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Abstract

The aim of this paper is to investigate the existence, uniqueness, and Hyers—Ulam stability
of solutions to a class of nonlinear Caputo fractional delay differential equation with
nonlocal boundary conditions in the space of absolutely continuous functions. Owing to
the nonlinearity, the equation is not readily amenable to treatment using existing integral
transform methods. Our approach employs the inverse operator technique, the multivariate
Mittag-Leffler function, and several well-established fixed-point theorems. An illustrative
example is provided to demonstrate the applicability of the obtained conditions. A heuristic
discussion of an exact solution, together with sufficient conditions justifying the convergence
of the associated formal series in the Laplace-transform domain, is also presented.
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1. Introduction

Let T > 0, and let C([0, T]) be the Banach space of all real-valued continuous functions
on [0, T] with the norm
Ul := max |u(t)| < +oo.
e = [u)
For a € (0,1) and u € C([0, T]), the Riemann-Liouville fractional integral operator
1§, is defined by ([1]) p. 69, Equation (2.1.1))

I§u(t) = I“(ltx) /Ot(t —8)* lu(s)ds, te[0,T].

It follows from [2,3] that 18 4 = u. In addition,

TD(
I'(a+1)

1T ulleo < 1]l co ©)

provided that u € C([0, T]).
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Let C1([0, T]) denote the space of all real-valued continuously differentiable functions
on [0, T], and let AC(]0, T|) denote the Banach space of all real-valued absolutely continuous
functions on [0, T] endowed with the standard norm

T
lullac = llulles + [ 1 (Bt = flulloo + 'l

We have C!([0,T]) € AC([0,T]) < C([0, T]). However, the space AC([0, T]) equipped
with || - || is not complete. It is particularly important to note that Riemann-Liouville
fractional integral operator I§, do not necessarily map C([0, T]) into AC([0, T]) ([4] p. 5,
Proposition 2.9).

For u € AC([0, T)), the Caputo fractional derivative operator D& , of order & € [0,1]
can be defined by ([1] p. 92, Theorem 2.1)

D& u(t) = 1"(11—¢x) /Ot(t —s) " (s)ds, te0,T.

Note that if u € AC([0, T]), we have DJ, u(t) = u(t) and D}, u(t) = ' (t). In addition,
ifa € (0,1] and u € AC([0, T]) then ([1] p. 96, Lemma 2.22)

1§ (“D§ u) (1) = u(t) — u(0).

Assume that 0 < &, < a1 < --+ < a1 < 1 for some m € N. In this paper, we focus
on the following fractional multi-pantograph differential equation with nonlocal boundary
conditions:

w'(£) + a1 CDGLu(t) + -+ +aw CDYTu(t) = f(tu(Mat), -, u(Aat)), t€[0,T], (2)
u(0) + pu(T) =0, Bisanonzero constant, 3

whereay, -+ ,a, € R,0< Ay,--- , Ay <1land f € C([0, T] x R").
The pantograph-type equations, typified by (see, for example, [5,6])

u'(t) = au(At), 4)

are an important class of functional differential equations that has been studied for nearly a
century. It has a nice series solution

00 .tk
u(t) =Y, AL (5)

]
P k!

These equations not only possess rich mathematical structures, but also have many applica-
tions. When weleta; = - - - = a,, = 01in (2), it reduces to the equation

w'(t) = f(t,u(At), -+ u(Ant)), ®)

which contains (4) and many other important known pantograph equations as special cases
(see [7-10]).

Fractional extensions of (6) obtained by replacing the usual derivative with a partic-
ular fractional derivative have also been widely studied. For example, using the Banach
contraction mapping principle, Balachandran et al. [11] have established the existence and
uniqueness of solution of the following nonlinear fractional pantograph equation

{CDa‘w(t) = f(t,u(t), u(At)), 7)
u(O) = Uy, (8)
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where 0 < a < 1,0 < A < land f € C([0, T] x R?). Jalilian [12] proved the existence of
solution for the fractional pantograph equation

CD&, u(t) = f(t,u(t), u(At), u(Azt)),
u(0) = uy,

where 0 <« < 1,0 < A;,Ay < land f € C([0, T] x R3). Very recently, Duan and Duan [13]
derived an explicit series solution of the fractional pantograph equation

CDg, u(t) = —au(t) — bu(At) + f(t),
u(0) = uq,

by introducing a new Mittag-Leffler type function.

