0,1]×[0,1]n
| f (t, x)|, ∥a∥ = max

x∈[0,1]n
|a(x)|.

Hence , the operator V0 is well-defined in the space C([0, 1]× [0, 1]n). Furthermore,

V0
(
1 + a(x) Iα

t Iα1
1 · · · Iαn

n
)
=
(
1 + a(x) Iα

t Iα1
1 · · · Iαn

n
)
V0 = 1 (identity operator).

Clearly,

V0
(
1 + a(x) Iα

t Iα1
1 · · · Iαn

n
)
= V0 +

∞

∑
k=0

(−1)k(a(x) Iα
t Iα1

1 · · · Iαn
n
)k+1

= 1 +
∞

∑
k=1

(−1)k(a(x) Iα
t Iα1

1 · · · Iαn
n
)k

+
∞

∑
k=0

(−1)k(a(x) Iα
t Iα1

1 · · · Iαn
n
)k+1

= 1 +
∞

∑
k=0

(−1)k+1(a(x) Iα
t Iα1

1 · · · Iαn
n
)k+1

+
∞

∑
k=0

(−1)k(a(x) Iα
t Iα1

1 · · · Iαn
n
)k+1

= 1.

Similarly,
(
1 + a(x) Iα

t Iα1
1 · · · Iαn

n
)
V0 = 1. Assuming V′

0 is another inverse operator. Then

(
1 + a(x) Iα

t Iα1
1 · · · Iαn

n
)
V′

0 = 1

and applying V0 to both sides of the above implies that V0 = V′
0.

From Equation (5), we derive

W(t, x) =
∞

∑
k=0

(−1)k(a(x) Iα
t Iα1

1 · · · Iαn
n
)k
(Iα

t f (t, x) + ϕ1(x) + ϕ2(x)t)

=
∞

∑
k=0

(−1)k Iαk+α
t

(
a(x) Iα1

1 · · · Iαn
n
)k f (t, x)

+
∞

∑
k=0

(−1)k tαk

Γ(αk + 1)
(
a(x) Iα1

1 · · · Iαn
n
)k

ϕ1(x)

+
∞

∑
k=0

(−1)k tαk+1

Γ(αk + 2)
(
a(x) Iα1

1 · · · Iαn
n
)k

ϕ2(x),

which converges under the norm of the space C([0, 1] × [0, 1]n). This completes
the proof.

Very recently, Li [16] considered the following fractional differential equation using
the inverse operator method:





c∂α

∂tα
u(t, x) = △λ1,··· ,λn u(t, x) + g(t, x), 1 < α ≤ 2,

u(0, x) = ϕ1(x), u′
t(0, x) = ϕ2(x), (t, x) ∈ R×Rn,

(6)

where

△λ1,··· ,λn = λ1
∂2

∂x2
1
+ · · ·+ λn

∂2

∂x2
n

, all λi are contants,
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and obtained

u(t, x) =
∞

∑
k=0

Iαk+α
t △k

λ1,··· ,λn
g(t, x) +

∞

∑
k=0

tαk

Γ(αk + 1)
△k

λ1,··· ,λn
ϕ1(x)

+
∞

∑
k=0

tαk+1

Γ(αk + 2)
△k

λ1,··· ,λn
ϕ2(x),

in a subspace of C(R+ ×Rn).
In particular, if a = γ = 0, then Equation (1) reduces to





c∂α

∂tα
W(t, x) = b△W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),

which is similar to Equation (6), except for the difference in the fractional order and the fact
that △λ1,··· ,λn is a more general operator than b△.

The remainder of the paper is structured as follows. Section 2 derives a unique series
solution to Equation (1) based on a new space S, an inverse operator, and the multivariate
Mittag–Leffler function. Section 3 discusses a time-fractional non-homogenous convection
equation, which is the particular case for Equation (1), and show that our solution is
consistent with the existing integral convolution solution using the Fourier transforms and
Taylor’s expansion of the two-parameter Mittag–Leffler function. Section 4 works on a
time-fractional non-homogenous convection equation obtained from Equation (1) in detail
with an illustrative example showing applications of our results. Section 5 proves that our
series solution derived in Section 2 coincides with the classical integral solution. Finally.
we summarize the entire work in Section 6.

