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ABSTRACT
Fractional differential equations (FDEs) generalize classical integer-order calculus to noninteger orders, enabling the modeling of
complex phenomena that classical equations cannot fully capture. Their study has become essential across science, engineering,
and mathematics due to their unique ability to describe systems with nonlocal interactions. In this paper, we study the unique-
ness, existence, and stability for a new nonlinear FDE with functional boundary condition (which describes nonlocal properties)
based on several well-known fixed-point theorems, the two-parameter Mittag–Leffler function, and an implicit integral equation
obtained from inverse operators. Several examples are presented to demonstrate applications of our key theorems. Furthermore,
we also indicate that the method used can deal with PDEs, with various initial or boundary conditions.
MSC Classification: 34B15, 34A12, 34K20, 26A33

1 | Introduction and Preliminaries

The Riemann–Liouville fractional integral 𝐼
𝛽 of order 𝛽 ∈ 𝑅

+ is
defined for the function 𝜁 (𝑥) as

(𝐼𝛽
𝜁 )(𝑥) = 1

Γ(𝛽) ∫
𝑥

0
(𝑥 − 𝜏)𝛽−1

𝜁 (𝜏)𝑑𝜏, 𝑥 ∈ [0, 𝑇 ], 𝑇 > 0.

In particular,
(𝐼0

𝜁 )(𝑥) = 𝜁 (𝑥),

from [1].

Let 𝑛 ∈ ℕ = {1, 2, 3, · · · }. The Liouville–Caputo fractional
derivative of order 𝛽 ∈ 𝑅

+ of the function 𝜁 (𝑥) is defined as

(
𝐶
𝐷

𝛽
𝜁 )(𝑥) = 𝐼

𝑛−𝛽 𝑑
𝑛

𝑑𝑥𝑛
𝜁 (𝑥) = 1

Γ(𝑛 − 𝛽) ∫
𝑥

0
(𝑥 − 𝜏)𝑛−𝛽−1

𝜁
(𝑛)(𝜏)𝑑𝜏,
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where 𝑛 − 1 < 𝛽 ≤ 𝑛.

Assume that 𝜂 ∶ [0, 1] ×ℝ → ℝ is a mapping and 𝜙 ∶ 𝐶[0, 1]→
ℝ is a functional. We shall study the uniqueness, existence
and stability for the following nonlinear fractional differential
equation (FDE) with a nonlocal boundary condition for 1 < 𝛽 ≤ 2
and a constant 𝜆:

{
𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆

𝐶
𝐷

𝛾
𝜁 (𝑥) = 𝜂(𝑥, 𝜁 (𝑥)), 𝑥 ∈ [0, 1],

𝜁 (0) = 0, 𝜁 (1) = 𝜙(𝜁 ),
(1.1)

where 0 < 𝛾 ≤ 1 < 𝛽 is a constant.

Equation (1.1) with multiple terms of fractional derivatives on the
left-hand side (which is different from numerous existing works)
and functional boundary condition, is new and, to the best of our
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knowledge, has not been previously investigated. In order to get
an implicit equivalent integral equation, we have to utilize an infi-
nite series as an inverse operator by applying several fixed-point
theorems. In addition, this equation is a generalization of various
FDE with integral boundary problems.

Nonlinear boundary value problems, including nonlocal condi-
tions, often appear in the mathematical models of real world
phenomena. The study of boundary value problems is impor-
tant due to their extensive applications in diverse disciplines of
applied sciences and engineering. There have been many inter-
esting investigations in the area dealing with different boundary
conditions [2–17]. Adigüzel1 et al. [18] considered a boundary
value problem for a nonlinear FDE with the Riemann-Liouville
fractional derivative by means of a fixed point problem for an inte-
gral operator. Kumar and Malik [19] studied the existence and
stability of fractional integro differential equation with nonin-
stantaneous impulses and periodic boundary condition on time
scales. Li [20] worked on the uniqueness of solutions for the
following nonlinear integro-differential equation with nonlocal
boundary condition and variable coefficients for 𝑙 < 𝛼 ≤ 𝑙 + 1
and 𝑙 ∈ ℕ using Banach’s contractive principle:

⎧⎪⎨⎪⎩
𝐶
𝐷

𝛼
𝜁 (𝑥) + 𝑎(𝑥) 𝐼𝛽

𝜁 (𝑥) = 𝑔(𝑥, 𝜁 (𝑥)), 𝑥 ∈ [0, 𝑇 ], 𝑎 ∈ 𝐶[0, 𝑇 ],
𝜁 (0) = −𝜙(𝜁 ), 𝜁

′′(0) = · · · = 𝜁
(𝑙)(0) = 0,

∫ 𝑇

0 𝜁 (𝑥)𝑑𝑥 = 𝑚,

where 𝑚 is a constant, 𝛽 ≥ 0, 𝑔 ∶ [0, 𝑇 ] ×ℝ→ ℝ and 𝜙 ∶
𝐶[0, 𝑇 ] → ℝ. Very recently, Zhao et al. [21] investigated the
solvability and stability of nonlinear impulsive Langevin and
Sturm–Liouville equations with Caputo–Hadamard (CH) frac-
tional derivatives and multipoint boundary value conditions. In
[22], Zhao examined the solvability and generalized Ulam–Hyers
(UH) stability of a nonlinear Atangana–Baleanu–Caputo (ABC)
fractional coupled system with a Laplacian operator and
impulses.

We define the Banach space 𝐶[0, 1] of all continuous functions
from [0, 1] to ℝ with the norm

‖𝜁‖ = max
𝑥∈[0,1]

|𝜁 (𝑥)| < +∞.

The two-parameter Mittag–Leffler function [23] is defined by

𝐸
𝛼,𝛽
(𝑧) =

∞∑
𝑘=0

𝑧
𝑘

Γ(𝛼𝑘 + 𝛽)
, 𝑧 ∈ ℂ, 𝛼, 𝛽 > 0.

Babenko’s approach [24] (or the inverse operator method) is a
powerful tool for studying uniqueness and existence of differ-
ential equations with initial or boundary conditions. To demon-
strate this in detail, we consider the following nonlinear FDE
with an integral initial condition for a bounded function 𝑔 ∈
𝐶([0, 1] ×ℝ):

⎧⎪⎨⎪⎩
𝐶
𝐷

𝛼
𝜁 (𝑥) + 𝜆 𝜁 (𝑥) = 𝑔(𝑥, 𝜁 (𝑥)), 𝑥 ∈ [0, 1], 0 < 𝛼 ≤ 1,

𝜁 (0) = 𝑠∫
1

0
𝜁 (𝑥)𝑑𝑥,

(1.2)

where 𝑠 is a constant.

