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1. Problem statement

In this paper, we are interested in studying the following PDE with an integral condition:

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−Δu + V (x)u = λu + βup−1 + uq−1, in ℝN ,

u > 0, in ℝN ,∫︂
ℝN

|u|2 dx = a > 0,
(1)

where N ≥ 1, 2 < q < p < 2 + 4 
N , β > 0, λ ∈ ℝ is an unknown Lagrange multiplier, and the potential 

V : ℝN → [0,+∞) will be defined later. We will work on the space

H1
V (ℝN ) :=

⎧⎨⎩u ∈ H1(ℝN ) :
∫︂
ℝN

V (x)|u|2 dx < +∞

⎫⎬⎭ ,

where V : ℝN → [0,+∞) is a positive and continuous potential function. We consider the norm

∥u∥H1
V (ℝN ) :=

⎛⎝∫︂
ℝN

(︁
|∇u|2 + |u|2 + V (x)|u|2

)︁
dx

⎞⎠
1
2

.

In addition, we define the energy functional

E(u) := 1
2

∫︂
ℝN

(︁
|∇u|2 + V (x)|u|2

)︁
dx− β

p 

∫︂
ℝN

|u|p dx− 1
q

∫︂
ℝN

|u|q dx, (2)

with the mass constraint ∫︂
ℝN

|u|2 dx = a > 0, (3)

and the minimization problem

e(a) := inf 
u∈S(a)

E(u) (4)

where

S(a) :=

⎧⎨⎩u ∈ H1
V (ℝN ) :

∫︂
ℝN

|u|2 dx = a

⎫⎬⎭ .

We assume that the potential V satisfies the following conditions:

(V 1) V ∈ C2(ℝN ), V ≥ 0, and lim|x|→+∞ V (x) = +∞.
(V 2) The zero set is finite and consists of the isolated points:

𝒵 := {x ∈ ℝN : V (x) = 0} = {x1, . . . , xm}.
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(V 3) For each j ∈ {1, . . . ,m} there exist cj > 0 and lj ≥ 2 such that

V (x) = cj |x− xj |lj + o(|x− xj |lj ) as x → xj . (5)

For 2 < q < p < 2 + 4 
N , let Qp be the positive autonomous ground state of the following problem

−ΔQp + Qp = Qp−1
p , (6)

and ∥Qp∥2
2 = mp. Note that Qp satisfies the Nehari and Pohozaev identities, which yield

∥∇Qp∥2
2 = γp ∥Qp∥pp, ∥Qp∥2

2 = (1 − γp)∥Qp∥pp,

where γp := N
(︂

1
2 − 1 

p

)︂
. In particular,

∥∇Qp∥2
2 + ∥Qp∥2

2 = ∥Qp∥pp.

For a minimizer ua of E, we denote by μa := −λa and εa := μ
−1/2
a . The right blow-up rescaling that we 

consider is

wa(x) := μ
− 1 

p−2
a ua(xa + εax),

where xa ∈ ℝN is a maximum point. Then the rescaled equation becomes

−Δwa + μ−1
a V (xa + εax)wa = −wa + βwp−1

a + μ−δ
a wq−1

a , (7)

where δ = p−q 
p−2 . Also, let Qq be the positive autonomous ground state of the following problem

−ΔQq + Qq = Qq−1
q , (8)

and ∥Qq∥2
2 = mq. For a minimizer ua of E, we denote by μa := −λa and εa := μ

−1/2
a . The right blow-up 

rescaling that we consider is

za(x) := μ
− 1 

q−2
a ua(xa + εax),

where xa ∈ ℝN is a maximum point. Then the rescaled equation becomes

−Δza + μ−1
a V (xa + εax)za = −za + βμ−γ

a zp−1
a + zq−1

a , (9)

where γ = p−q
q−2 . Let H := −Δ + V . From (V 1) − (V 3), we can assume that H has a ground eigenpair 

(ω1, ϕ1), ϕ1 > 0, ∥ϕ1∥2 = 1, Hϕ1 = ω1ϕ1 and ϕ1 has a unique global maximum point x1 ∈ 𝒵. We define 
the zero-potential (autonomous) energy functional

E0(u) := 1
2

∫︂
ℝN

|∇u|2 dx− β

p 

∫︂
ℝN

|u|p dx− 1
q

∫︂
ℝN

|u|q dx, u ∈ H1(ℝN ).

For a > 0, we set

e0(a) := inf
{︂
E0(u) : u ∈ H1(ℝN ), ∥u∥2

2 = a
}︂
.
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Lemma 1.1. [18] Let u ∈ H1(ℝN ) and let 2 < r < 2N 
N−2 . Then the following Gagliardo–Nirenberg inequality 

holds:

∥u∥r ≤
(︃

r

2∥Ur∥r−2
2

)︃ 1 
r

∥∇u∥γr

2 ∥u∥1−γr

2 , (10)

where γr = N(r − 2)
2r . Moreover, up to translations, the function Ur ∈ H1(ℝN ) is a ground state solution 

of

−N(r − 2)
4 

ΔUr +
(︃

1 − (N − 2)(r − 2)
4 

)︃
Ur = |Ur|r−2Ur in ℝN . (11)

Lemma 1.2. Assume that the potential V satisfies (V 1). Then the embedding

H1
V (ℝN ) ↪→ Lr(ℝN ),

is compact for every 2 ≤ r < 2∗.

Proof. Let (un)n≥1 ⊂ H1
V (ℝN ) be a bounded sequence. Then (un) is bounded in H1(ℝN ), since∫︂

ℝN

(︁
|∇un|2 + |un|2

)︁
dx ≤ ∥un∥2

H1
V
≤ C.

Hence, up to a subsequence (not relabeled), there exists u ∈ H1(ℝN ) such that

un ⇀ u weakly in H1(ℝN ), un(x) → u(x) a.e. in ℝN .

Moreover, by the Sobolev embedding, (un) is bounded in L2∗(ℝN ) (if N ≥ 3), and in Lq(ℝN ) for every 
q ∈ [2,∞) (if N = 1, 2). In particular, for every fixed r ∈ [2, 2∗), there exists Cr > 0 such that

sup
n 

∥un∥L2∗ (ℝN ) ≤ Cr (N ≥ 3), (12)

and similarly supn ∥un∥Lq ≤ Cq for each q < ∞ when N ≤ 2. Since (un) is bounded in H1
V , we have

sup
n 

∫︂
ℝN

V (x) |un|2 dx ≤ C. (13)

Fix ε > 0. By the assumption V (x) → +∞ as |x| → ∞, there exists R > 0 such that

V (x) ≥ C

ε 
for all |x| ≥ R.

Therefore, using (13), ∫︂
|x|≥R

|un|2 dx ≤ ε 
C

∫︂
|x|≥R

V (x) |un|2 dx ≤ ε for all n.