Except the above typical equations and their related classical initial value problems,
there are some latest progress in this direction. Hafeez et al. [14] investigated the following
fractional delay differential equation

D& u(t) = f(t,u(t),u(g(t))), te[0,T], 1<a<?2,
u(t) = w(t) = wp, u'(t) = w'(t) = wy, te[-7,0],

where w € C([—,0]), f € C([0, T] x R?), and t > g(t). In addition, Hashim et al. [15]
studied the following problem

W' () = DA u(t) + a(yu(At) +r(t), te0,1],
u(0) = uo,u'(0) = uy,

where 0 < A < 1,0 < a(t) < 1forall t € [0,1],a,7 € C([0,1]), and Dgg:) is the variable-

order Caputo fractional derivative defined by

Dgg)u(t) = 1,(1_10‘(1})) /Ot(t —5)~ 4B/ (5)ds.

Fractional multi-pantograph differential equations have recently attracted consider-
able attention because they simultaneously incorporate hereditary effects through fractional
derivatives and proportional delay through pantograph arguments. Such models arise
naturally in the mathematical description of phenomena with memory and self-similar
time delays, including population dynamics, control theory, viscoelasticity, and engineering
systems. The presence of multiple fractional derivatives of different orders together with
nonlocal boundary conditions significantly enriches the mathematical structure of the prob-
lem while also introducing substantial analytical challenges. Consequently, investigating
the existence, uniqueness, and stability of solutions to problems (2) and (3) is of both
theoretical interest and practical importance.

Definition 1. The boundary value problems (2) and (3) is said to be Hyers—Ulam stable if there
exists a constant A > 0 such that, for every ¢ > 0 and every u € C*([0, T]) satisfying the nonlocal
boundary condition

u(0)+ pu(T) =0

and

W () + a1 CDEL u(t) + - + am CDEu(t) — F(tu(Mt), - - ,u(/\nt))H <e
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d

there exists an exact solution uy € AC([0, T]) of the boundary value problems (2) and (3) satisfying
[ —uofleo < Ae,
where A is independent of ug, u and e. We call such A a Hyers—Ulam stability constant.

The remainder of the paper is organized as follows. In Section 2, we first establish
several necessary properties of the multivariate Mittag-Leffler function, and then apply the
inverse operator method to derive an equivalent integral equation for nonlocal problems
(2) and (3). In Section 3, we first use fixed-point theory to characterize the existence and
uniqueness of the solutions in AC([0, T]) to the problems (2) and (3) under different condi-
tions, and then present an analysis of its Hyers—Ulam stability. Finally, some concluding
remarks and directions for future research are included in Section 4.

2. Preliminaries and Auxiliary Results
2.1. The Multivariate Mittag-Leffler Function

Letay, -+ ,am, B > 0and z1, -,z € C. Hadid and Luchko [16] introduced the
following multivariate Mittag-Leffler function

E(a1,~--,am),/s(21/ S, Zm)

.Zﬂ;”

SR P s==
. k=0ky+--+km=k koo k) Tagky + - -« + amkn + B)’

©)

which is an entire function on C". In recent years, this function has appeared frequently
in many studies (see, for example, [17-19]), and its position within fractional calculus is
becoming ever more significant.

When m = 1, the function (9) reduces to the following two-parameter Mittag-Leffler

function:
00 k

Eup(z) i= k;) m a,B>0, z¢eC. (10)

Further letting 8 = 1 in (10), we obtain the classical Mittag-Leffler function defined by

Zk

Z Tk £1)’ a>0,z€C. (11)

Throughout this paper, for convenience of notation, we follow Bazhlekova [20] and let
g(lxlr"',ﬂfm);ﬂ(t;al’ cee ,am) = tﬁilE(le,-n,am),ﬁ(_ﬂltal, cee, _amtl"m).