2. A Unique Series Solution to Equation (1)
Theorem 2. Let a, b, γ ∈ R and 0 < β < α ≤ 1. Then, Equation (1) has a unique solution:

W(t, x) =
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
(−a)k1 bk2 γk3 Iαk−βk1+α

t △k2∇k3 ϕ(t, x)

+
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
(−atα−β)k1(btα)k2(γtα)k3

Γ((α − β)k1 + αk2 + αk3 + 1)
△k2∇k3 ψ(x)

+ atα−β
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)

· (−atα−β)k1(btα)k2(γtα)k3

Γ((α − β)k1 + αk2 + αk3 + α − β + 1)
△k2∇k3 ψ(x), (7)

if ϕ and ψ in the space S given by

S =

{
f ∈ C(R+ ×Rn) : for any non-negative n-tuple of integers (k1, · · · , kn),

∃ a constant M f > 0 and a positive function θ(t, x) ∈ C(R+ ×Rn), such that
∣∣∣∣∣

(
∂

∂x1

)k1

· · ·
(

∂

∂xn

)kn

f (t, x)

∣∣∣∣∣ ≤ θ(t, x) Mk1+···+kn
f

}
.

Proof. Applying the operator Iα
t to Equation (1), we obtain

W(t, x)− ψ(x) + a Iα−β
t (W(t, x)− ψ(x)) = b Iα

t △W(t, x) + γ Iα
t ∇W(t, x) + Iα

t ϕ(t, x),
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using the condition W(0, x) = ψ(x). Hence,

(
1 + a Iα−β

t − b Iα
t △− γ Iα

t ∇
)

W(t, x) = Iα
t ϕ(t, x) + ψ(x) +

a ψ(x) tα−β

Γ(α − β + 1)
. (8)

Here, we show that a unique inverse operator of 1 + a Iα−β
t − b Iα

t △− γ Iα
t ∇ is

V =
∞

∑
k=0

(−1)k
(

a Iα−β
t − b Iα

t △− γ Iα
t ∇
)k

=
∞

∑
k=0

(−1)k ∑
k1+k2+k3=k

(
k

k1, k2, k3

)
ak1 I(α−β)k1

t (−b)k2 Iαk2
t △k2(−γ)k3 Iαk3

t ∇k3

=
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
(−a)k1 bk2 γk3 Iαk−βk1

t △k2∇k3

in the space S. Indeed, for any ϕ(t, x) ∈ S, we have

Vϕ(t, x) =
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
(−a)k1 bk2 γk3 Iαk−βk1

t △k2∇k3 ϕ(t, x),

and

|Vϕ(t, x)| ≤
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
|a|k1 |b|k2 |γ|k3 Iαk−βk1

t |△k2∇k3 ϕ(t, x)|.

Clearly,

△k2∇k3 ϕ(t, x) =

(
∂2

∂x2
1
+ · · ·+ ∂2

∂x2
n

)k2(
∂

∂x1
+ · · ·+ ∂

∂xn

)k3

ϕ(t, x)

= ∑
j1+···+jn=k2

(
k2

j1, · · · , jn

)
∑

i1+···+in=k3

(
k3

i1, · · · , in

)

·
(

∂

∂x1

)2j1+i1
· · ·
(

∂

∂xn

)2jn+in
ϕ(t, x),

which implies that

|△k2∇k3 ϕ(t, x)| ≤ θ(t, x)M2k2+k3
ϕ ∑

j1+···+jn=k2

(
k2

j1, · · · , jn

)
∑

i1+···+in=k3

(
k3

i1, · · · , in

)

= θ(t, x)
(

M2
ϕn
)k2(

Mϕn
)k3 ,

using

∑
j1+···+jn=k

(
k

j1, · · · , jn

)
= nk.

Then, for every fixed (t, x) ∈ R+ ×Rn, we have

|Vϕ(t, x)| ≤
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
|a|k1 |b|k2 |γ|k3

(
M2

ϕn
)k2(

Mϕn
)k3 Iαk−βk1

t θ(t, x)

≤ max
0≤τ≤t

θ(τ, x) ·
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

) (|a|tα−β)k1(|b|M2
ϕntα)k2(|γ|Mϕntα)k3

Γ((α − β)k1 + αk2 + αk3 + 1)

= max
0≤τ≤t

θ(τ, x) · E(α−β,α,α), 1
(
|a|tα−β, |b|M2

ϕntα, |γ|Mϕntα
)
< +∞.
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In summary, the operator V is well-defined over the space S. We further prove that V is a
unique inverse operator as

V
(
1 + a Iα−β

t − b Iα
t △− γ Iα

t ∇
)
=
(
1 + a Iα−β

t − b Iα
t △− γ Iα

t ∇
)
V

= 1 (identity operator).