Hence,
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sup
n 

∫︂
ℝN\BR

|un|2 dx ≤ ε. (14)

By Rellich–Kondrachov on the ball BR, for every 2 ≤ r < 2∗ we have un → u strongly in Lr(BR). In 
particular,

∥un − u∥Lr(BR) → 0 as n → ∞. (15)

We claim that for every 2 < r < 2∗,

lim sup
n→∞ 

∥un − u∥Lr(ℝN\BR) ≤ C εθ/2, (16)

for some θ ∈ (0, 1) and a constant C independent of n and ε. Assume first that N ≥ 3 and 2 < r < 2∗. 
Choose θ ∈ (0, 1) such that

1
r

= θ

2 + 1 − θ

2∗ .

By the interpolation (Hölder) inequality,

∥w∥Lr(ℝN\BR) ≤ ∥w∥θL2(ℝN\BR)∥w∥1−θ
L2∗ (ℝN\BR) for all w.

Apply this to w = un − u. Since (un) is bounded in H1(ℝN ) and u ∈ H1(ℝN ), we have supn ∥un −
u∥L2∗ (ℝN ) ≤ C by (12). Moreover, by (14) and Fatou’s lemma,

∫︂
ℝN\BR

|u|2 dx ≤ lim inf
n→∞ 

∫︂
ℝN\BR

|un|2 dx ≤ ε.

Hence

∥un − u∥L2(ℝN\BR) ≤ ∥un∥L2(ℝN\BR) + ∥u∥L2(ℝN\BR) ≤ ε1/2 + ε1/2 = 2ε1/2.

Therefore,

∥un − u∥Lr(ℝN\BR) ≤ (2ε1/2)θ C1−θ = C ′ εθ/2,

which yields (16). When N = 1, 2, fix any q > r and repeat the same argument using the boundedness 
in Lq(ℝN ) instead of L2∗ (Sobolev gives H1(ℝN ) ↪→ Lq(ℝN ) for all q < ∞). Choose θ ∈ (0, 1) such that 
1
r = θ

2 +
1−θ
q . 

Finally, for r = 2 we use (14) together with the local strong convergence in L2(BR). Combining (15) and 
(16), we obtain

∥un − u∥Lr(ℝN ) ≤ ∥un − u∥Lr(BR) + ∥un − u∥Lr(ℝN\BR) → 0 as n → ∞,

since ε > 0 is arbitrary. Thus un → u strongly in Lr(ℝN ), and the embedding is compact. □
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2. Main results

Theorem 2.1 (Small-mass regime). Assume that V satisfies (V 1)--(V 3) and that H = −Δ + V has a simple 
first eigenvalue ω1 with positive L2--normalized eigenfunction ϕ1, whose global maximum x1 is unique. Let 
2 < q < p < 2 + 4 

N and β > 0. For each a > 0, let ua be a minimizer of e(a) with ∥ua∥2
2 = a, and let λa be 

the associated multiplier.
Then, as a → 0,

ua = a ϕ1 + o(a) in H1
V (ℝN ),

and

λa = ω1 − βcpa
p−2 − cqa

q−2 + o(ap−2),

where cp =
∫︁
ϕp

1 and cq =
∫︁
ϕq

1. Moreover, any maximum point xa of ua satisfies

xa → x1.

Theorem 2.2 (Large-mass regime). Assume N ≥ 1, 2 < q < p < 2+ 4 
N , and β > 0. Let V satisfy (V 1)--(V 3)

and assume

β >
pγp∥Qp∥ p−2

2
2 

,

where Qp solves −ΔQ + Q = Qp−1. Let ua be a minimizer of e(a) and define

μa := −λa, εa := μ−1/2
a .

Let xa be a maximum point of ua. Then λa → −∞ as a → +∞ and, defining

wa(x) := μ
− 1 

p−2
a ua(xa + εax),

we have, up to a subsequence,

wa → β− 1 
p−2Qp strongly in H1(ℝN ).

Moreover,

μa =
(︂β 2 

p−2mp

a 

)︂ p−2 
2−pγp (1 + o(1)),

and

dist(xa,𝒵) → 0.

If ℓ∗ = maxj ℓj and 𝒥∗ = {j : ℓj = ℓ∗}, then every accumulation point of {xa} belongs to {xj : j ∈ 𝒥∗}. If 
the minimizer of cjℳℓj over 𝒥∗ is unique, then xa → xj∗ .

Theorem 2.3 (Core transition). Assume N ≥ 1, 2 < q < p < 2 + 4 
N , β > 0, and (V 1)--(V 3). There exists a 

mass scale a×(β) > 0 such that:
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(i) (q-core) If a ≪ a×(β), then

za(x) := μ
− 1 

q−2
a ua(xa + εax) → Qq in H1(ℝN ).

(ii) (p-core) If a ≫ a×(β) and β > pγp∥Qp∥ p−2
2 , then

wa(x) := μ
− 1 

p−2
a ua(xa + εax) → β− 1 

p−2Qp in H1(ℝN ).

(iii) The crossover satisfies

a×(β) ≍ β
4−N(q−2)

2(p−q) .

If xa → xj, then ∫︂
ℝN

V |ua|2 = cj ε
ℓj
a

∫︂
ℝN

|x|ℓj |Ua|2 + o(εℓja ),

with Ua = za in the q-core and Ua = wa in the p-core. This describes how the nonlinear core transition 
affects well selection.

3. Background and motivation

The nonlinear Schrödinger equation

i∂tψ = −Δψ + V (x)ψ − g(|ψ|2)ψ, (17)

and its stationary counterpart

−Δu + V (x)u = λu + g(u2)u, (18)

arise in nonlinear optics, Bose–Einstein condensation, plasma physics, and related fields. A natural class of 
solutions consists of functions with prescribed mass∫︂

ℝN

|u|2 dx = a > 0, (19)

where λ ∈ ℝ acts as a Lagrange multiplier. Such solutions, called normalized ground states, are obtained by 
minimizing the associated energy under the L2 constraint. Understanding how these ground states behave 
as the mass a varies is a fundamental problem.

3.1. Mathematical background

For the pure-power nonlinearity g(u) = |u|p−2u in the mass-subcritical range 2 < p < 2 + 4 
N , the theory 

is classical. Weinstein [18] established the sharp Gagliardo–Nirenberg inequality and characterized ground 
states as rescalings of the unique positive radial solution Qp of −ΔQ + Q = Qp−1, whose uniqueness was 
proved by Kwong [14]. In the autonomous case V ≡ 0, existence, uniqueness, and qualitative properties are 
well understood; see Cazenave [6] and Lions [15,16].

When a confining potential V is present, the interaction between the potential and the nonlinearity leads 
to concentration phenomena. Byeon and Wang [4,5] studied the single-power equation under the assumption 
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that V has finitely many isolated zeros with polynomial degeneracy V (x) ∼ cj |x− xj |ℓj . They showed that 
minimizers concentrate at the maximum point of the first eigenfunction for small mass, while for large mass 
they localize at the flattest well and, among equally flat wells, at the one with the minimal coefficient. 
Related concentration results were developed by Ambrosetti–Malchiodi--Secchi [1], del Pino–Felmer [7], and 
Kang–Wei [13].