Applying the operator 𝐼
𝛼 to equation (1.2), we get

𝜁 (𝑥) − 𝜁 (0) + 𝜆𝐼
𝛼
𝜁 (𝑥) = 𝐼

𝛼
𝑔(𝑥, 𝜁 (𝑥)),

which deduces

(1 + 𝜆𝐼
𝛼)𝜁 (𝑥) = 𝐼

𝛼
𝑔(𝑥, 𝜁 (𝑥)) + 𝑠∫

1

0
𝜁 (𝑥)𝑑𝑥.

Then we claim that the inverse operator of 1 + 𝜆𝐼
𝛼 is

𝑉
𝜆
=

∞∑
𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝛼𝑘

in the space 𝐶[0, 1]. Indeed, we have that for any 𝜁 ∈ 𝐶[0, 1]

‖‖𝑉
𝜆
𝜁‖‖ ≤ ‖𝜁‖ ∞∑

𝑘=0
|𝜆|𝑘‖‖‖𝐼

𝛼𝑘‖‖‖
≤ ‖𝜁‖ ∞∑

𝑘=0
|𝜆|𝑘 1

Γ(𝛼𝑘 + 1)
= ‖𝜁‖𝐸(𝛼,1)(|𝜆|) < +∞,

which implies that 𝑉
𝜆

is a continuous mapping from 𝐶[0, 1] to
itself. In addition,

𝑉
𝜆
(1 + 𝜆𝐼

𝛼) = (1 + 𝜆𝐼
𝛼)𝑉

𝜆
= 1 (identity operator).

Clearly,

𝑉
𝜆
(1 + 𝜆𝐼

𝛼) =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝛼𝑘 +

∞∑
𝑘=0
(−1)𝑘𝜆𝑘+1

𝐼
𝛼(𝑘+1)

= 1 +
∞∑

𝑘=1
(−1)𝑘𝜆𝑘

𝐼
𝛼𝑘 +

∞∑
𝑘=0
(−1)𝑘𝜆𝑘+1

𝐼
𝛼(𝑘+1)

= 1,

and 𝑉
𝜆

is unique.

Hence, we formally obtain

𝜁 (𝑥) = (1 + 𝜆𝐼
𝛼)−1

(
𝐼

𝛼
𝑔(𝑥, 𝜁 (𝑥)) + 𝑠∫

1

0
𝜁 (𝑥)𝑑𝑥

)

=
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝛼𝑘+𝛼

𝑔(𝑥, 𝜁 (𝑥))

+ 𝑠∫
1

0
𝜁 (𝑥)𝑑𝑥

∞∑
𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝛼𝑘1

=
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝛼𝑘+𝛼

𝑔(𝑥, 𝜁 (𝑥))

+ 𝑠∫
1

0
𝜁 (𝑥)𝑑𝑥

∞∑
𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝛼𝑘

Γ(𝛼𝑘 + 1)
.

The above integral equation is equivalent to Equation (1.2) with
the initial condition. Furthermore, we assume that

𝑑 = 1 − |𝑠|𝐸(𝛼, 1)(|𝜆|) > 0.

Then 𝜁 is uniformly bounded on [0, 1]. Indeed,

‖𝜁‖ ≤ ∞∑
𝑘=0

|𝜆|𝑘
Γ(𝛼𝑘 + 𝛼 + 1)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝑔(𝑥, 𝑦)| + |𝑠|‖𝜁‖𝐸(𝛼, 1)(|𝜆|).
Mathematical Methods in the Applied Sciences, 202511162
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Thus,

‖𝜁‖ ≤ 1
𝑑

𝐸
𝛼, 𝛼+1(|𝜆|) sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝑔(𝑥, 𝑦)| < +∞,

which claims that 𝜁 is uniformly bounded. If the function 𝑔 fur-
ther satisfies the following Lipschitz condition,

|𝑔(𝑥, 𝑦1) − 𝑔(𝑥, 𝑦2)| ≤ 𝐿|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ ℝ

for a nonnegative constant 𝐿, and

𝑄 = 𝐿𝐸(𝛼, 𝛼+1)(|𝜆|) + |𝑠|𝐸(𝛼, 1)(|𝜆|) < 1,

then Equation (1.2) has a unique solution in 𝐶[0, 1] by Banach’s
contractive principle. To show this, we start by defining a map-
ping 𝕋 over 𝐶[0, 1] as

𝕋 𝜁 (𝑥) =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝛼𝑘+𝛼

𝑔(𝑥, 𝜁 (𝑥))

+ 𝑠∫
1

0
𝜁 (𝑥)𝑑𝑥

∞∑
𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝛼𝑘

Γ(𝛼𝑘 + 1)
.

Then 𝕋 𝜁 ∈ 𝐶[0, 1]. It remains to be shown that 𝕋 is contractive.
Evidently,

‖‖𝕋 𝜁1 − 𝕋 𝜁2
‖‖ ≤ 𝐿𝐸(𝛼, 𝛼+1)(|𝜆|)‖‖𝜁1 − 𝜁2

‖‖
+ |𝑠|𝐸(𝛼, 1)(|𝜆|)‖‖𝜁1 − 𝜁2

‖‖ = 𝑄‖‖𝜁1 − 𝜁2
‖‖.

Since 𝑄 < 1, Equation (1.2) has a unique solution in 𝐶[0, 1] from
Banach’s contractive principle.

In summary, we have the following theorem.

Theorem 1. Let 𝑔 ∈ 𝐶([0, 1] ×ℝ) be a bounded function sat-
isfying the Lipschitz condition:

|𝑔(𝑥, 𝑦1) − 𝑔(𝑥, 𝑦2)| ≤ 𝐿|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ ℝ,

for a nonnegative constant 𝐿. In addition, we assume that

𝑄 = 𝐿𝐸(𝛼, 𝛼+1)(|𝜆|) + |𝑠|𝐸(𝛼, 1)(|𝜆|) < 1,

then Equation (1.2) has a unique solution in 𝐶[0, 1].