In fact,

V
(
1 + a Iα−β

t − b Iα
t △− γ Iα

t ∇
)
= 1 +

∞

∑
k=1

(−1)k(a Iα−β
t − b Iα

t △− γ Iα
t ∇
)k

+
∞

∑
k=0

(−1)k(a Iα−β
t − b Iα

t △− γ Iα
t ∇
)k+1

= 1 +
∞

∑
k=0

(−1)k+1(a Iα−β
t − b Iα

t △− γ Iα
t ∇
)k+1

+
∞

∑
k=0

(−1)k(a Iα−β
t − b Iα

t △− γ Iα
t ∇
)k+1

= 1.

Similarly,
(
1 + a Iα−β

t − b Iα
t △− γ Iα

t ∇
)
V = 1. Assuming V′ is another inverse operator,

we have (
1 + a Iα−β

t − b Iα
t △− γ Iα

t ∇
)
V′ = 1.

Applying V to both sides, we obtain V = V′. From Equation (8), we obtain

W(t, x) =
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
(−a)k1 bk2 γk3 Iαk−βk1

t △k2∇k3

·
(

Iα
t ϕ(t, x) + ψ(x) +

a ψ(x) tα−β

Γ(α − β + 1)

)

=
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
(−a)k1 bk2 γk3 Iαk−βk1+α

t △k2∇k3 ϕ(t, x)

+
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)
(−atα−β)k1(btα)k2(γtα)k3

Γ((α − β)k1 + αk2 + αk3 + 1)
△k2∇k3 ψ(x)

+ atα−β
∞

∑
k=0

∑
k1+k2+k3=k

(
k

k1, k2, k3

)

· (−atα−β)k1(btα)k2(γtα)k3

Γ((α − β)k1 + αk2 + αk3 + α − β + 1)
△k2∇k3 ψ(x).

The uniqueness of solutions follows from the uniqueness of the inverse operator V. This
completes the proof.

Remark 1. When applied to the diffusion Equation (1) in dimensions greater than one, the fractional
time derivatives induce divergent behavior at the origin. This has profound physical implications,
reflecting non-local memory effects, anomalous transport, and power-law relaxation processes.
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3. The Solution to the Time-Fractional Non-Homogenous
Convection Equation

Clearly, if a = b = 0, then the fractional convection equation:





c∂α

∂tα
W(t, x) = γ∇W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),
(9)

has a unique solution for 0 < α ≤ 1 from Theorem 2

W(t, x) =
∞

∑
k=0

γk Iαk+α
t ∇kϕ(t, x) +

∞

∑
k=0

(γtα)k

Γ(αk + 1)
∇kψ(x). (10)

In the following, we show that solution (10) can be written as the following convolution
solution for x ∈ Rn (the AI model DeepSeek-R1 finds this integral solution):

W(t, x) =
∫

Rn
ψ(y)G1(x − y, t)dy +

∫ t

0

∫

Rn
ϕ(τ, y)G2(x − y, t − τ)dydτ, (11)

where G1(x, t) and G2(x, t) are Green’s functions, given by

G1(x, t) =
1

(2π)n

∫

Rn
ei⟨ξ,x⟩Eα

(
iγ|ξ|tα

)
dξ,

and
G2(x, t) =

1
(2π)n

∫

Rn
ei⟨ξ,x⟩tα−1Eα,α(γi|ξ|tα)dξ,

respectively.
We begin defining the n-dimensional Fourier transform as

F{ψ}(ξ) = ψ̃(ξ) =
∫

Rn
ψ(x)e−i⟨ξ,x⟩dx, ξ = (ξ1, · · · , ξn) ∈ Rn,

and the inverse Fourier transform

ψ(x) = F−1{ψ̃}(x) = 1
(2π)n

∫

Rn
ψ̃(ξ)ei⟨ξ,x⟩dξ.

where ⟨ξ, x⟩ := ξ1x1 + · · ·+ ξnxn. In particular, we write |ξ| = ξ1 + · · ·+ ξn. Then, we
have F{∇ψ}(ξ) = i|ξ|ψ̃(ξ), and thus,

∇jψ(x) =
1

(2π)n

∫

Rn
(i|ξ|)jψ̃(ξ)ei⟨ξ,x⟩dξ.