Normalized solutions under an L2 constraint were systematically studied by Jeanjean [10], who intro
duced a variational framework restoring compactness. Further developments include Jeanjean–Le Coz [11], 
Bartsch–de Valeriola [2], Bartsch–Jeanjean--Soave [3], and Jeanjean–Lu [12].

3.2. Combined nonlinearities

Consider now the case of two competing focusing powers,

g(u) = β|u|p−2u + |u|q−2u, 2 < q < p < 2 + 4 
N

, β > 0. (20)

Such nonlinearities arise in models with mixed interactions or higher-order corrections. In the autonomous 
case V ≡ 0, Soave [17] provided a classification of normalized ground states, highlighting the competition 
between the two powers. Additional results on existence, symmetry, and stability were obtained by Gou--
Jeanjean [9]. The non-autonomous problem with a confining potential, however, remains largely open.

3.3. Applications of equation (1)

Equation (1) arises in several physical models described by nonlinear Schrödinger-type equations with a 
prescribed L2 norm. In the theory of Bose–Einstein condensates, the function u represents the macroscopic 
wavefunction of a condensate confined by an external trapping potential V (x), while the mass constraint ∫︁
ℝN |u|2dx = a corresponds to a fixed number of particles and the Lagrange multiplier λ is the associated 

chemical potential. The presence of combined focusing power nonlinearities reflects the coexistence of inter
actions acting at different density scales, such as effective higher-order or multi-body interactions beyond 
the standard cubic meanfield term. In this setting, different nonlinear powers may dominate in different 
mass regimes, leading to transitions between low-density and high-density localized states.

Similar equations also appear in nonlinear optics, where u describes the envelope of a laser beam propa
gating in a nonlinear medium with an inhomogeneous refractive index profile modeled by V (x), and the L2

constraint represents the conserved beam power. Media with mixed nonlinear response, such as Kerr-type 
and higher-order or saturating nonlinearities, naturally lead to combined-power models of the form (1). The 
resulting stationary solutions correspond to self-trapped optical beams (spatial solitons), whose localization 
and stability depend on the total power.

More generally, nonlinear Schrödinger equations with confining potentials possessing multiple wells pro
vide canonical models for localization phenomena in structured media, including multi-trap condensates, 
optical lattices, and arrays of waveguides. In such systems, the interplay between the nonlinear interactions 
and the geometry of the potential may produce symmetry breaking and relocation of ground states be
tween wells as the mass varies. Consequently, problem (1) serves as a prototypical framework for studying 
how competing nonlinearities and external confinement jointly determine the existence, concentration, and 
spatial localization of mass-constrained ground states.
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3.4. Main contributions

In this paper, we provide a complete answer to the above questions. Our main contributions can be 
summarized as follows. 
(i) Small-mass regime. We prove that as a → 0, minimizers bifurcate from the first linear eigenfunction:

ua = aϕ1 + o(a) in H1
V (ℝN ), λa = ω1 − βcpa

p−2 − cqa
q−2 + o(ap−2),

where cp =
∫︁
ϕp

1, cq =
∫︁
ϕq

1, and xa → x1 (the unique maximum point of ϕ1). This extends the classical 
linearization argument to combined nonlinearities. 
(ii) Large-mass regime and blow-up analysis. Under the sharp condition β > pγp∥Qp∥p−2

2 (with γp =
N(1

2 − 1 
p )), we prove that μa := −λa → ∞ and the rescaling

wa(x) := μ
− 1 

p−2
a ua(xa + ϵax), ϵa = μ−1/2

a ,

converges strongly in H1(ℝN ) to β− 1 
p−2Qp. Moreover, we obtain the precise asymptotics

μa =
(︄
β

2 
p−2 ∥Qp∥2

2
a 

)︄ p−2 
2−pγp

(1 + o(1)) (a → ∞).

(iii) q-core and p-core regimes with explicit crossover scale. We discover two distinct blow-up regimes:

• a q-core regime for a ≪ a×(β), where the q-normalized profile za(x) := μ
− 1 

q−2
a ua(xa + ϵax) converges to 

Qq;
• a p-core regime for a ≫ a×(β), where the p-normalized profile wa(x) := μ

− 1 
p−2

a ua(xa + ϵax) converges 
to β− 1 

p−2Qp;
• an explicit crossover scale a×(β) ≍ β

4−N(q−2)
2(p−q) separating the two regimes.

This explicitly identifies how the competition between the two nonlinearities is resolved.

Notation

Throughout the paper, we denote by ∥ · ∥r the usual Lr(ℝN ) norm. The space H1
V (ℝN ) is defined in 

Section 1. We write A ≲ B if A ≤ C B for some constant C > 0 independent of the relevant parameters, 
and A ≍ B if both A ≲ B and B ≲ A hold. The symbols o(1) and O(1) denote quantities that tend to zero 
or remain bounded, respectively, in the limit under consideration.

4. Proofs

Existence and basic structure

Lemma 4.1. For every a > 0 we have e(a) ∈ ℝ, and e(a) is achieved by a minimizer ua ∈ H1
V (ℝN ).

Proof. By (2) and (10), we can write

E(u) = 1
2

∫︂
ℝN

(︁
|∇u|2 + V (x)|u|2

)︁
dx− β

p 

∫︂
ℝN

|u|p dx− 1
q

∫︂
ℝN

|u|q dx
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≥ 1
2∥u∥

2
H1

V (ℝN ) −
βap−pγp

2∥Up∥p−2
2

∥∇u∥pγp

2 − aq−qγq

2∥Uq∥q−2
2

∥∇u∥qγq

2

≥ 1
2∥u∥

2
H1

V (ℝN ) −
βap−pγp

2∥Up∥p−2
2

∥u∥pγp

H1
V (ℝN ) −

aq−qγq

2∥Uq∥q−2
2

∥u∥qγq

H1
V (ℝN ). (21)

From (21), since 2 < q < p < 2 + 4 
N , then 0 < qγq < pγp < 2. Therefore, for any a > 0 and u ∈ H1

V (ℝN ), 
E(u) > −∞. Consequently e(a) ∈ ℝ, for all a > 0. Since energy is finite, Ekeland’s variational principle [8] 
gives a sequence (un)n≥1 ∈ H1

V (ℝN ) such that E(un) → e(a) and E′(un) → 0 as n → +∞, where

E′(u)[v] =
∫︂
ℝN

∇u · ∇v dx +
∫︂
ℝN

V (x)u · v dx

− λ

∫︂
ℝN

u · v dx− β

∫︂
ℝN

|u|p−2uv dx−
∫︂
ℝN

|u|q−2uv dx, (22)

where v ∈ H1
V (ℝN ) is a test function. Hence, up to a subsequence (not relabeled), there exists ua ∈ H1

V (ℝN )
such that

un ⇀ u weakly in H1
V (ℝN ), un(x) → u(x) a.e. in ℝN , un → u in Lloc

r (ℝN ), 2 ≤ r < 2∗.