We would like to add that the method of inverse operators is
also powerful in studying PDEs with initial conditions or bound-
ary value problems. For example, Li [25] derived the following
theorem making use of an inver operator:

Theorem 2. Considering the nonlinear fractional partial inte-
gro differential equation with boundary conditions and a variable
coefficient,
{

𝑐
𝜕

𝛼

𝜕𝑡𝛼
𝑢(𝑡, 𝑥) + 𝑎(𝑥) 𝐼𝛽

𝑥 𝑢(𝑡, 𝑥) = 𝑓 (𝑡, 𝑥, 𝑢(𝑡, 𝑥)), 1 < 𝛼 ≤ 2, 𝛽 ≥ 0,

𝑢(0, 𝑥) = 0, 𝑢(1, 𝑥) = 𝜙(𝑥), (𝑡, 𝑥) ∈ [0, 1] × [0, 1];

we assume that 𝑎 and 𝜙 are continuous functions over [0, 1], 𝑓 ∶
[0, 1] × [0, 1] ×ℝ → ℝ is a continuous function satisfying

|𝑓 (𝑡, 𝑥, 𝑢1) − 𝑓 (𝑡, 𝑥, 𝑢2)| ≤ 𝐿|𝑢1 − 𝑢2|, 𝑢1, 𝑢2 ∈ ℝ,

for a nonnegative constant 𝐿, and

𝐵 = 𝐿

∞∑
𝑘=0

‖𝑎‖𝑘

Γ(𝛼𝑘 + 𝛼 + 1)Γ(𝛽𝑘 + 1)

+ ‖𝑎‖
Γ(𝛼 + 1)Γ(𝛽 + 1)

∞∑
𝑘=0

‖𝑎‖𝑘

Γ(𝛼𝑘 + 1)Γ(𝛽𝑘 + 1)

+ 𝐿

Γ(𝛼 + 1)

∞∑
𝑘=0

‖𝑎‖𝑘

Γ(𝛼𝑘 + 1)Γ(𝛽𝑘 + 1)
< 1.

Then there exists a unique solution to the equation.

The remainder of the paper is structured as follows: In Section 2,
we will derive an equivalent implicit integral equation of
Equation (1.1) based on an inverse operator, then investigate the
uniqueness by Banach’s contractive principle with an illustra-
tive example. Section 3 studies the existence of solutions using
Leray-Schauder’s fixed point theorem and presents an applica-
ble example showing applications. Section 4 introduces a stability
concept and derives sufficient conditions for equation (1.1) being
stable with an example. Finally, we summarize the entire work in
Section 5.

2 | Uniqueness

Theorem 3. Let 𝜂 be a continuous and bounded function on
[0, 1] ×ℝ, 𝜙 ∶ 𝐶[0, 1]→ ℝ be a functional and

𝑤 = 1 − |𝜆|
Γ(𝛽 − 𝛾 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|) > 0.

Then 𝜁 is a solution of Equation (1.1) if and only if it satisfies the
following integral equation in 𝐶[0, 1]:

𝜁 (𝑥) =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽

𝜂(𝑥, 𝜁 (𝑥))

+ 𝜙(𝜁 )
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

In addition,

‖𝜁‖ ≤ 1
𝑤

(
𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) + 1

𝛾(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|)

)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
+ 1

𝑤
|𝜙(𝜁 )|𝐸(𝛽−𝛾, 2)(|𝜆|) < +∞

Proof. Let 1 < 𝛽 ≤ 2. It follows from [23] that

𝐼
𝛽(

𝐶
𝐷

𝛽)𝜁 (𝑥) = 𝜁 (𝑥) − 𝜁 (0) − 𝜁
′(0)𝑥 = 𝜁 (𝑥) − 𝜁

′(0)𝑥,
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using 𝜁 (0) = 0. Thus, applying the integral operator 𝐼
𝛽 to the

equation

𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆

𝐶
𝐷

𝛾
𝜁 (𝑥) = 𝜂(𝑥, 𝜁 (𝑥)),

we come to

𝜁 (𝑥) − 𝜁
′(0)𝑥 + 𝜆𝐼

𝛽−𝛾 (𝜁 (𝑥) − 𝜁 (0)) = 𝐼
𝛽
𝜂(𝑥, 𝜁 (𝑥)),

by noting that 0 < 𝛾 ≤ 1. It follows from setting 𝑥 = 1 that

𝜙(𝜁 ) − 𝜁
′(0) + 𝜆𝐼

𝛽−𝛾

𝑥=1 𝜁 (𝑥) = 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥)),

and hence,

𝜁
′(0) = 𝜙(𝜁 ) + 𝜆𝐼

𝛽−𝛾

𝑥=1 𝜁 (𝑥) − 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥)).

So we have

(
1 + 𝜆𝐼

𝛽−𝛾
)
𝜁 (𝑥)

= 𝐼
𝛽
𝜂(𝑥, 𝜁 (𝑥)) + 𝑥𝜙(𝜁 ) + 𝜆𝑥𝐼

𝛽−𝛾

𝑥=1 𝜁 (𝑥) − 𝑥𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥)).

Using Babenko’s approach (the inverse operator), we get

𝜁 (𝑥) =
(
1 + 𝜆𝐼

𝛽−𝛾
)−1

(
𝐼

𝛽
𝜂(𝑥, 𝜁 (𝑥)) + 𝑥𝜙(𝜁 )

+𝜆𝑥𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥) − 𝑥𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥))
)

=
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)

(
𝐼

𝛽
𝜂(𝑥, 𝜁 (𝑥)) + 𝑥𝜙(𝜁 )

+𝜆𝑥𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥) − 𝑥𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥))
)

=
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽

𝜂(𝑥, 𝜁 (𝑥))

+ 𝜙(𝜁 )
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)

𝑥

+ 𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1

𝐼
𝑘(𝛽−𝛾)

𝑥

− 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)

𝑥

=
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽

𝜂(𝑥, 𝜁 (𝑥))

+ 𝜙(𝜁 )
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)
.

Hence, 𝜁 is a solution of Equation (1.1) if and only if it satisfies
the integral Equation (2.1) since all above steps are reversible.

Furthermore,

‖𝜁‖ ≤ ∞∑
𝑘=0

|𝜆|𝑘
Γ(𝑘(𝛽 − 𝛾) + 𝛽 + 1)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
+ |𝜙(𝜁 )| ∞∑

𝑘=0

|𝜆|𝑘
Γ(𝑘(𝛽 − 𝛾) + 2)

+ ‖𝜁‖
Γ(𝛽 − 𝛾 + 1)

|𝜆| ∞∑
𝑘=0

|𝜆|𝑘
Γ(𝑘(𝛽 − 𝛾) + 2)

+ 1
𝛾(𝛽 + 1)

∞∑
𝑘=0

|𝜆|𝑘
Γ(𝑘(𝛽 − 𝛾) + 2)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
= 𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)| + |𝜙(𝜁 )|𝐸(𝛽−𝛾, 2)(|𝜆|)

+ ‖𝜁‖
Γ(𝛽 − 𝛾 + 1)

|𝜆|𝐸(𝛽−𝛾, 2)(|𝜆|)
+ 1

𝛾(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|) sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)|.

Since

𝑤 = 1 − |𝜆|
Γ(𝛽 − 𝛾 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|) > 0,

we deduce

‖𝜁‖ ≤ 1
𝑤

(
𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) + 1

𝛾(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|)

)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
+ 1

𝑤
|𝜙(𝜁 )|𝐸(𝛽−𝛾, 2)(|𝜆|) < +∞.

