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EXISTENCE FOR A NONLINEAR INTEGRO-DIFFERENTIAL EQUATION
WITH HILFER FRACTIONAL DERIVATIVE

CHENKUAN LI

We study the uniqueness of solutions to a new nonlinear Hilfer integro-differential equation with an initial
condition and arbitrary numbers of the Riemann-Liouville fractional integral operators. Our investigation
is based on an equivalent implicit integral equation in series obtained from Babenko’s approach, the
multivariate Mittag-Leffler function as well as Banach’s contractive principle in a new Banach space.
The technique used clearly opens up new directions for studying other types of initial or boundary value
problems with different fractional derivatives and variable coefficients. An illustrative example is provided
to demonstrate applications of the key theorem.

1. Introduction

Let —oco <a <b<+4+ooand A; € R fori =1,2,...,m. We shall consider the following nonlinear
integro-differential equation with an initial condition:

m
- Dz;ﬂu(x) + > A Ifiu(x) = If+g(x,u(X)), O<a<l,0=p<I, Bi=p,
- i=1

7u@=u.€R, y=a+p—ap,

where x € (a, b] and Dg_’f is the Hilfer fractional derivative of order @ and type 8 [8; 13], which is an
interpolation between the Riemann—Liouville and Caputo fractional derivatives. The operator f 4 is the
Riemann-Liouville fractional integral of the order §;, the nonlinear term g : (a, b] x R — R is a function
satisfying certain conditions. In 2000, Hilfer introduced the Hilfer fractional derivative which combines
Caputo and Riemann-Liouville fractional derivatives, and can be used in the theoretical simulation of
dielectric relaxation in glass forming materials [6; 7]. Sandev et al. [14] derived the existence results
of the fractional diffusion equation with the Hilfer fractional derivative which attained in terms of the
Mittag-Leffler functions. In 2015, Gu and Trujillo [4] studied the existence results of the fractional
differential equations with the Hilfer derivative based on noncompact measure method.
Clearly, the parameter y satisfies

0 <max{a,B} <y <1, 1l-y<l—-3(1—-a).
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The two-parameter fractional derivative Dgf generates more types of stationary states and gives an extra

degree of freedom on the initial condition with applications in physics [6; 7; 3]. In 2012, Furati et al. [2]
studied the following nonlinear Hilfer differential equation with an initial condition:

DZ‘_’|r ux)y=gx,ux)), 0<a<l1,0<8<1,x€(a,b],

(1-2) ha
I, u@t)=uz, € R, y=a+p—ap.

They proved the existence and uniqueness of global solutions in a space of weighted continuous functions
using Banach’s fixed point theorem. More generally, Wang and Zhang [15] considered the existence of
solutions to the following nonlocal initial value problem in 2015:

D*Pu(x) = g(x.u(x)). 0<a<1,0=<B=<1.x¢abl

(1-3) 1=y m
I, u@h)y =YY" hiu(t), y=a+p—aB, tel(a,bl

Outline. Section 2 introduces some basic concepts, a Banach space Cy_y[a,b]withy =a+B—af, B <1,
a subspace Wy [a, b] C Ci_,[a, b], the multivariate Mittag-Leffler function and Babenko’s approach. In
addition, we convert (1-1) to an equivalent implicit integral equation in series using Babenko’s technique.
Then we obtain sufficient conditions for the uniqueness of solutions with the help of Banach’s contractive
principle in the Banach space W, [a, b], and further demonstrate applications of the main result by an
example in Section 3.

2. Preliminaries

The Riemann-Liouville fractional integral of the order s > 0 of function u(x) is defined by [12]

(I3 u)(x) = ﬁ /X(x -0 lu(dt, x>a,

and
13+ u(x) =u(x),

from [10].
The Riemann—Liouville fractional derivative of order @ € [n — 1, n), for n € N, of function u(x) is
defined by [13]

(Doru) (x) = ﬁ (;]_x)" /ax(x -0 y@)ydt, x> a.

The Hilfer fractional derivative of order 0 <o < 1 and 0 < 8 <1 of a function u(x) is defined by [6]
D*Pux) = (1P DI Py (x),

where D = d/dx.
It follows from [6] that the operator DZ_’;B can also be written as Dz_’i_ﬂ =1 aﬁ J(rl _O‘)Dz; 4, where o <
Yy = a + B —apf. The Riemann-Liouville fractional derivative is the case DJ = ngro and the Caputo

fractional derivative is the case D% = D2‘+1
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For any 0 < y < 1, we define the Banach space C;_, [a, b] as
Ci—yla.b]={u: (a,b] > R: (x —a)' Yu(x) € Cla, b]},

with the norm

lullc,—, = m[ax]l(x @) 7V u(x).