By (21), we conclude that the sequence (un)n≥1 ∈ H1
V (ℝN ) is bounded. From Lemma 1.2, the embedding 

H1
V (ℝN ) ↪→ Lr(ℝN ) is compact for 2 ≤ r < 2∗. Therefore, u ̸≡ 0. Using this embedding and lower 

semicontinuity, we conclude that un → ua strongly in H1
V (ℝN ). Continuing, we use relation (22) and we get

λn =
∫︁
ℝN ∇un · ∇v dx +

∫︁
ℝN V (x)un · v dx− β

∫︁
ℝN |un|p−2unv dx−

∫︁
ℝN |un|q−2unv dx∫︁

ℝN un · v dx 
+ on(1).

Testing the above equality with v = un, taking n → +∞ and applying the strong convergence, we can find 
λa ∈ ℝ such that

λa =
∫︁
ℝN |∇ua|2 dx +

∫︁
ℝN V (x)|ua|2 dx− β

∫︁
ℝN |ua|p dx−

∫︁
ℝN |ua|q dx

a 
. (23)

Together (ua, λa) solve PDE (1). □
Lemma 4.2. The mapping a ↦→ e(a) is locally Lipschitz on (0,+∞) and a ↦→ λa is bounded on any compact 
subsets of (0,+∞).

Proof. Let I = [a1, a2] ⊂ (0,∞) and let ua ∈ S(a) be a minimizer of e(a). For b ∈ I, set s =
√︁

b/a. Then 
∥sua∥2

2 = b, hence sua ∈ S(b) and

e(b) ≤ E(sua).

A direct computation gives

E(sua) − E(ua) = s2 − 1
2 

∫︂
ℝN

(︁
|∇ua|2 + V |ua|2

)︁
− β(sp − 1)

p 

∫︂
ℝN

|ua|p −
sq − 1

q

∫︂
ℝN

|ua|q.

By Lemma 4.1, there exists LI > 0 such that
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ℝN

(︁
|∇ua|2 + V |ua|2

)︁
+ β

∫︂
ℝN

|ua|p +
∫︂
ℝN

|ua|q ≤ LI for all a ∈ I.

Hence

e(b) − e(a) ≤ LI

(︂
|s2 − 1| + |sp − 1| + |sq − 1|

)︂
.

Since a, b ∈ I, the parameter s ranges in a compact interval, and the maps t ↦→ tk (k = 2, p, q) are Lipschitz 
there. Thus |sk − 1| ≤ CI |s− 1| for some CI > 0. Moreover,

|s− 1| =

⃓⃓⃓⃓
⃓
√︃

b 
a
− 1

⃓⃓⃓⃓
⃓ = |b− a| 

√
a(
√
b +

√
a)

≤ |b− a|
2a1

.

Combining the above estimates yields

|e(b) − e(a)| ≤ CI |b− a| for all a, b ∈ I,

so e is Lipschitz continuous on I. The boundedness of λa follows from (23). □
Small-mass regime a → 0

In the small-mass regime, the nonlinear ground state is selected by the linear ground state, and its 
maximum localizes at the unique maximum point of the first eigenfunction.

Lemma 4.3. Let H = −Δ + V on ℝN , where V is such that H has compact resolvent (in particular, the 
spectrum is discrete). Let ω1 be the first eigenvalue of H, assumed simple, with positive L2--normalized 
eigenfunction ϕ1:

Hϕ1 = ω1ϕ1, ∥ϕ1∥2 = 1, ϕ1 > 0.

Fix exponents 2 < q < p < 2∗ and β > 0. For each a > 0, let (ua, λa) solve

Hua = λaua + β|ua|p−2ua + |ua|q−2ua, ∥ua∥2 = a. (24)

Then, as a → 0,

ua = aϕ1 + o(a) in H1(ℝN ),

and

λa = ω1 − βcpa
p−2 − cqa

q−2 + o(ap−2), cp :=
∫︂
ℝN

ϕp
1, cq :=

∫︂
ℝN

ϕq
1.

Proof. Let P denote the orthogonal projection onto span{ϕ1} in L2 and set

ua = aϕ1 + wa, ⟨wa, ϕ1⟩L2 = 0,

and λa = ω1 − μa. Substituting into the equation gives

(H − ω1)wa + μa(aϕ1 + wa) = Fp(aϕ1 + wa) + βFq(aϕ1 + wa),
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where Fr(u) = |u|r−2u. Since ω1 is simple, the spectral gap ω2 − ω1 > 0 implies that (H − ω1 + μa) is 
coercive on {ϕ1}⊥ for a small. Testing against wa and using Sobolev embeddings, we obtain

∥wa∥H1 ≲ ∥aϕ1 + wa∥p−1
H1 + ∥aϕ1 + wa∥q−1

H1 .

A standard bootstrap argument then yields

∥wa∥H1 = O(a q−1) = o(a),

since q > 2. Hence

ua = aϕ1 + o(a) in H1(ℝN ).

Projecting onto ϕ1 and expanding the nonlinear terms gives

μaa = βap−1
∫︂
ℝN

ϕp
1 + aq−1

∫︂
ℝN

ϕq
1 + o(ap−1),

which yields

λa = ω1 − β

⎛⎝∫︂
ℝN

ϕp
1

⎞⎠ ap−2 −

⎛⎝∫︂
ℝN

ϕq
1

⎞⎠ aq−2 + o(ap−2). □

Lemma 4.4. Let the first eigenfunction ϕ1 have a unique global maximum at x1 ∈ ℝN . Let xa be a maximum 
point of ua. Then

xa → x1 as a → 0.

Proof. Define va := ua/a. By Lemma 4.3,

va → ϕ1 in H1(ℝN ).

Standard elliptic regularity applied to the equation satisfied by va implies that this convergence is uniform 
on ℝN . 
Now, fix ε > 0. Since ϕ1 has a unique global maximum at x1, there exists δ > 0 such that

ϕ1(x1) > sup 
|x−x1|≥ε

ϕ1(x) + 3δ.

By uniform convergence, for a sufficiently small,

|va(x) − ϕ1(x)| ≤ δ for all x ∈ ℝN .

Hence, if |x− x1| ≥ ε,

va(x) ≤ ϕ1(x) + δ ≤ ϕ1(x1) − 2δ < ϕ1(x1) − δ ≤ va(x1).