This completes the proof. ◽

The following is the theorem regarding the uniqueness to
Equation (1.1) based on Banach’s contractive principle.

Theorem 4. Let 𝜂 be a continuous and bounded function on
[0, 1] ×ℝ, satisfying the following Lipschitz condition for a nonneg-
ative constant 1:

|𝜂(𝑥, 𝑦1) − 𝜂(𝑥, 𝑦2)| ≤ 1|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ ℝ,

𝜙 ∶ 𝐶[0, 1] → ℝ be a functional satisfying the condition for a non-
negative constant 2

|𝜙(𝜁1) − 𝜙(𝜁2)| ≤ 2
‖‖𝜁1 − 𝜁2

‖‖,

for 𝜁1, 𝜁2 ∈ 𝐶[0, 1]. Furthermore, we assume

𝑆 = 1𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|)
+
(
2 +

1

Γ(𝛽 + 1)
+ |𝜆|
Γ(𝛽 − 𝛾 + 1)

)
𝐸(𝛽−𝛾, 2)(|𝜆|) < 1.

Then Equation (1.1) has a unique solution in 𝐶[0, 1].

Mathematical Methods in the Applied Sciences, 202511164
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Proof. Define a nonlinear mapping over 𝐶[0, 1] as

𝜁 =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽

𝜂(𝑥, 𝜁 (𝑥))

+ 𝜙(𝜁 )
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)
.

It follows from the proof of Theorem 3 that𝜁 ∈ 𝐶[0, 1]. We are
going to show that is contractive. Clearly,

𝜁1 −𝜁2 =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽 (𝜂(𝑥, 𝜁1(𝑥)) − 𝜂(𝑥, 𝜁2(𝑥)))

+ (𝜙(𝜁1) − 𝜙(𝜁2))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 (𝜁1(𝑥) − 𝜁2(𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1(𝜂(𝑥, 𝜁1(𝑥))

− 𝜂(𝑥, 𝜁2(𝑥)))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)
.

Hence,

‖‖𝜁1 −𝜁2
‖‖ ≤ 1

‖‖𝜁1 − 𝜁2
‖‖𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|)

+ 2
‖‖𝜁1 − 𝜁2

‖‖𝐸(𝛽−𝛾, 2)(|𝜆|)
+ |𝜆|
Γ(𝛽 − 𝛾 + 1))

‖‖𝜁1 − 𝜁2
‖‖𝐸(𝛽−𝛾, 2)(|𝜆|)

+
1

Γ(𝛽 + 1)
‖‖𝜁1 − 𝜁2

‖‖𝐸(𝛽−𝛾, 2)(|𝜆|) = 𝑆‖‖𝜁1 − 𝜁2
‖‖.

Since 𝑆 < 1, Equation (1.1) has a unique solution using Banach’s
contractive principle. The proof is completed. ◽

Example 5. The following nonlinear FDE with the nonlocal
boundary condition:

⎧⎪⎨⎪⎩
𝐶
𝐷

1.5
𝜁 (𝑥) − 1

2 𝐶
𝐷

0.5
𝜁 (𝑥) = 1

19
sin((𝑥2 + 1)𝜁 (𝑥))

+ arctan(𝑥3 + 1), 𝑥 ∈ [0, 1],
𝜁 (0) = 0, 𝜁 (1) = 1

10(1+𝜁2(1∕2))

(2.3)

has a unique solution in 𝐶[0, 1].

Proof. Let

𝜂(𝑥, 𝜁 ) = 1
19

sin((𝑥2 + 1)𝜁 ) + arctan(𝑥3 + 1).

Then 𝜂 is a continuous and bounded function on [0, 1] ×ℝ, satis-
fying

|𝜂(𝑥, 𝜁1) − 𝜂(𝑥, 𝜁2)| ≤ 1
19

| sin((𝑥2 + 1)𝜁1) − sin((𝑥2 + 1)𝜁2)|
≤ 2

19
|𝜁1 − 𝜁2|,

which infers that 1 = 2∕19. On the other hand,

𝜙(𝜁 ) = 1
10(1 + 𝜁2(1∕2))

satisfies

|𝜙(𝜁1) − 𝜙(𝜁2)| ≤ |||||
1

10(1 + 𝜁
2
1 (1∕2))

− 1
10(1 + 𝜁

2
2 (1∕2))

|||||
≤ 1

10
|𝜁1(1∕2) − 𝜁2(1∕2)| ≤ 1

10
‖‖𝜁1 − 𝜁2

‖‖,

by the mean value theorem and noting that

|||| 𝑑

𝑑𝑥

( 1
1 + 𝑥2

)|||| = 2|𝑥|
(1 + 𝑥2)2

≤ 1, 𝑥 ∈ ℝ.

So 2 = 1∕10 and

𝑆 = 2
19

𝐸(1, 2.5)(1∕2)

+
(

1
10
+

2∕19
Γ(1.5 + 1)

+
1∕2

Γ(1.5 − 0.5 + 1)

)
𝐸(1, 2)(1∕2)

= 2
19

𝐸(1, 2.5)(1∕2) +
(

1
10
+ 2

19 Γ(2.5)
+ 1∕2

)
𝐸(1, 2)(1∕2)

≈ 2
19

∗ 0.926819 +
(

1
10
+ 2

19 Γ(2.5)
+ 1∕2

)
∗ 1.2974

≈ 0.978734 < 1.

By Theorem 4, Equation (2.3) has a unique solution in 𝐶[0, 1]. ◽

3 | Existence

Using Leray–Schauder’s fixed point theorem, we present the fol-
lowing existence theorem.

Theorem 6. Let 𝜂 be a continuous and bounded function
on [0, 1] ×ℝ and 𝜙 ∶ 𝐶[0, 1] → ℝ be a functional satisfying the
condition for a nonnegative constant 2

|𝜙(𝜁1) − 𝜙(𝜁2)| ≤ 2
‖‖𝜁1 − 𝜁2

‖‖,

for 𝜁1, 𝜁2 ∈ 𝐶[0, 1]. In addition, we assume

 = 1 −
(
2 +

|𝜆|
Γ(𝛽 − 𝛾 + 1)

)
𝐸(𝛽−𝛾, 2)(|𝜆|) > 0.

Then there exists at least one solution to Equation (1.1) in the space
𝐶[0, 1].

Proof. Clearly,

|𝜙(𝜁 )| ≤ |𝜙(𝜁 ) − 𝜙(0)| + |𝜙(0)| ≤ 2‖𝜁‖ + |𝜙(0)| < +∞,

if 𝜁 ∈ 𝐶[0, 1].
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We again define the nonlinear mapping over 𝐶[0, 1] as

𝜁 =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽

𝜂(𝑥, 𝜁 (𝑥))

+ 𝜙(𝜁 )
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁 (𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)
.