Clearly, Cla,b] C Ci_y[a,b] for any 0 <y < 1. A subspace Cll_y[a, bl C Ci—yla, b] is defined by
C|_,la.b]={u € Cla.b]:u' € C_,[a.b]},
with the norm
lullcy_, = llulic + 'l -

Evidently, C ll_y[a, b] is a Banach space. Finally, the Banach space W), [a, b] is defined as

Wyla. bl ={u e Ci_yla.b): 1,7 u e Cl_ [a.b]} € C1_y[a.b].

with the norm
1— 1—
lullw, =max{llulle, . I3 ullc. 1DI T ulle, ).

Lemma 1 (see [2]). Let 0 <a <landy =a+ B —af with0 < B < 1. Ifu € Ci_y[a,b] and
I;:ﬂ-"aﬂu € Cl1 [a, b], then Da BI"‘ u exists in (a, b] and
D ’ﬂIngu =u,
for all x € (a, b].
Lemma2[13]. LetO <t <1and0<s < 1. Ifu € Cs[a, b] and Ial;’u € Clla,b), then

"u(a)

I Dl ) = (a2 Fo e
forall x € (a, b].
It follows from ¢ = y and s = 1—y that
1,7 u(@)
15+Dﬁu<x)—u(x)— “r) ¢

for all x € (a,b] and u € Wy[a, b].
The multivariate Mittag-Leffler function [5] is defined by

1% ki km

Foramsterim= &Y (o )k
sl ), sy m) — ’
(@1 5ees0m), B KZ0 Kyt =k ki,....km T(arky + -+ omkm + B)

where ¢;, 8 >0and z; e Cfori =1,2,...,m and

k!
(kl»--k-»km) - kl'—'km'
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3. Main results

Babenko’s approach [1] is a powerful method for solving differential equations with initial conditions, as
well as integral equations. It is generally the same as the Laplace transform when dealing with equations
with constant coefficients, but it can also be applied to differential and integral equations with continuous
variable coefficients and boundary value problems [9; 11]. To show the applications of this approach, we
will deduce an implicit integral equation which is equivalent to (1-1) in the space W, [a, b].

Theorem 3. Let g : (a,b] X R — R be a continuous and bounded function. Then (1-1) is equivalent to
the following implicit integral equation in the space W [a, b).

(3-1
k kiqk kp ya+B)ki++(@+Bm)km -1
“)= ) DR PPN R (x—a)”
k=0 k1+k2+"'+km=k
k ki, k k4 )

+Z(—1)k Y (kl,kz, _.,km))‘ll)‘zz"')‘fr;n JE BB ek Bk (1 (1),

k=0 ky+ko++km=k
Proof. Clearly for y = a4+  —aff with < 1, 1

-y
& DYPu(x) = 12412070 DY u(x) =17, Dﬁu(x)—u(x)— r( )( oo

for all x € (a,b] and u € Wy[a, b].

Applying the operator I ', to both sides of the equation D u(x) + Z Ai I Lu(x) = I +8(x,u(x)),
we come to i=l

u(x)— F(y) (x—a)’™! +i§ M I%Pu(x) = 19 g (v, u(x)),

using the initial condition / 1J:yu(a) = ug. This implies that

(1+ glx Ia+ﬂ’)u(x) m(x @)’ 7+ 1% g (x u(x)).

Treating the factor in front of u(x) as a variable, we derive by Babenko’s approach that

u(x) = (1 + Z Ai 1a+ﬂ’) ( (x —a)’ ! +1a+ﬂg(x,u(x)))

& ()
= ;( 1)k(l;)\ 1a+ﬁ1) (I‘( )(x ay’~ 1+Ia+'3g(x,u(x)))
=k§0( l)kk1+k2§+km=k(ku ik ek bk
( e (x @)’ 19 g (x, u(x)))
=T 2 Z(‘ DA (kl,kz,k...,km))»'f‘k'z”~--W

ki+kao++kn=k
X Isi+ﬁl)kl+"'+(a+ﬂm)km (.X _ a)y—l
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k