Multiplying by a, we obtain

ua(x) < ua(x1) for all |x− x1| ≥ ε.
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Let xa be a maximum point of ua. If |xa − x1| ≥ ε, then

ua(xa) ≤ sup 
|x−x1|≥ε

ua(x) < ua(x1),

which contradicts the maximality of xa. Therefore, for a sufficiently small,

xa ∈ Bε(x1).

Since ε > 0 is arbitrary, this proves xa → x1 as a → 0. □
Proof of Theorem 2.1. The proof is a direct result of Lemmas 4.3 and 4.4. □
Large-mass regime a → +∞

Heuristic. Before analyzing the large-mass regime, we briefly explain the scaling intuition that underlies the 
blow-up analysis. For a large mass a → ∞, the L2 constraint forces the solution to develop a large amplitude. 
The competition between the two nonlinearities is resolved by comparing their scaling exponents. Suppose 
we rescale the solution as u(x) = μ

1 
p−2w(μ1/2x) with μ = −λ → ∞. Under this p-scaling, the equation 

becomes

−Δw + μ−1V (·)w = −w + βwp−1 + μ−δwq−1, δ = p− q 
p− 2 > 0.

For μ → ∞, the potential term vanishes (since V ≥ 0 and we concentrate near a well where V = 0), and the 
q-nonlinearity is suppressed by the factor μ−δ → 0. Thus the leading-order balance is between −Δw, −w, 
and βwp−1, yielding convergence to β−1/(p−2)Qp. Conversely, if we use the q-scaling u(x) = μ

1 
q−2 z(μ1/2x), 

the p-term carries a factor μ−γ → 0 with γ = (p− q)/(q− 2) > 0, so the q-nonlinearity dominates for small 
mass. The transition between these regimes occurs when the suppressed nonlinearity becomes comparable 

to the dominant one, leading to the crossover scale a×(β) ≍ β− 4−N(q−2)
2(p−q) .

Lemma 4.5. Let μa = −λa, where λa is the Lagrange multiplier for the minimizer ua for e(a). Then 
lima→+∞ μa = +∞, provided that

β >
pγp∥Qp∥p−2

2
2 

.

Proof. From the Euler–Lagrange equation satisfied by ua, multiplying by ua and integrating over ℝN , we 
obtain

λaa = 2e(a) + β
(︂2 
p
− 1

)︂
∥ua∥pp +

(︂2
q
− 1

)︂
∥ua∥qq. (25)

Since p > 2 and q > 2, the coefficients 2 
p − 1 and 2

q − 1 are negative. Hence,

λaa ≤ 2e(a). (26)

Therefore, it suffices to show that

e(a)
a 

−→ −∞ as a → +∞. (27)



14 M.S. Abolhassanifar et al. / J. Math. Anal. Appl. 564 (2026) 130901 

Let xj ∈ ℝN be such that V (xj) = 0, and let Qp be the positive ground state solution of (6). For ε > 0, 
define

uε(x) := ε−N/2Qp

(︃
x− x0

ε 

)︃
.

Then

∥uε∥2
2 = ∥Qp∥2

2 = mp, ∥∇uε∥2
2 = ε−2∥∇Qp∥2

2,

∥uε∥pp = ε−pγp∥Qp∥pp, ∥uε∥qq = ε−qγq∥Qp∥qq,

and, since V (xj) = 0 and V is continuous,∫︂
ℝN

V (x)|uε|2 dx = o(1) as ε → 0.

Set t :=
√︃

a 
mp

and define va,ε := tuε. Then ∥va,ε∥2
2 = a, so va,ε ∈ S(a) and

e(a) ≤ E(va,ε).

A direct computation yields

E(va,ε) <
1
2
∥∇Qp∥2

2
∥Qp∥2

2
aε−2 − β

p 

∥Qp∥pp
∥Qp∥p2

ap/2ε−pγp + o(a)

= γp
2(1 − γp)

aε−2 − β

p(1 − γp)∥Qp∥p−2
2

ap/2ε−pγp + o(a). (28)

Choose ε = a−k with

0 < k = p− 2 
2(2 − pγp)

,

or equivalently p
2 + kpγp = 1 + 2k and this is well defined since p < 2 + 4 

N . With this choice, both the 
gradient term and the p-nonlinearity scale like aσ, where

σ := p

2 
+ kpγp = 1 + 2k > 1.

Putting these into (28), we obtain

E(va,ε) < aσ

(︄
γp

2(1 − γp)
− β

p(1 − γp)∥Qp∥p−2
2

)︄
+ o(a).

Let β > 0 be chosen such that

β >
pγp∥Qp∥p−2

2
2 

.

Hence, for a sufficiently large,

e(a) ≤ −c aσ for some c > 0.
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Dividing by a gives

e(a)
a 

≤ −c aσ−1 −→ −∞ as a → +∞,

which proves (27). Finally, combining with (26), we conclude that

λa −→ −∞.

Equivalently, lima→+∞ μa = +∞. This completes the proof. □
Remark 4.6. Let

β∗ := pγp∥Qp∥p−2
2

2 
.

The condition β > β∗ appearing in Theorem 2.2 and Lemma 4.5 is sharp in the following sense:

(i) If β > β∗: The energy functional becomes negative for sufficiently large mass when tested against p-core 
bubbles. Consequently, μa → ∞ and the rescaled solution converges to β−1/(p−2)Qp. The p-nonlinearity 
is responsible for the collapse.

(ii) If β = β∗: The leading-order coefficient in the p-bubble energy expansion vanishes. Higher-order terms 
(from the potential or the q-nonlinearity) determine the sign. In this borderline case, the asymptotic 
behavior is expected to be more delicate, possibly involving logarithmic corrections or a different blow
up rate.

(iii) If β < β∗: The p-bubble energy is non-negative to leading order, so the p-nonlinearity alone cannot 
drive the energy to −∞ as a → ∞. In this regime, the q-nonlinearity (which is always mass-subcritical) 
prevents collapse, and the large-mass behavior is governed by the q-core dynamics described in The
orem 2.3(i), provided the mass remains below the crossover scale. For sufficiently large mass when β
is small, the competition between the two nonlinearities may produce a different type of ground state, 
possibly with a more complex structure (e.g., two-bump solutions).

Thus β∗ is the exact threshold separating the regime where pure p-core blow-up occurs from regimes 
where it does not.

Therefore, from now on, we always assume β >
pγp∥Qp∥p−2

2
2 . Now, recall from Lemma 4.5 that

λaa ≤ e(a) ≤ E(va,ε) ≤ −c aσ,

for some c > 0 and large a > 0. From this, we conclude

μa ≥ c aσ−1,

where

σ = p− pγp
2 − pγp

> 1.

We will use this quantitative growth rate for the next lemma.

Lemma 4.7. Let β >
pγp∥Qp∥p−2

2
2 . Let μa = −λa, where λa is the Lagrange multiplier for the minimizer ua

for e(a), and εa = μ
−1/2
a , and consider the scaling
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wa(x) = μ
− 1 

p−2
a ua(xa + εax),

where xa ∈ ℝN is a maximum point. Then, after passing to a subsequence, we have the strong convergence 
wa → β− 1 

p−2Qp in H1(ℝN ). Also,

μa =
(︄
β

2 
p−2

mp
a

)︄ p−2 
2−pγp

(1 + o(1)), a → +∞.