It follows from the proof of Theorem 3 that

‖𝜁‖ ≤ 𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)| + |𝜙(𝜁 )|𝐸(𝛽−𝛾, 2)(|𝜆|)
+ |𝜆|‖𝜁‖
Γ(𝛽 − 𝛾 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|)
+ 1

𝛾(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|) sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)| < +∞

which claims that𝜁 ∈ 𝐶[0, 1]. We first show that (i) is con-
tinuous. In fact,

‖‖𝜁1 −𝜁2
‖‖ ≤ 𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) sup

𝑥∈[0,1]
|𝜂(𝑥, 𝜁1) − 𝜂(𝑥, 𝜁2)|

+ 2
‖‖𝜁1 − 𝜁2

‖‖𝐸(𝛽−𝛾, 2)(|𝜆|)
+

|𝜆|‖‖𝜁1 − 𝜁2
‖‖

Γ(𝛽 − 𝛾 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|)

+ 1
𝛾(𝛽 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|) sup
𝑥∈[0,1]

|𝜂(𝑥, 𝜁1) − 𝜂(𝑥, 𝜁2)|.
This implies that is continuous since 𝜂 is continuous.

(ii) Furthermore, we prove that is a mapping from bounded
sets to bounded sets. Let  be a bounded set in 𝐶[0, 1]. Then
for 𝜁 ∈  ,

|𝜙(𝜁 )| = |𝜙(𝜁 ) − 𝜙(0) + 𝜙(0)| ≤ 2‖𝜁‖ + |𝜙(0)| < ,

where  is a positive constant. It follows from inequal-
ity (3.1) that 𝜁 is uniformly bounded if 𝜁 ∈ 𝑆, as 𝜂 is
bounded.

(iii) We claim that is completely continuous from 𝐶[0, 1] to
itself. By the Arzela–Ascoli theorem, we need to show that
 is equicontinuous on every bounded set  of 𝐶[0, 1]. For
0 ≤ 𝑡1 < 𝑡2 ≤ 1 and 𝜁 ∈  , we have

|(𝜁 )(𝑡2) − (𝜁 )(𝑡1)| ≤ ∞∑
𝑘=0

|𝜆|𝑘
Γ(𝑘(𝛽 − 𝛾) + 𝛽)

⋅
|||||∫

𝑡2

0
(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1

𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏

− ∫
𝑡1

0
(𝑡1 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1

𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏

|||||

+ |𝜙(𝜁 )| ∞∑
𝑘=0

|𝜆𝑘|
Γ(𝑘(𝛽 − 𝛾) + 2)

|||𝑡𝑘(𝛽−𝛾)+1
2 − 𝑡

𝑘(𝛽−𝛾)+1
1

|||
+ |𝜆|‖𝜁‖
Γ(𝛽 − 𝛾 + 1)

∞∑
𝑘=0

|𝜆𝑘|
Γ(𝑘(𝛽 − 𝛾) + 2)

|||𝑡𝑘(𝛽−𝛾)+1
2 − 𝑡

𝑘(𝛽−𝛾)+1
1

|||
+ 1
Γ(𝛽 + 1)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
∞∑

𝑘=0

|𝜆𝑘|
Γ(𝑘(𝛽 − 𝛾) + 2)

|||𝑡𝑘(𝛽−𝛾)+1
2 − 𝑡

𝑘(𝛽−𝛾)+1
1

|||
= 𝐼1 + 𝐼2 + 𝐼3 + 𝐼4.

As for 𝐼1, we have

∫
𝑡2

0
(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1

𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏

= ∫
𝑡1

0
(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1

𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏

+ ∫
𝑡2

𝑡1

(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1
𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏,

and

∫
𝑡2

0
(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1

𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏

− ∫
𝑡1

0
(𝑡1 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1

𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏

= ∫
𝑡1

0
[(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1 − (𝑡1 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1]𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏

+ ∫
𝑡2

𝑡1

(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1
𝜂(𝜏, 𝜁 (𝜏))𝑑𝜏 = 𝐼12 + 𝐼22.

Obviously,

|𝐼12| ≤ ∫
𝑡1

0
[(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1 − (𝑡1 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1]𝑑𝜏

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
=

(
−
(𝑡2 − 𝑡1)𝑘(𝛽−𝛾)+𝛽

𝑘(𝛽 − 𝛾) + 𝛽
+

𝑡
𝑘(𝛽−𝛾)+𝛽

2

𝑘(𝛽 − 𝛾) + 𝛽
−

𝑡
𝑘(𝛽−𝛾)+𝛽

1

𝑘(𝛽 − 𝛾) + 𝛽

)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
≤
(

𝑡
𝑘(𝛽−𝛾)+𝛽

2

𝑘(𝛽 − 𝛾) + 𝛽
−

𝑡
𝑘(𝛽−𝛾)+𝛽

1

𝑘(𝛽 − 𝛾) + 𝛽

)
sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)|.

By the mean value theorem, we deduce

𝑡
𝑘(𝛽−𝛾)+𝛽

2

𝑘(𝛽 − 𝛾) + 𝛽
−

𝑡
𝑘(𝛽−𝛾)+𝛽

1

𝑘(𝛽 − 𝛾) + 𝛽
= 𝜃

𝑘(𝛽−𝛾)+𝛽−1(𝑡2 − 𝑡1) ≤ 𝑡2 − 𝑡1,

where 𝑡1 < 𝜃 < 𝑡2. In summary,

|𝐼12| ≤ (𝑡2 − 𝑡1) sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|.
Mathematical Methods in the Applied Sciences, 202511166
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On the other hand,

|𝐼22| ≤ (𝑡2 − 𝑡1) max
𝜏∈[𝑡1 ,𝑡2]

|(𝑡2 − 𝜏)𝑘(𝛽−𝛾)+𝛽−1| sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
≤ (𝑡2 − 𝑡1) sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)|.

Regarding 𝐼2, 𝐼3, and 𝐼4, we notice that the factor

|||𝑡𝑘(𝛽−𝛾)+1
2 − 𝑡

𝑘(𝛽−𝛾)+1
1

|||
contains the term 𝑡2 − 𝑡1 for all 𝑘 ≥ 0. Hence, is equicon-
tinuous on every bounded set  of 𝐶[0, 1].