So, we have

∞

∑
j=0

(γtα)j

Γ(αj + 1)
∇jψ(x) =

1
(2π)n

∫

Rn
ψ̃(ξ)ei⟨ξ,x⟩

[ ∞

∑
j=0

(iγ|ξ|tα)j

Γ(αj + 1)

]
dξ

=
1

(2π)n

∫

Rn
ψ̃(ξ)ei⟨ξ,x⟩Eα

(
iγ|ξ|tα

)
dξ

=
1

(2π)n

∫

Rn

[ ∫

Rn
ψ(y)e−i⟨ξ,y⟩dy

]
ei⟨ξ,x⟩Eα

(
iγ|ξ|tα

)
dξ

=
1

(2π)n

∫

Rn
ψ(y)

[ ∫

Rn
e−i⟨ξ,x−y⟩Eα

(
iγ|ξ|tα

)
dξ

]
dy

=
∫

Rn
ψ(y)G1(x − y, t)dy. (12)
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On the other hand, we have

∞

∑
j=0

γj Iαj+α
t ∇jϕ(t, x) =

1
(2π)n

∞

∑
j=0

γj Iαj+α
t

∫

Rn
(i|ξ|)jei⟨ξ,x⟩ϕ̃(t, ξ)dξ

=
1

(2π)n

∞

∑
j=0

γj Iαj+α
t

∫

Rn
(i|ξ|)jei⟨ξ,x⟩

∫

Rn
ϕ(t, y)e−i⟨ξ,y⟩dydξ

=
1

(2π)n

∫

Rn
ei⟨ξ,x⟩

∫

Rn
e−i⟨ξ,y⟩

[ ∞

∑
j=0

(γi|ξ|)j Iαj+α
t ϕ(t, y)

]
dydξ.

It is not difficult to see that

∞

∑
j=0

(γi|ξ|)j Iαj+α
t ϕ(t, y) =

∞

∑
j=0

(γi|ξ|)j
∫ t

0

(t − τ)αj+α−1

Γ(αj + α)
ϕ(τ, y)dτ

=
∫ t

0
(t − τ)α−1Eα,α(γi|ξ|(t − τ)α)ϕ(τ, y)dτ.

So, we have

∞

∑
j=0

γj Iαj+α
t ∇jϕ(t, x)

=
1

(2π)n

∫ t

0

∫

Rn

[ ∫

Rn
ei⟨ξ,x−y⟩Eα,α(γi|ξ|(t − τ)α)dξ

]
(t − τ)α−1ϕ(τ, y)dydτ

=
∫ t

0

∫

Rn
G2(x − y, t − τ)ϕ(τ, y)dydτ. (13)

Substituting (12) and (13) into (10) results in the desired convolution expression (11).
Furthermore, if α = 1, ϕ(t, x) = 0 and n = 1, then the equation:





∂

∂t
W(t, x)− γ

∂

∂x
W(t, x) = 0,

W(0, x) = ψ(x),
(14)

has a unique solution by noting that ψ ∈ S

W(t, x) =
∞

∑
k=0

(γt)k

k!

(
∂

∂x

)k
ψ(x) = ψ(x + γt),

which represents a wave travelling to the right if γ < 0 or left if γ > 0.
On the other hand, if α = 1 and n = 1, then we obtain Equation (2) with a unique

solution

W(t, x) =
∞

∑
k=0

(γt)k

k!

(
∂

∂x

)k
ψ(x) +

∞

∑
k=0

γk Ik+1
t

(
∂

∂x

)k
ϕ(t, x)

= ψ(x + γt) +
∞

∑
k=0

γk

k!

∫ t

0
(t − τ)k

(
∂

∂x

)k
ϕ(τ, x)dτ

= ψ(x + γt) +
∫ t

0
ϕ(τ, x + γ(t − τ))dτ.