Proof. From the definition of wa,

∥wa∥2
2 = a μ

N
2 − 2 

p−2
a .

Using the growth of μa (Remark 4.6), ∥wa∥2 is uniformly bounded. Testing the rescaled equation

−Δwa + μ−1
a V (xa + εax)wa = −wa + βwp−1

a + μ−δ
a wq−1

a

with wa and applying the Gagliardo–Nirenberg inequality, we obtain

∥∇wa∥2
2 ≲ ∥∇wa∥pγp

2 + ∥∇wa∥qγq

2 .

Since 0 < qγq < pγp < 2, {wa} is bounded in H1(ℝN ). Up to a subsequence,

wa ⇀ w in H1(ℝN ).

Because xa is a maximum point of ua, 0 is a maximum of wa, hence wa(0) ≥ c > 0 for large a. Passing to 
the limit gives w ̸≡ 0. Letting a → ∞ in the rescaled equation and using μ−1

a , μ−δ
a → 0, we obtain

−Δw + w = βwp−1 in ℝN .

By the classification of positive solutions,

w = β− 1 
p−2Qp(· − y).

Define the autonomous functional

J(u) = 1
2

∫︂
ℝN

(|∇u|2 + u2) − 1 
p

∫︂
ℝN

|u|p.

Then J ′(wa) → 0 in H−1, so {wa} is a bounded Palais–Smale sequence. Moreover,

J(wa) =
(︂1

2 − 1 
p

)︂ ∫︂
ℝN

wp
a + o(1) → J(Qp) = m.

By concentration–compactness, vanishing and dichotomy are excluded, hence wa → w strongly in H1(ℝN ). 
Since 0 remains a maximum point, the translation parameter vanishes and

wa → β− 1 
p−2Qp strongly in H1(ℝN ).

Using again
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∥wa∥2
2 = a μ

N
2 − 2 

p−2
a ,

and the strong convergence,

a μ
N
2 − 2 

p−2
a = β− 2 

p−2mp(1 + o(1)).

Since N2 −
2 

p−2 = −2−pγp

p−2 , we obtain

μ
2−pγp
p−2 

a = β
2 

p−2

mp
a(1 + o(1)),

that is,

μa =
(︄
β

2 
p−2

mp
a

)︄ p−2 
2−pγp

(1 + o(1)), a → ∞. □

Lemma 4.8. Let ua be a global minimizer of e(a), let λa be the associated Lagrange multiplier, and set

μa := −λa, εa := μ−1/2
a .

Let xa be a maximum point of ua. Then

dist(xa,𝒵) → 0 as a → +∞,

where 𝒵 = {x ∈ ℝN : V (x) = 0}.

Proof. We argue by contradiction. Suppose that the conclusion fails. Then there exists a d0 > 0 and a 
sequence an → +∞ such that

dist(xan
,𝒵) ≥ d0 for all n.

Since 𝒵 is finite and V ∈ C(ℝN ) with V ≥ 0 and isolated zeros, there exists

α0 := min
{︁
V (x) : dist(x,𝒵) ≥ d0/2

}︁
> 0.

Define the rescaled functions

wa(x) := μ
− 1 

p−2
a ua(xa + εax).

By Lemma 4.7, we have

wa → β− 1 
p−2Qp strongly in H1(ℝN ),

and hence strongly in L2(ℝN ). Therefore, for any fixed R > 0,∫︂
BR

|wa|2 dx −→
∫︂
BR

β− 2 
p−2Q2

p dx.

Choose R > 0 large enough so that
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BR

β− 2 
p−2Q2

p dx ≥ 2
3

∫︂
ℝN

β− 2 
p−2Q2

p dx.

Then, for all sufficiently large a, ∫︂
BR

|wa|2 dx ≥ 2
3

∫︂
ℝN

|wa|2 dx.

Using the change of variables y = xa + εax and the identity∫︂
ℝN

|ua(y)|2 dy = μ
2 

p−2
a εNa

∫︂
ℝN

|wa(x)|2 dx = a,

we obtain ∫︂
BRεa (xa)

|ua(y)|2 dy = μ
2 

p−2
a εNa

∫︂
BR

|wa(x)|2 dx ≥ 2
3 a

for all sufficiently large a. Since dist(xan
,𝒵) ≥ d0 for all n, for any y ∈ BRεan

(xan
) we have

dist(y,𝒵) ≥ dist(xan
,𝒵) − |y − xan

| ≥ d0 −Rεan
.

Since εan
→ 0 as n → ∞, there exists n0 ∈ ℕ such that Rεan

≤ d0/2 for all n ≥ n0. Hence, for all n ≥ n0,

dist(y,𝒵) ≥ d0

2 
for all y ∈ BRεan

(xan
),

which implies

BRεan
(xan

) ⊂
{︁
x ∈ ℝN : dist(x,𝒵) ≥ d0/2

}︁
.

Hence, V (x) ≥ α0 on BRεan
(xan

), and therefore∫︂
ℝN

V (x)|uan
(x)|2 dx ≥

∫︂
BRεan

(xan )

V (x)|uan
(x)|2 dx ≥ α0

∫︂
BRεan

(xan )

|uan
(x)|2 dx ≥ 2

3 α0 an.

Define the zero-potential constrained infimum

e0(a) := inf
{︂1

2

∫︂
ℝN

|∇u|2 − β

p 

∫︂
ℝN

|u|p − 1
q

∫︂
ℝN

|u|q : u ∈ H1(ℝN ), ∥u∥2
2 = a

}︂
.

From the previous estimate and the definition of E, we obtain

e(an) = E(uan
) ≥ e0(an) + 1

3 α0 an. (29)

On the other hand, by testing the energy with standard concentrating functions supported near any point 
xj ∈ 𝒵 (where V (xj) = 0), one has

e(a) ≤ e0(a) + o(a) as a → +∞. (30)
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Combining (29) and (30) yields

e0(an) + 1
3 α0 an ≤ e(an) ≤ e0(an) + o(an),

which is impossible since α0 > 0 and an → +∞. Therefore,

dist(xa,𝒵) → 0 as a → +∞.

This completes the proof. □
Lemma 4.9. Assume (V 1) − (V 3) and 2 < q < p < 2 + 4 

N , β > 0. Let ua be a global minimizer of e(a) on 
S(a) with associated Lagrange multiplier λa. Let xa be a maximum point of ua and define

wa(x) := μ
− 1 

p−2
a ua(xa + εax).