(iv) Finally, we will prove that the set for 0 < 𝛿 < 1

𝑌 = {𝜁 ∈ 𝐶[0, 1] ∶ 𝜁 = 𝛿𝜁}

is bounded. Using

‖𝜁‖ ≤ ‖𝜁‖ ≤ 𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|)
sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)| + |𝜙(𝜁 )|𝐸(𝛽−𝛾, 2)(|𝜆|)

+ |𝜆|‖𝜁‖
Γ(𝛽 − 𝛾 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|)
+ 1

𝛾(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|) sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)|

≤ 𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
+ (2‖𝜁‖ + |𝜙(0)|)𝐸(𝛽−𝛾, 2)(|𝜆|)
+ |𝜆|‖𝜁‖
Γ(𝛽 − 𝛾 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|)
+ 1

𝛾(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|) sup

(𝑥,𝑦)∈[0,1]×ℝ
|𝜂(𝑥, 𝑦)|

and

 = 1 −
(
2 +

|𝜆|
Γ(𝛽 − 𝛾 + 1)

)
𝐸(𝛽−𝛾, 2)(|𝜆|) > 0,

we come to

‖𝜁‖ ≤ 1

(

𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) + 1
𝛾(𝛽 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|)
)

sup
(𝑥,𝑦)∈[0,1]×ℝ

|𝜂(𝑥, 𝑦)|
+ 1
 |𝜙(0)|𝐸(𝛽−𝛾, 2)(|𝜆|) < ∞,

which indicates that 𝑌 is bounded. By Leray–Schauder’s
fixed point theorem, Equation (1.1) has at least one solution
in 𝐶[0, 1]. This completes the proof. ◽

Example 7. The following nonlinear FDE with the nonlocal
boundary condition:

{
𝐶
𝐷

1.8
𝜁(𝑥) + 1

4 𝐶
𝐷

0.7
𝜁(𝑥) = 𝑥

2|𝜁 (𝑥)|
2(1+𝜁2(𝑥))

+ arctan(𝜁3(𝑥)), 𝑥 ∈ [0, 1],

𝜁(0) = 0, 𝜁(1) = 1
10

sin 𝜁(0.8)
(3.2)

has at least one solution in 𝐶[0, 1].

Proof. Clearly,

𝜂(𝑥, 𝑦) = 𝑥
2|𝑦|

2(1 + 𝑦2)
+ arctan 𝑦

3

is a continuous and bounded function on [0, 1] ×ℝ and

𝜙(𝜁 ) = 1
10

sin 𝜁 (0.8)

satisfies

|𝜙(𝜁1) − 𝜙(𝜁2)| ≤ 1
10

| sin 𝜁1(0.8) − sin 𝜁2(0.8)|
≤ 1

10
|𝜁1(0.8) − 𝜁2(0.8)|

≤ 1
10

‖‖𝜁1 − 𝜁2
‖‖, 𝜁1, 𝜁2 ∈ 𝐶[0, 1],

which implies that 2 = 1∕10. We compute

 = 1 −
(

1∕10 +
1∕4

Γ(1.1 + 1)

)
𝐸(1.1, 2)(1∕4)

≈ 1 −
(

1∕10 +
1∕4

Γ(1.1 + 1)

)
∗ 1.1224

≈ 0.619677 > 0.

So, the equation has at least one solution in 𝐶[0, 1] using
Theorem 6. This completes the proof. ◽

Remark 8. Theorem 6 does not require that the function 𝜂

satisfies the Lipschitz condition. Moreover, 𝑆 < 1 in Theorem 4
implies that  > 0 in Theorem 6. In addition, Equation (2.3) is
handled by Theorem 4, rather than Theorem 6, since we need

𝜂 = 1
19

sin((𝑥2 + 1)𝜁 (𝑥)) + arctan(𝑥3 + 1),

to be a Lipschitz function to derive the uniqueness. However,
Equation (3.2) is different as

𝜂 = 𝑥
2|𝜁 (𝑥)|

2(1 + 𝜁2(𝑥))
+ arctan(𝜁3(𝑥))

does not meet the Lipschitz condition, but it is a continuous
and bounded function on [0, 1] ×ℝ, satisfying the condition in
Theorem 6 to show the existence.

4 | Stability Analysis

Stability is an important concept in mathematics that refers to
the stability of a differential equation [26]. The idea of such sta-
bility for differential equations is the substitution of the equation
with a given inequality that acts as a perturbation of the equation.
We are going to study the stability of Equation (1.1) based on the
implicit integral Equation (2.1).

Definition 1. Equation (1.1) is stable if there exists a constant
 > 0 such that for all 𝜖 > 0 and a continuously differentiable
function 𝜁 satisfying the boundary conditions 𝜁 (0) = 0 and 𝜁 (1) =
𝜙(𝜁 ) and the inequality

‖‖‖𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆

𝐶
𝐷

𝛾
𝜁 (𝑥) − 𝜂(𝑥, 𝜁 (𝑥))‖‖‖ < 𝜖 (4.1)

11167
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then there exists a solution 𝜁0 of Equation (1.1) such that

‖‖𝜁 − 𝜁0
‖‖ < 𝜖,

where is a stability constant.

Theorem 10. Let 𝜂 be a continuous and bounded function on
[0, 1] ×ℝ, satisfying the following Lipschitz condition for a nonneg-
ative constant 1:

|𝜂(𝑥, 𝑦1) − 𝜂(𝑥, 𝑦2)| ≤ 1|𝑦1 − 𝑦2|, 𝑦1, 𝑦2 ∈ ℝ,

𝜙 ∶ 𝐶[0, 1]→ ℝ be a functional satisfying the condition for a non-
negative constant 2

|𝜙(𝜁1) − 𝜙(𝜁2)| ≤ 2
‖‖𝜁1 − 𝜁2

‖‖,

for 𝜁1, 𝜁2 ∈ 𝐶[0, 1]. Furthermore, we assume

𝑆 = 1𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) +
(
2 +

1

Γ(𝛽 + 1)
+ |𝜆|
Γ(𝛽 − 𝛾 + 1)

)

𝐸(𝛽−𝛾, 2)(|𝜆|) < 1.

Then Equation (1.1) is stable in 𝐶[0, 1].

Proof. We let

𝜂1(𝑥, 𝜁 (𝑥)) =
𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆

𝐶
𝐷

𝛾
𝜁 (𝑥) − 𝜂(𝑥, 𝜁 (𝑥)),

which implies 𝜁 (0) = 0, 𝜁 (1) = 𝜙(𝜁 ), and

𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆

𝐶
𝐷

𝛾
𝜁 (𝑥) = 𝜂(𝑥, 𝜁 (𝑥)) + 𝜂1(𝑥, 𝜁 (𝑥)),

as well as ‖‖𝜂1
‖‖ < 𝜖.