> k ki ko km
+k§ (=1 » (kl,kz,...,km))‘l Wk

0 ki+ko++kn=k
X I:j‘ﬁ‘*'(a‘f‘ﬂl)kl+"'+(05+,Bm)kmg(x, M(X)).
Next, we show that u € W, [a, b]. Clearly, Ia(i—i_ﬂl)kl—i_"'"i_(a""ﬂm)km (x —a)?~! equals
T'k) (x — @)@ HBOK1+t @+ B oy =1

C((@+ Bk +-+ (@ + Bmkm +v)
and maxye[q,p] | (X — a)'~7u(x)| is bounded above by

* k
|ua| Z Z (klakZ’-~-’

k=0ky+ko+-+km=k
(b — a)@+BVk1++ @+ B

C((e+ Bk +---+ (@ + Bmdkm +v)

k=0 ki+ka+-+km=k ki ka.,.

(b — a)@+BOki -+ (tBm)km

N T

Y

ey

x T((o 4 B1)ky +"'+(O‘+:Bm)km+0(+,3+l)x:?al?b] lg(x, u(x))]

= g Et gyt o).y (11 (B = @) A | (b — @) FPim)

+ (=) PEip, .. atp).atprr (M0 —a) TP k| (b —a)®Pm)
x sup |g(x,u(x))] < +oo.

x€(a,b]
Since Ial;y (x —a)’~! =T'(y), we get
_ * k
I7ule <l X X JIha L
“ K=0 k) st o=t K1 K2 Ko

(b — a)(a+ﬂl)k1 +et(a+Bm)km
L@+ Bk +-+ (@ + Bmkm + 1)

k
ko IR

00
LD VD VS (R
(b - a)1+(xﬂ+((¥+ﬁ1)k1+"'+((¥+5m)km

k=0k+ko+-+km=k

T((@+ Bkt + -+ @+ Bk + 2+ aB) xeqmp) g (x. u(x))]

.....

+ =) P Egip, g 2vap(IM 10— @) TP A (b —a)*Pm)

X sup |g(x,u(x))| <+oo.
x€(a,b]
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Finally, we consider the norm
1—y _ 1—y 1—y
DI . "u = max |[(x—a DI . "u
” at ||C]—y xe[a,b]|( ) at |

k

<—|ua| Z Z |“' | 1|“'m|
kl kz . k 1
k=1ki+ko++kmn=k ’ ’ m

(b — a) @Bk -+ (@t Bm)km—y

X
F(a+ Bo)ky 4+ (@ + Bm)km)
k

1-y+af %o: Z (
+b—-a)~
k:0k1+k2+"'+kn1:k klakz,...,

(b — a)@tBki++(@+Bm)km
<
C((a+ Bk 4+ (@ + Pmkm +af + 1)

o ey

P ISR T

+o00,
by noting that
(@ + Bkt +-+ (@ + Bmkm—y =0,

forky +-4+km=k=>1,since ; > B foralli =1,2,...,m. In summary, u € Wy[a, b].
Conversely, if u is given by (3-1) in the space W), [a, b] then Ial;yu(a) = ug,. Indeed,

Ug —1 Ug k k ki ko k
ux)= ——x-a)’ '+ — > (-1 > ARz L Km
F(y) F(y) k=1 k1+k2+...+kn1=k(k1?k2’ e ,km) 1 2 m
x Itg‘i‘l'ﬂl)kl ot Bk (=1
3 k ki sk k
+Z(_1)k Z ARz o) Km
k=0 k1+k2+...+km=k(k19k2,---,km) 172 m

x I:j‘ﬂ‘i‘(a‘f‘ﬂl)kl+"'+(Ol+/3m)kmg(x’ u(x))
Ug

T T()

Using Ial;y(x —a)Y~! =T'(y), and noting that Ial;yul(x)|x=a = 0, we obtain I‘:;Vu(a) =u,.

(x—a)” ! +uy(x).

Applying the operator DZJFB to

(1 + il Ai I:jﬂi)”(x) = %‘;/)(x—a)y_1 + Igfﬂg(x, u(x)),

which is equivalent to (3-1), we obtain

m . u _
Dg‘; u(x)+ Y A Ds;BI::ﬂ'u(X) = T;l/)DZf(x —a)’ 1+ Dz;ﬂlsfﬁg(x,u(x)).
i=1
Clearly,
: - - - -
DY (x—ay ' = 1P (DY (v —a) ) = 150 =0

for 0 <y <1, and
DI P =Dl 1w = 1P,
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by Lemma 1, since If_iu € Cy_yla,b] and I;jﬂi—ﬂ+aﬂu € Cll_y[a, b]. Similarly,