Assume Lemma 4.7 holds, i.e., (up to a subsequence)

wa → w := β− 1 
p−2Qp strongly in H1(ℝN ),

where Qp is the positive ground state of (6). For each xj ∈ 𝒵 let

V (x) = cj |x− xj |ℓj + o(|x− xj |ℓj ) as x → xj ,

with cj > 0 and ℓj ≥ 2, and define

ℳℓ :=
∫︂
ℝN

|x|ℓw(x)2 dx = β− 2 
p−2

∫︂
ℝN

|x|ℓQp(x)2 dx ∈ (0,∞).

Then for every j ∈ {1, . . . ,m} there exists Ua,j ∈ S(a) such that

E(Ua,j) ≤ E0(ua) + 1
2 cj ℳℓj ε

ℓj
a + o(εℓja ) (a → +∞). (31)

If, up to a subsequence, xa → xj∞ ∈ 𝒵, then

E(ua) ≥ E0(ua) + 1
2 cj∞ ℳℓj∞ ε

ℓj∞
a + o(εℓj∞a ) (a → +∞). (32)

Consequently, for every k ∈ {1, . . . ,m},

cj∞ ℳℓj∞ ε
ℓj∞
a ≤ ck ℳℓk ε

ℓk
a + o(εℓj∞a ) + o(εℓka ). (33)

Proof. We write

E(u) = E0(u) + 1
2

∫︂
ℝN

V (x)|u(x)|2 dx, E0(u) := 1
2

∫︂
ℝN

|∇u|2 − β

p 

∫︂
ℝN

|u|p − 1
q

∫︂
ℝN

|u|q.

Fix j. Choose χ ∈ C∞
c (ℝN ) radial such that χ ≡ 1 on B1, χ ≡ 0 on ℝN \ B2, 0 ≤ χ ≤ 1. Fix R > 1 and 

define the cut-off bubble

˜︁Ua,j(x) := μ
1 

p−2
a w

(︂x− xj

εa

)︂
χ
(︂x− xj

Rεa

)︂
.
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Let ta > 0 be such that Ua,j := ta ˜︁Ua,j ∈ S(a). By the change of variables x = xj + εay,

∥˜︁Ua,j∥2
2 = μ

2 
p−2
a εNa

∫︂
ℝN

w(y)2χ(y/R)2 dy = μ
2 

p−2
a εNa

(︂ ∫︂
ℝN

w2 + oR(1)
)︂
,

hence ta = 1 + oR(1) as a → ∞, where oR(1) → 0 as R → ∞. Moreover, since E0 is translation invariant 
and χ(·/R) → 1,

E0(Ua,j) = E0

(︂
μ

1 
p−2
a w(·/εa)

)︂
+ oR(1).

Using E(ua) = e(a) ≤ E(Ua,j) and E0(ua) ≤ E0(Ua,j)+ oR(1), we can write (absorbing oR(1) into the final 
error term)

E(Ua,j) ≤ E0(ua) + 1
2

∫︂
ℝN

V (x)|Ua,j(x)|2 dx + oR(1).

Now compute the potential term. On suppχ(x−xj

Rεa
) we have |x− xj | ≤ 2Rεa, hence

V (xj + εay) = cjε
ℓj
a |y|ℓj + o(εℓja ) uniformly for |y| ≤ 2R.

Since χ(·/R) → 1 and ta = 1 + oR(1), we obtain∫︂
ℝN

V (x)|Ua,j(x)|2 dx = t2aμ
2 

p−2
a εNa

∫︂
ℝN

V (xj + εay) w(y)2χ(y/R)2 dy

= t2aμ
2 

p−2
a εNa

(︂
cjε

ℓj
a

∫︂
ℝN

|y|ℓjw(y)2χ(y/R)2 dy + o(εℓja )
)︂

= t2aμ
2 

p−2−N
2 

a

(︂
cjε

ℓj
a

∫︂
ℝN

|y|ℓjw(y)2χ(y/R)2 dy + o(εℓja )
)︂

= t2a
mp

a 
β− 2 

p−2

(︂
cjε

ℓj
a

∫︂
ℝN

|y|ℓjw(y)2χ(y/R)2 dy + o(εℓja )
)︂

= cjε
ℓj
a

(︂
ℳℓj + o(εℓja )

)︂
(1 + oR(1)).

Letting first a → ∞ and then R → ∞ yields (31). Now, we assume xa → xj∞ . Using the blow-up variables 
x = xa + εay, ∫︂

ℝN

V (x)|ua(x)|2 dx = μ
2 

p−2
a εNa

∫︂
ℝN

V (xa + εay) |wa(y)|2 dy.

Fix R > 0 and split the integral into BR and ℝN \BR. By wa → w in L2 and w ∈ L2, choose R large such 
that 

∫︁
ℝN\BR

w2 is arbitrarily small; then for a large 
∫︁
ℝN\BR

|wa|2 is also small. Using the flatness expansion 
at xj∞ and xa → xj∞ , uniformly for |y| ≤ R,

V (xa + εay) = cj∞ε
ℓj∞
a |y|ℓj∞ + o(εℓj∞a ).

Hence,
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BR

V (xa + εay)|wa(y)|2 dy = cj∞ε
ℓj∞
a

∫︂
BR

|y|ℓj∞w(y)2 dy + o(εℓj∞a ),

where we used wa → w in L2(BR). Letting R → ∞ gives∫︂
ℝN

V (xa + εay)|wa(y)|2 dy ≥ cj∞ε
ℓj∞
a ℳℓj∞ + o(εℓj∞a ).

Therefore, ∫︂
ℝN

V |ua|2 ≥ cj∞ℳℓj∞ ε
ℓj∞
a + o(εℓj∞a ),

and inserting this into E(ua) = E0(ua) + 1
2
∫︁
ℝN V |ua|2 yields (32). Finally, combining (31) (with k in place 

of j) and (32) gives (33). □
Remark 4.10. The functional E0 is translation invariant: for every u ∈ H1(ℝN ) and every y ∈ ℝN , setting 
uy(x) := u(x− y) one has∫︂

ℝN

|∇uy|2 =
∫︂
ℝN

|∇u|2, 
∫︂
ℝN

|uy|r =
∫︂
ℝN

|u|r (r = p, q),

hence E0(uy) = E0(u). Therefore, the leading-order core energy of a single concentrating bubble is inde
pendent of the well index, and the well selection is entirely produced by the potential term 1

2
∫︁
V |u|2. The 

cut-off χ(·/(Rεa)) is introduced only to localize the test functions where the expansion of V is valid; its 
contribution to E0 is supported in an annulus where the bubble is exponentially small, and vanishes as 
R → ∞.

Lemma 4.11. Let ua be a global minimizer of e(a) and let xa be a maximum point of ua. Assume that, up 
to a subsequence,

xa → xj∞ ∈ 𝒵 as a → +∞.

Then the following conclusions hold:

(i) ℓj∞ = max1≤j≤m ℓj =: ℓ∗;
(ii) j∞ ∈ arg min{cj : ℓj = ℓ∗}.