This new equation

{
𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆

𝐶
𝐷

𝛾
𝜁 (𝑥) = 𝜂(𝑥, 𝜁 (𝑥)) + 𝜂1(𝑥, 𝜁 (𝑥)), 𝑥 ∈ [0, 1],

𝜁 (0) = 0, 𝜁 (1) = 𝜙(𝜁 )

has at least one solution in the space 𝐶[0, 1] by Theorem 6, as the
condition 𝑆 < 1 (in Theorem 10) implies > 0 in Theorem 6, and
𝜂(𝑥, 𝜁 (𝑥)) + 𝜂1(𝑥, 𝜁 (𝑥)) as a new function on the right-hand side of
Equation (1.1) is continuous and bounded on [0, 1] ×ℝ (hence,
all the conditions of Theorem 6 are satisfied). Furthermore, the
condition 𝑆 < 1 implies 𝑤 > 0 in Theorem 3; we get by using the
integral Equation (2.1) since all the conditions of Theorem 3 are
also satisfied

𝜁 (𝑥) =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽 (𝜂(𝑥, 𝜁 (𝑥)) + 𝜂1(𝑥, 𝜁 (𝑥))

+ 𝜙(𝜁 )
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 𝜁 (𝑥)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1(𝜂(𝑥, 𝜁 (𝑥)) + 𝜂1(𝑥, 𝜁 (𝑥)))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)
,

and

𝜁0(𝑥) =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽

𝜂(𝑥, 𝜁0(𝑥))

+ 𝜙(𝜁0)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 𝜁0(𝑥)
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1𝜂(𝑥, 𝜁0(𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)
.

Hence,

𝜁 (𝑥) − 𝜁0(𝑥) =
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽 (𝜂(𝑥, 𝜁 (𝑥)) − 𝜂(𝑥, 𝜁0(𝑥)))

+ (𝜙(𝜁 ) − 𝜙(𝜁0))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+ 𝐼
𝛽−𝛾

𝑥=1 (𝜁 (𝑥) − 𝜁0(𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘+1 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

− 𝐼
𝛽

𝑥=1(𝜂(𝑥, 𝜁 (𝑥)) − 𝜂(𝑥, 𝜁0(𝑥)))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)

+
∞∑

𝑘=0
(−1)𝑘𝜆𝑘

𝐼
𝑘(𝛽−𝛾)+𝛽

𝜂1(𝑥, 𝜁 (𝑥)

− 𝐼
𝛽

𝑥=1𝜂1(𝑥, 𝜁 (𝑥))
∞∑

𝑘=0
(−1)𝑘𝜆𝑘 𝑥

𝑘(𝛽−𝛾)+1

Γ(𝑘(𝛽 − 𝛾) + 2)
.

This implies that

‖‖𝜁 − 𝜁0
‖‖ ≤ 1𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|)‖‖𝜁 − 𝜁0

‖‖ + 2𝐸(𝛽−𝛾, 2)(|𝜆|)‖‖𝜁 − 𝜁0
‖‖

+
( 1

Γ(𝛽 + 1)
+ |𝜆|
Γ(𝛽 − 𝛾 + 1)

)
𝐸(𝛽−𝛾, 2)(|𝜆|)‖‖𝜁 − 𝜁0

‖‖
+
(

𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) + 1
Γ(𝛽 + 1)

𝐸(𝛽−𝛾, 2)(|𝜆|)
)

𝜖,

and

‖‖𝜁 − 𝜁0
‖‖ ≤ 1

1 − 𝑆

(
𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) + 1

Γ(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|)

)

𝜖 = 𝜖,

where

 = 1
1 − 𝑆

(
𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) + 1

Γ(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|)

)

is a stability constant. Therefore, Equation (1.1) is stable in
𝐶[0, 1]. This completes the proof. ◽

Remark 11. It is guaranteed that the existence of function
𝜁 satisfying the boundary conditions 𝜁 (0) = 0 and 𝜁 (1) = 𝜙(𝜁 )
and inequality (4.1). Indeed, the following nonlinear fractional
equation with any constant 𝑐

{
𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆

𝐶
𝐷

𝛾
𝜁 (𝑥) = 𝜂(𝑥, 𝜁 (𝑥)) + 𝑐, 𝑥 ∈ [0, 1],

𝜁 (0) = 0, 𝜁 (1) = 𝜙(𝜁 )

Mathematical Methods in the Applied Sciences, 202511168
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has at least one solution in the space 𝐶[0, 1] by Theorem 6, by
noting that the condition 𝑆 < 1 in Theorem 10 implies  > 0 in
Theorem 6, and all other conditions of Theorem 6, such as

|𝜙(𝜁1) − 𝜙(𝜁2)| ≤ 2
‖‖𝜁1 − 𝜁2

‖‖, for 𝜁1, 𝜁2 ∈ 𝐶[0, 1],

are also satisfied.

Example 12. The following nonlinear FDE with the bound-
ary condition:

⎧⎪⎨⎪⎩
𝐶
𝐷

1.7
𝜁 (𝑥) − 1

4 𝐶
𝐷

0.2
𝜁 (𝑥) = 1

17
cos

(
𝜁(𝑥)
𝑥3+1

)
+ 𝑥

3 sin 𝑥

𝑥4+2
, 𝑥 ∈ [0, 1],

𝜁 (0) = 0, 𝜁 (1) = 2

(4.2)
is stable in 𝐶[0, 1].

Proof. Clearly,

𝜂(𝑥, 𝜁 ) = 1
17

cos
(

𝜁

𝑥3 + 1

)
+ 𝑥

3 sin 𝑥

𝑥4 + 2

is a continuous and bounded function on [0, 1] ×ℝ, satisfying the
following Lipschitz condition for 𝜁1, 𝜁2 ∈ ℝ:

|𝜂(𝑥, 𝜁1) − 𝜂(𝑥, 𝜁2)| ≤ 1
17

|||||cos
(

𝜁1

𝑥3 + 1

)
− cos

(
𝜁2

𝑥3 + 1

)|||||
≤ 1

17
|𝜁1 − 𝜁2|,

which claims that 1 = 1∕17. Furthermore, 2 = 0 since 𝜙(𝜁 ) =
2. We need to evaluate the following value by Theorem 10

𝑆 = 1𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) +
(
2 +

1

Γ(𝛽 + 1)
+ |𝜆|
Γ(𝛽 − 𝛾 + 1)

)

𝐸(𝛽−𝛾, 2)(|𝜆|)
= 1

17
𝐸(1.5, 2.7)(1∕4) +

(
0 + 1

17Γ(2.7)
+ 1

4Γ(2.5)

)
𝐸(1.5, 2)(1∕4)

≈ 0.283786 < 1.