Example 1. The following time-fractional convection equation:





c∂α

∂tα
W(t, x) = ∇W(t, x) + t|x|2,

W(0, x) = xm
n , m ∈ N,

(15)
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has a unique solution for 0 < α ≤ 1

W(t, x) =
∞

∑
k=0

Iαk+α
t ∇kϕ(t, x) +

∞

∑
k=0

tαk

Γ(αk + 1)
∇kψ(x)

=
∞

∑
k=0

Iαk+α
t t∇k|x|2 +

∞

∑
k=0

tαk

Γ(αk + 1)
∇kxm

n .

Clearly, we have

∇k|x|2 =





1, k = 0,

2n|x|, k = 1,

2n2, k = 2,

0, k ≥ 3

and

∇kxm
n =




(−1)k(−m)k xm−k

n , 0 ≤ k ≤ m,

0, k ≥ m + 1,

where (λ)k = λ(λ + 1) · · · (λ + k − 1). Thus,

W(t, x) =
tα+1|x|2
Γ(α + 2)

+
2nt2α+1|x|
Γ(2α + 2)

+
2n2t3α+1

Γ(3α + 2)
+ xm

n

m

∑
k=0

(−m)k
Γ(αk + 1)

(
− tα

xn

)k
.

We should note that it would be complicated to use the following integral formula to
find the solution:

W(t, x) =
∫

Rn
ψ(y)G1(x − y, t)dy +

∫ t

0

∫

Rn
ϕ(τ, y)G2(x − y, t − τ)dydτ,

and our method is much easier and faster.

Remark 2. (a) It would be interesting to see how DeepSeek-R1 finds the solution (11). When
the problem (9) is entered in LaTeX code form, DeepSeek-R1 first converts the fractional partial
differential equation into the partial differential equation

(sα − γ∇)W̃(s, x) = sα−1ψ(x) + ϕ̃(s, x) (16)

by performing the Laplace transform L. Here, W̃(s, x) = L[W(t, x)](s) and ϕ̃(s, x) = L[ϕ(t, x)].
Then DeepSeek-R1 points out that Equation (16) can be solved by using the Fourier transform
method. After applying the inverse Laplace transform and inverse Fourier transform, it obtains
the solution (11). The authors also employ DeepSeek-R1 to find series solutions of (9), but it
fails to reach our expression (10). The reason is that DeepSeek AI can generally be used to solve
many fractional partial differential equations (FPDEs) analytically by leveraging known techniques
such as Laplace and Fourier transforms, separation of variables, Green’s functions for fundamental
solutions, eigenfunction expansions, and series expansions with re-summation. However, our series
solution method differs from the approaches mentioned above.

(b) The experience of using DeepSeek in this specific case has been notably effective. It not
only presented integral convolution solutions but also offered detailed steps mentioned above that
accelerated our understanding of the existing theoretical framework. By streamlining the literature
review process, DeepSeek allowed us to focus more deeply on the key materials of the problem,
ensuring that our work builds directly upon them.
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4. The Solution to the Time-Fractional Non-Homogenous
Diffusion Equation

Clearly, if a = γ = 0, then the fractional non-homogenous diffusion equation:





c∂α

∂tα
W(t, x) = b △W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),
(17)

has a unique solution for 0 < α ≤ 1 from Theorem 2

W(t, x) =
∞

∑
k=0

bk Iαk+α
t △kϕ(t, x) +

∞

∑
k=0

(btα)k

Γ(αk + 1)
△kψ(x). (18)

In the following, we prove that solution (18) can be written as the following convolu-
tion solution for x ∈ Rn (the AI model DeepSeek-R1 claims this integral solution):

W(t, x) =
∫

Rn
ψ(y)G1(x − y, t)dy +

∫ t

0

∫

Rn
ϕ(τ, y)G2(x − y, t − τ)dydτ, (19)

where G1(x, t) and G2(x, t) are Green’s functions, given by

G1(x, t) =
1

(2π)n

∫

Rn
ei⟨ξ,x⟩Eα(−b|ξ|2tα)dξ,

and
G2(x, t) =

1
(2π)n

∫

Rn
ei⟨ξ,x⟩tα−1Eα,α(−b|ξ|2tα)dξ,

respectively.
In fact, from F{△ψ}(ξ) = −|ξ|2ψ̃(ξ), we have

△jψ(x) =
1

(2π)n

∫

Rn
(−|ξ|2)jψ̃(ξ)ei⟨ξ,x⟩dξ.