In particular, if the minimizer of cj over {j : ℓj = ℓ∗} is unique, say j∗, then

xa → xj∗ as a → +∞.

Proof. Fix k ∈ {1, . . . ,m}. By the upper bound obtained from the test function concentrated near xk and 
the lower bound for the true minimizer ua (see Lemmas 4.9), we have

cj∞ ℳℓj∞ ≤ ck ℳℓk ε
ℓk−ℓj∞
a + o(1) + o

(︂
ε
ℓk−ℓj∞
a

)︂
, a → +∞. (34)

Assume by contradiction that there exists an index k such that ℓk > ℓj∞ . Then ℓk − ℓj∞ > 0, and since 
εa → 0 we have
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ε
ℓk−ℓj∞
a → 0, o

(︂
ε
ℓk−ℓj∞
a

)︂
→ 0.

Letting a → +∞ in (34) gives

cj∞ ℳℓj∞ ≤ 0,

which is impossible because cj∞ > 0 and ℳℓj∞ > 0. Hence, no such k can exist, and therefore

ℓj∞ = max 
1≤j≤m

ℓj =: ℓ∗.

Let k be such that ℓk = ℓj∞ = ℓ∗. Then ℓk − ℓj∞ = 0, and (34) reduces to

cj∞ ℳℓ∗ ≤ ck ℳℓ∗ + o(1), a → +∞.

Letting a → +∞ and dividing by ℳℓ∗ > 0, we obtain cj∞ ≤ ck. Since k was arbitrary among indices with 
ℓk = ℓ∗, this shows that

j∞ ∈ arg min{cj : ℓj = ℓ∗}.

If the minimizer is unique, say j∗, then any accumulation point of xa must equal xj∗ , and therefore the full 
sequence converges:

xa → xj∗ as a → +∞.

This completes the proof. □
Proof of Theorem 2.2. (i) follows from Lemma 4.7, (ii) follows from Lemma 4.8, and (iii) follows from 
Lemma 4.11. □
Proof of Theorem 2.3. Let ua ∈ S(a) be a global minimizer of e(a), with multiplier λa, and set μa := −λa, 
εa := μ

−1/2
a . Let xa be a global maximum point of ua. Then ua solves

−Δua + V (x)ua = λaua + βup−1
a + uq−1

a in ℝN . (35)

Define

za(x) := μ
− 1 

q−2
a ua(xa + εax), wa(x) := μ

− 1 
p−2

a ua(xa + εax).

A direct computation yields

−Δza + μ−1
a V (xa + εax)za = −za + βμ−γ

a zp−1
a + zq−1

a , (36)

−Δwa + μ−1
a V (xa + εax)wa = −wa + βwp−1

a + μ−δ
a wq−1

a , (37)

where

γ = p− q

q − 2 
> 0, δ = p− q 

p− 2 > 0.

Thus, in the q--scaling the p--term is weighted by βμ−γ
a , while in the p--scaling the q--term is weighted by 

μ−δ
a . Let Qq be the positive ground state of
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−ΔQq + Qq = Qq−1
q in ℝN , mq := ∥Qq∥2

2.

Fix xj ∈ 𝒵 and consider the standard bubble ϕε(x) = ε−N/2Qq((x−xj)/ε). Choosing t2 = a/mq and using 
V ≥ 0, one obtains

e(a) ≤ E(tϕε) ≤ C1 a ε−2 − C2 a
q/2ε−κq , κq = N(q − 2)

2 
,

where C1, C2 > 0 are positive constants. Balancing the two leading terms with ε = a−kq , kq = q−2 
4−N(q−2) , 

gives for a large

e(a) ≤ −c0 a
1+2kq . (38)

On the other hand, multiplying (35) by ua yields E(ua) ≥ 1
2λaa, hence λaa ≤ 2e(a) and therefore

μa = −λa ≳ 
−e(a)

a 
≳ a2kq . (39)

Consequently,

βμ−γ
a ≲ β a−

2(p−q) 
4−N(q−2) .

Thus the regime βμ−γ
a → 0 holds provided

a ≪ a×(β), a×(β) ≍ β
4−N(q−2)

2(p−q) ,

which proves (iii). Next, assume a → ∞ with a ≪ a×(β), so that

βμ−γ
a → 0. (40)

Testing (36) by za and using (40) together with Gagliardo–Nirenberg inequalities yields a uniform bound 
∥za∥H1 ≤ C. Since 0 is a maximum point of za, evaluating (36) at 0 gives za(0) ≥ c∗ > 0. Hence, up to a 
subsequence, za ⇀ z in H1 with z ̸≡ 0. 
Moreover, since μa → ∞ and εa → 0, we have μ−1

a V (xa + εax) → 0 locally uniformly, and by (40) we may 
pass to the limit in (36) to obtain

−Δz + z = zq−1 in ℝN .

Therefore, z is a positive solution, hence (by uniqueness up to translation) z = Qq(·−x0). Energy identities 
plus weak lower semicontinuity imply ∥za∥H1 → ∥z∥H1 . Hence za → z strongly in H1(ℝN ). Since za attains 
its maximum at 0, we have x0 = 0, and thus

za → Qq strongly in H1(ℝN ),

which is (i). Now, assume a → ∞, a ≫ a×(β) and β > pγp∥Qp∥p−2
2 . Then Theorem 2.2 applies and yields

wa → β− 1 
p−2Qp strongly in H1(ℝN ),

which is (ii). Now, write E(u) = E0(u) + 1
2
∫︁
ℝN V |u|2 and recall that near each xj ∈ 𝒵,

V (xj + εx) = cjε
ℓj |x|ℓj + o(εℓj ) (ε → 0). (41)
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Assume xa → xj0 ∈ 𝒵. Using the change of variables x = xa + εay,

∫︂
ℝN

V (x)|ua(x)|2 dx = μ
2 

r−2
a εNa

∫︂
ℝN

V (xa + εay) Ua(y)2 dy,

where (r, Ua) = (q, za) in the q--core regime and (r, Ua) = (p, wa) in the p--core regime. By (41),

V (xa + εay) = cj0ε
ℓj0
a |y|ℓj0 + o(εℓj0a ) locally uniformly,

hence

∫︂
ℝN

V |ua|2 = cj0 μ
2 

r−2
a ε

N+ℓj0
a

∫︂
ℝN

|y|ℓj0Ua(y)2 dy + o

(︃
μ

2 
r−2
a ε

N+ℓj0
a

)︃
.

Using the mass constraint a = μ
2 

r−2
a εNa

∫︁
ℝN U2

a , we get

∫︂
ℝN

V |ua|2 = cj0 a ε
ℓj0
a

∫︂
ℝN

|y|ℓj0Ua(y)2 dy∫︂
ℝN

Ua(y)2 dy 
+ o

(︂
aε

ℓj0
a

)︂
.

This completes the proof. □
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