So Equation (4.2) is stable in 𝐶[0, 1] by Theorem 10. This com-
pletes the proof. ◽

In particular, for 𝜖 = 0.5 and a continuously differentiable func-
tion 𝜁 satisfying the boundary condition 𝜁 (0) = 0, 𝜁 (1) = 2, and
the inequality

‖‖‖‖‖𝐶
𝐷

1.7
𝜁 (𝑥) − 1

4 𝐶
𝐷

0.2
𝜁 (𝑥) − 1

17
cos

(
𝜁

𝑥3 + 1

)
− 𝑥

3 sin 𝑥

𝑥4 + 2

‖‖‖‖‖ < 0.5,

then there exists a solution 𝜁0 of Equation (1.1) such that

‖‖𝜁 − 𝜁0
‖‖ < 0.5 = 0.962205,

where is the stability constant given by

 = 1
1 − 𝑆

(
𝐸(𝛽−𝛾, 𝛽+1)(|𝜆|) + 1

Γ(𝛽 + 1)
𝐸(𝛽−𝛾, 2)(|𝜆|)

)

≈ 1
1 − 0.283786

(
𝐸(1.5, 2.7)(1∕4) + 1

Γ(2.7)
𝐸(1.5, 2)(1∕4)

)

≈ 1.92441.

5 | Conclusion

FDEs are not just mathematical curiosities—they are indis-
pensable tools for modern science and engineering. By tran-
scending the limitations of classical models, FDEs enable deeper
insights into complex systems, drive computational innovation,
and solve pressing real-world problems. In the current work, we
have investigated the nonlinear FDE (1.1) with variable coef-
ficients and functional boundary condition, which covers all
types of integral boundary conditions, using the two-parameter
Mittag–Leffler function, inverse operators, and fixed-point the-
ory. In addition, we presented applicable examples making use
of the theorems. Following the similar techniques, we are able to
study other types of differential equations including PDEs with
nonlocal boundary value problems or initial conditions. As future
research, it is worth considering the following time-fractional
convection–diffusion equation with an initial condition and
source term for constants 𝑎, 𝑏, 𝛾 ∈ ℝ by an inverse operator and
the multivariate Mittage–Leffler function:

{
𝑐
𝜕

𝛼

𝜕𝑡𝛼
𝑢(𝑡, 𝑥) + 𝑎

𝑐
𝜕

𝛽

𝜕𝑡𝛽
𝑢(𝑡, 𝑥) = 𝑏 △ 𝑢(𝑡, 𝑥) + 𝛾∇𝑢(𝑡, 𝑥) + 𝜙(𝑡, 𝑥),

𝑢(0, 𝑥) = 𝜓(𝑥),

where (𝑡, 𝑥) ∈ ℝ+ ×ℝ𝑛
, 0 < 𝛽 < 𝛼 ≤ 1,

△ = 𝜕
2

𝜕𝑥
2
1
+ · · · + 𝜕

2

𝜕𝑥2
𝑛

, ∇ = 𝜕

𝜕𝑥1
+ · · · + 𝜕

𝜕𝑥
𝑛

,

and the partial Liouville–Caputo fractional derivative 𝑐
𝜕

𝛼

𝜕𝑡𝛼
of order

0 < 𝛼 ≤ 1 with respect to 𝑡 is defined as

(
𝑐
𝜕

𝛼

𝜕𝑡𝛼
𝑢

)
(𝑡, 𝑥) = 1

Γ(1 − 𝛼) ∫
𝑡

0
(𝑡 − 𝜏)−𝛼

𝑢
′
𝑡
(𝜏, 𝑥)𝑑𝜏.

Applications of the convection–diffusion equation span numer-
ous scientific and engineering disciplines, such as fluid dynamics
and heat transfer.

On the other hand, it would be interesting and challenging if we
study the following equation with a variable coefficient 𝜆(𝑥):

{
𝐶
𝐷

𝛽
𝜁 (𝑥) + 𝜆(𝑥)

𝐶
𝐷

𝛾
𝜁 (𝑥) = 𝜂(𝑥, 𝜁 (𝑥)), 𝑥 ∈ [0, 1],

𝜁 (0) = 0, 𝜁 (1) = 𝜙(𝜁 ), 1 < 𝛽 ≤ 2,

where 0 < 𝛾 < 𝛽 is a constant.
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the Solution of a Boundary Value Problem Associated With a Fractional

Differential Equation,” Mathematical Methods in the Applied Sciences 47
(2024): 10928–10939.

19. V. Kumar and M. Malik, “Existence and Stability of Fractional Inte-
gro Differential Equation With Non-Instantaneous Integrable Impulses
and Periodic Boundary Condition on Time Scales,” Journal of King Saud
University Science 31 (2019): 1311–1317.

20. C. Li, “Uniqueness of a Nonlinear Integro-Differential Equation
With Nonlocal Boundary Condition and Variable Coefficients,” Boundary
Value Problems 2023 (2023): 26.

21. K. Zhao, J. Liu, and X. Lv, “A Unified Approach to Solvability and
Stability of Multipoint BVPs for Langevin and Sturm-Liouville Equations
With CH Fractional Derivatives and Impulses via Coincidence Theory,”
Fractal and Fractional 8 (2024): 111.

22. K. Zhao, “Study on the Stability and Its Simulation Algorithm of a
Nonlinear Impulsive ABC-Fractional Coupled System With a Laplacian
Operator via F-Contractive Mapping,” Advances in Continuous and Dis-
crete Models 2024 (2024): 5.

23. S. G. Samko, A. A. Kilbas, and O. I. Marichev, Fractional Integrals and
Derivatives: Theory and Applications (Gordon and Breach, 1993).

24. Y. I. Babenko, Heat and Mass Transfer (Khimiya, 1986) (in Russian).

25. C. Li, “On Boundary Value Problem of the Nonlinear Fractional Par-
tial Integro-Differential Equation via Inverse Operators,” Fractional Cal-
culus and Applied Analysis 28 (2025): 386–410.

26. A. Mohanapriya, C. Park, A. Ganesh, and V. Govindan,
“Mittag-Leffler-Hyers-Ulam Stability of Differential Equation Using
Fourier Transform,” Advances in Difference Equations 2020 (2020): 389.

Mathematical Methods in the Applied Sciences, 202511170

 10991476, 2025, 11, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10951, W

iley O
nline L

ibrary on [23/06/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense


	Studies on Fractional Differential Equations With Functional Boundary Condition by Inverse Operators
	ABSTRACT
	1 | Introduction and Preliminaries
	2 | Uniqueness
	3 | Existence
	4 | Stability Analysis

	5 | Conclusion
	Author Contributions
	Acknowledgments
	Conflicts of Interest
	Data Availability Statement
	References