Then,

∞

∑
j=0

(btα)j

Γ(αj + 1)
△jψ(x) =

1
(2π)n

∫

Rn
ψ̃(ξ)ei⟨ξ,x⟩

[ ∞

∑
j=0

(−b|ξ|2tα)j

Γ(αj + 1)

]
dξ

=
1

(2π)n

∫

Rn
ψ̃(ξ)ei⟨ξ,x⟩Eα(−b|ξ|2tα)dξ

=
1

(2π)n

∫

Rn

[ ∫

Rn
ψ(y)e−i⟨ξ,y⟩dy

]
ei⟨ξ,x⟩Eα(−b|ξ|2tα)dξ

=
1

(2π)n

∫

Rn
ψ(y)

[ ∫

Rn
ei⟨ξ,x−y⟩Eα(−b|ξ|2tα)dξ

]
dy

=
∫

Rn
ψ(y)G1(x − y, t)dy (20)

and
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∞

∑
j=0

bj Iαj+α
t △jϕ(t, x)

=
1

(2π)n

∞

∑
j=0

bj Iαj+α
t

∫

Rn
(−|ξ|2)jei⟨ξ,x⟩

∫

Rn
ϕ(t, y)e−i⟨ξ,y⟩dydξ

=
1

(2π)n

∫

Rn
ei⟨ξ,x⟩

∫

Rn
e−i⟨ξ,y⟩

[ ∞

∑
j=0

(−b|ξ|2)j Iαj+α
t ϕ(t, y)

]
dydξ

=
1

(2π)n

∫

Rn
ei⟨ξ,x⟩

∫

Rn
e−i⟨ξ,y⟩

[ ∫ t

0
(t − τ)α−1Eα,α(−b|ξ|2(t − τ)α)ϕ(τ, y)dτ

]
dydξ

=
1

(2π)n

∫ t

0

∫

Rn

[ ∫

Rn
ei⟨ξ,x−y⟩Eα,α(−b|ξ|2(t − τ)α)dξ

]
(t − τ)α−1ϕ(τ, y)dydτ

=
∫ t

0

∫

Rn
G2(x − y, t − τ)ϕ(τ, y)dydτ. (21)

The result (19) follows immediately by substituting (20) and (21) into (18).

Remark 3. DeepSeek-R1 employs Fourier transform and Laplace transform to solve the problem (17)
and obtain (19), in the same way as when solving the problem (9). However, it is unable to derive
our series solution.

Example 2. The following time-fractional diffusion equation:





c∂α

∂tα
W(t, x) = 2 △W(t, x) + t2|x|4,

W(0, x) = sin |x|,
(22)

has a unique solution for 0 < α ≤ 1

W(t, x) =
∞

∑
k=0

bk Iαk+α
t △kϕ(t, x) +

∞

∑
k=0

(btα)k

Γ(αk + 1)
△kψ(x)

=
∞

∑
k=0

2k(Iαk+α
t t2)(△k|x|4) +

∞

∑
k=0

(2tα)k

Γ(αk + 1)
△k sin |x|.

Clearly, sin |x| ∈ S and △k sin |x| = (−n)k sin |x|. Through calculation, we have

△|x|4 = 12n|x|2,

which implies that
△2|x|4 = 12n△|x|2 = 24n2.

Therefore,

W(t, x) = |x|4 Iα
t t2 + 24n|x|2 I2α

t t2 + 96n2 I3α
t t2 +

∞

∑
k=0

(−2ntα)k

Γ(αk + 1)
sin |x|

=
2tα+2|x|4
Γ(α + 3)

+
48nt2α+2|x|2

Γ(2α + 3)
+

192n2t3α+2

Γ(3α + 3)
+ Eα(−2ntα) sin |x|,

by noting that t2|x|4 ∈ S. This approach to finding the solution is much easier and simpler than
directly using the following formula:

W(t, x) =
∫

Rn
ψ(y)G1(x − y, t)dy +

∫ t

0

∫

Rn
ϕ(τ, y)G2(x − y, t − τ)dydτ.
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5. The Fractional Convection-Diffusion Equation
It follows from a = 0 that Equation (1) becomes the following fractional convection–

diffusion equation:





c∂α

∂tα
W(t, x) = b△W(t, x) + γ∇W(t, x) + ϕ(t, x),

W(0, x) = ψ(x),
(23)

with a unique solution from Theorem 2:

W(t, x) =
∞

∑
k=0

Iαk+α
t ∑

k1+k2=k

(
k

k1, k2

)
bk1 γk2△k1∇k2 ϕ(t, x)

+
∞

∑
k=0

tαk

Γ(αk + 1) ∑
k1+k2=k

(
k

k1, k2

)
bk1 γk2△k1∇k2 ψ(x). (24)

We will show that solution (23) can be written as the following convolution solution
for x ∈ Rn (the AI model DeepSeek-R1 also claims this integral solution):

W(t, x) =
∫

Rn
ψ(y)G1(x − y, t)dy +

∫ t

0

∫

Rn
ϕ(τ, y)G2(x − y, t − τ)dydτ,

where G1(x, t) and G2(x, t) are Green’s functions, given by

G1(x, t) =
1

(2π)n

∫

Rn
ei⟨ξ,x⟩Eα(−(b|ξ|2 − iγ|ξ|)tα)dξ

and
G2(x, t) =

1
(2π)n

∫

Rn
ei⟨ξ,x⟩tα−1Eα,α(−(b|ξ|2 − γi|ξ|)tα)dξ,

respectively.
Since F{△jψ}(ξ) = (−|ξ|2)jψ̃(ξ) and F{∇jψ}(ξ) = (i|ξ|)jψ̃(ξ), we have

F{△j1∇j2 ψ}(ξ) = (−|ξ|2)j1F{∇j2 ψ}(ξ)
= (−1)j1 |ξ|2j1(i|ξ|)j2 ψ̃(ξ),

and, thus,

△j1∇j2 ψ(x) =
1

(2π)n

∫

Rn
(−1)j1 |ξ|2j1(i|ξ|)j2 ψ̃(ξ)ei⟨ξ,x⟩dξ.

Then,

∞

∑
j=0

tαj

Γ(αj + 1) ∑
j1+j2=j

(
j

j1, j2

)
bj1 γj2△j1∇j2 ψ(x)

=
1

(2π)n

∫

Rn
ψ̃(ξ)ei⟨ξ,x⟩

[ ∞

∑
j=0

tαj

Γ(αj + 1) ∑
j1+j2=j

(
j

j1, j2

)
(−b|ξ|2)j1(iγ|ξ|)j2

]
dξ

=
1

(2π)n

∫

Rn
ψ̃(ξ)ei⟨ξ,x⟩

[ ∞

∑
j=0

(−(b|ξ|2 − iγ|ξ|)tα)j

Γ(αj + 1)

]
dξ

=
1

(2π)n

∫

Rn

[ ∫

Rn
ψ(y)e−i⟨ξ,y⟩dy

]
ei⟨ξ,x⟩Eα(−(b|ξ|2 − iγ|ξ|)tα)dξ

=
1

(2π)n

∫

Rn
ψ(y)

[ ∫

Rn
ei⟨ξ,x−y⟩Eα(−(b|ξ|2 − iγ|ξ|)tα)dξ

]
ei⟨ξ,x⟩dy

=
∫

Rn
ψ(y)G1(x − y, t)dy.
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and

∞

∑
j=0

Iαj+α
t ∑

j1+j2=j

(
j

j1, j2

)
bj1 γj2△j1∇j2 ϕ(t, x)

=
1

(2π)n

∫

Rn
ei⟨ξ,x⟩

∞

∑
j=0

Iαj+α
t ∑

j1+j2=j

(
j

j1, j2

)
(−b|ξ|2)j1(γi|ξ|)j2 ϕ̃(t, ξ)dξ

=
1

(2π)n

∫

Rn
ei⟨ξ,x⟩

∞

∑
j=0

(−b|ξ|2 + γi|ξ|)j Iαj+α
t ϕ̃(t, ξ)dξ

=
1

(2π)n

∫ t

0
(t − τ)α−1

∫

Rn
ei⟨ξ,x⟩Eα,α(−(b|ξ|2 − γi|ξ|)(t − τ)α)ϕ̃(τ, ξ)dξdτ

=
1

(2π)n

∫ t

0
(t − τ)α−1

∫

Rn
ei⟨ξ,x⟩Eα,α(−(b|ξ|2 − γi|ξ|)(t − τ)α)