) +
DEPIE P o u(x)) = 12, g (x, u(x)).
Hence, u satisfies (1-1). This completes the proof of Theorem 3. O

Theorem 4. Let g : (a, b] x R — R be a continuous and bounded function satisfying

lg(x, y1)—g(x, y2) = Llyi — 2], y1.)2 € R,

for a nonnegative constant L. Furthermore, assume

Then (1-1) has a unique solution in the space Wy[a, b].
Proof. For u € Cy_,[a, b], we define a nonlinear mapping 7 over the space C;_, [a, b] by

Ua k k ki k k
(Tu)(x) = > (—1) > ke A km
F(V) k=0 k1+k2+-~-+km:k<k1’k2""’km) 172 m

X I(S‘i"‘lgl)kl‘f""'f‘(a‘f‘ﬂm)km (X _a)y—l

= I
X Ent Y (ky ok

kiyka 5k
k ))\.1 )\.2 "')\,nlm
k=0 ki o+t =k fm

% I;xjﬂ‘i‘(a‘i‘ﬂl)kl+"'+(a+ﬂm)kmg(x’ M(X))

It follows from the proof of Theorem 3 that Tu € Cy_,[a, b]. We further show that T  is contractive. In
fact, we get for u, v €€ Ci_[a, D]

l—yoo k k
ITu=Tole, ., = max (=)' L 08 5 (-

ki k
k ))\1 o )me
k=0 ki+ko++km=k s fim

% I:;‘:‘ﬂ"‘(a'i‘ﬂl)kl+"'+(a+l3m)km (g(X, M) _ g(X, U))

(b )a b ) E (
<L a [(y E u
K=0 by +hep 4t hey=k K 1- K2

(b — a) @Bkttt Bum)km
X
FQe+p)—ap +(a+pki+--+ (@ + Bm)km)
=qllu—=vlc,_,

km)l)\1|k1 |)\m|km

.« .y

[ —vlle,—,

using

glv,u) —g(x,v) = (x =) T [(x —a) V(g (x, u) — g(x, )],
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and

a+
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[ B @ B (v _ C(y)

T+ B+y+ @+ Bk ++ (@+ Bm)km)
% (x_a)a+,3+(0£+ﬂ1)k1+ +(@+Bm)km+y—1

L(y)

T TQ+B) —af+ @+ Bkt 4+ @+ Bmkm)

x (x — a)ot+ﬂ+(a+/31)k1 ot @t Bm)km+y—1

Since ¢ < 1, the mapping T has a unique fixed point in the space Ci_[a,b]. If u € W [a, b] then
Tu € Wyla,b]. Therefore, T has a unique fixed point in W), [a, b] in the sense of the topology in
Ci—yla, b]. This implies that (1-1) has a unique solution in W), [a, b], proving Theorem 4.

|

Example 5. The following nonlinear Hilfer integro-differential equation with an initial condition has a
unique solution in the space W 74[0, 1]. given by

(3-2)

Applying

and

Proof. Since g(x,u(x)) = 3 sinu(x), we have |g(x,u(x)) — g(x,v(x))| < 53 L |u(x) —v(x)| and
o0 k 2ki9k>
= 5T(0.76)E 2,2) = 551(0.76 :
4=l 070Eq10).176(2.2) = 23T( )k§0k1+%=k(k1,kz)l‘(k1 + Llky + 1.76)
k k
=2
k1+k2=k(k1’k2)
2k12k2 2k

we conclude that

since

(3-3)

D0604 () + 2 104u(x) =2 103u(x) = a5 I sinu(x),
1024(0) = —4
o0+

<
C(ky +1.1ky +1.76) — T'(k +1.76)°

4k 22.8418
g < +=T(0.76 <1,
9= 531( )ZF(k+176) 23

4k
I'(0.76 —— ~ 22.8418,
(0.76) Z Tk +1.76)

From Theorem 4, (3-3) has a unique solution in the space W;_74[0, 1]. This completes the proof.

Remark 6. From the proof of Theorem 3, we deduce that

m(x a)’~! Zlk I“+ﬂ’u(x)+la+ﬂg(x,u(x)),

|
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which can be used in finding an approximate solution by the following recursion:

u _ m .
up(x) = F—;)(x—a)y Ty u I:fﬁ‘un_l(x) + ijﬁg(x,un_l(x)),
i=1
forn =1,2,..., and an initial function uq(x).
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