∫

Rn
e−i⟨ξ,y⟩ϕ(τ, y)dydξdτ

=
1

(2π)n

∫ t

0
(t − τ)α−1

∫

Rn
ϕ(τ, y)

[ ∫

Rn
ei⟨ξ,x−y⟩Eα,α(−(b|ξ|2 − γi|ξ|)(t − τ)α)dξ

]
dydτ

=
∫ t

0

∫

Rn
ϕ(τ, y)G2(x − y, t − τ)dydτ.

Example 3. The following fractional convection–diffusion equation:





c∂α

∂tα
W(t, x) = △W(t, x) +∇W(t, x) + sin(t2|x|),

W(0, x) = 1,
(25)

has a unique solution for 0 < α ≤ 1

W(t, x) =
∞

∑
k=0

Iαk+α
t ∑

k1+k2=k

(
k

k1, k2

)
△k1∇k2 sin(t2|x|)

+
∞

∑
k=0

tαk

Γ(αk + 1) ∑
k1+k2=k

(
k

k1, k2

)
△k1∇k21.

Clearly,

∇ sin(t2|x|) = nt2 sin
(

t2|x|+ π

2

)
,

...

∇k2 sin(t2|x|) = (nt2)k2 sin
(

t2|x|+ k2π

2

)
,

△∇k2 sin(t2|x|) = (nt2)k2 nt4 sin
(

t2|x|+ k2π

2
+ π

)
,

...

△k1∇k2 sin(t2|x|) = (nt2)k2(nt4)k1 sin
(

t2|x|+ k2π

2
+ k1π

)

= nk1+k2 t4k1+2k2(−1)k1 sin
(

t2|x|+ k2π

2

)
.
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Hence,

W(t, x) =
∞

∑
k=0

∑
k1+k2=k

(
k

k1, k2

)
nk1+k2 Iαk+α

t t4k1+2k2(−1)k1 sin
(

t2|x|+ k2π

2

)

+
∞

∑
k=0

tαk

Γ(αk + 1) ∑
k1+k2=k

(
k

k1, k2

)
△k1∇k21

= 1 +
∞

∑
k=0

nk ∑
k1+k2=k

(−1)k1

(
k

k1, k2

)
Iαk+α
t t4k1+2k2 sin

(
t2|x|+ k2π

2

)
.

We must add that it would be complicated to use the above convolution formula to
find the solution.

Remark 4. (a) The highly complex integral solutions using Green’s functions for Examples 7 and 8
can be obtained with DeepSeek-R1. However, it is unable to find the simple series solutions that we
derived. The reason for this was explained earlier in Remark 5 (a).

(b) We also note that handling Equation (1) with a variable coefficient, such as a = a(t, x), or
certain boundary conditions, would be challenging using our current inverse operator method, as it
appears infeasible to explicitly construct an inverse operator.

6. Conclusions
Using the inverse operator approach and the multivariate Mittag–Leffler function, we

derived an analytic solution to the time-fractional convection–diffusion Equation (1) and
showed that our formula is consistent with the integral convolution solution using the
Fourier transforms and Taylor’s expansions of the Mittag–Leffler functions. In addition, a
few examples were presented to demonstrate the effectiveness of our method in solving
certain fractional convection–diffusion equations. Our inverse approach also serves as a
powerful tool for investigating a wide range of other partial differential equations with
variable coefficients. As a direction for future research, it is worth studying the following
time-fractional Klein–Gordon equation for 0 < α ≤ 1:





c∂2α

∂t2α
W(t, x)−△W(t, x) + m2αW(t, x) = 0,

W(0, x) = ψ1(x), W ′
t (0, x) = ψ2(x), (t, x) ∈ R+ ×Rn,

where m is a constant (mass parameter).
The time-fractional Klein–Gordon equation is a useful mathematical tool that extends

the classical Klein–Gordon equation by incorporating fractional derivatives in time. This
generalization allows the equation to model phenomena with memory effects, non-local
behavior, and anomalous dynamics.
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