From ([20] Theorem 2.3, Equation (2.11)), we have immediately

d n
(dt) g(le,---,am),ﬁ(t;alf cee ,am) = 5(0‘],...’“"1)//5,”(@' ay,--- ,ﬂm), B> n. (12)

In particular, we shall use the following relation:

d

ag("‘l/'“/“nl)rl(t; ay, .- ,ﬂm) - aE(al,“-,am),l(_altal/ Tty _amtam)

k ) (7a1)k1 . (7am)km t‘xlk1+"'+lxmkm_1
/km (

:Zl Z — (kll"' [(arky + -+ + amkm)
=0t Y, t—of, (13)
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where 0 < ¢ := min{ay, -+ ,ap} < 1. From the asymptotic behaviour (13), it follows
immediately that

Ea yilta, - am) € AC([0, T)). (14)

1 &m

The following technical result is crucial for our derivation in Section 2.2, where we shall
consider the convolution of £, ... ,,),1(£;41, -+, am) with a continuous function. Although
it may be known, we have not been able to find an explicit reference. For completeness and
reader’s convenience, we provide a full proof here.

Proposition 1. Let k € AC([0,T]) and f € C([0, T]). Define
t
gt = (kx f) = [ k(t=s)f(s)ds.
Then g € AC([0, T)).

Proof. In view of f € C([0,T]), there is a positive number M so that |f(s)| < M for all
s € [0, T]. By the Leibniz rule for differentiation under the integral sign, we have

£ = [ K(t=)f(s)ds +KO)F ()

Next, we show that ¢’ € L!(0, T). First note that

[ s [ [ we-siseas|ar o) [0
T t
SM/O [/0 k’(ts)|ds]dt+|k(0)|MT. (15)

Since k € AC([0, T]), we have k' € L1(0,T), and thus

/OT [/Ot Ik’(t—s)|ds] dt = /OT [/Ot k'(T)dT} dt

T
= [T =K @lar < T |,s < e (16)

Combining (15) and (16) gives

T
I8 = [ I8/ (0)1de < oo,

which completes the proof of our assertion. [

From the complete monotonicity of E,g(—t) with t > 0 (which means that
n

(—1)”%Ea,ﬁ(—t) >0forn=0,1,2,---), we have

1

— < = —

EIX,/g( t) — sz,ﬁ (0) r(ﬁ),

wheret > 0,0 < « < 1and 8 > a. In some studies (e.g., [21]), inequality (17) allows the

obtained conditions to be more concise. Bazhlekova also showed thatif 0 < a;,;, < --- <
a1 gﬁglanda]->0(j:1,-~,m),

(17)

Eay e o) p(E 81,7+ am)
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is completely monotonic for ¢ > 0 (see ([20] p. 95, Theorem 3.2)). Thus, it is non-negative
and non-increasing on (0, +c0). Considering that £, ... 4, p(t a1, ,am) behaves as
tP=1/T(B) as t — 0, we cannot obtain an inequality of the form (17) as in the case of the
two-parameter Mittag-Leffler function, unless when § = 1, we have

5(041,~--,am),1(t}(11, s am) < 1

In addition, Luo et al. [18] recently obtained the following inequality which we state here
as a proposition.

Proposition 2. Leta; >0 (j =1,---,m), and let xq be a positive number so that

I'(xp) = xer(r&iroo)l”(x).

Then, for B > xo,
|E(p(1,---/0(m),ﬁ(zll e ,Zm)| S Eminzx]-,,B(|Zl| +- |Zm|)r
where (z1,- -+ ,zy) € C™,
Numerical computation yields xo = 1.46163---.If z1,-- -,z > 0, we have

E(M’,,,,am),ﬁ(zll - ,Zm> < Eminlxj,ﬁ<zl R Zm), (18)

wherea; >0 (j =1,---,m)and B > xo. This inequality reduces the multivariate Mittag-
Leffler function to a two-parameter one, allowing for direct numerical computation with
existing codes online.

2.2. Construction of an Equivalent Integral Equation: An Inverse Operator Method

The inverse operator method offers a robust and efficient framework for solving
various fractional differential and integral equations, as well as for analyzing existence,
uniqueness, and stability via fixed-point theory (see, for example [18,22-25]).

In this subsection, we reformulate the boundary value problems (2) and (3) as an
equivalent implicit integral equation in AC([0, T]) under the condition:

il (19)

This formulation will serve as the foundation for the subsequent analysis of existence,
uniqueness, and stability.
Recall that

I (“D§u(t) = L " (I3, (“D§u(t))
1(0)

= I2%(u(t) — u(0)) = I u(t) — mtl“".

Applying the operator I}, to both sides of Equation (2) yields

u(t) — u(0) + f aily 5 u(t) — u(0) i ﬁtl”” =1L f(tu(Agt), -+ ,u(Ant)), (20)
i=1 i=1 !
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by noting that u € AC([0, T]). Setting t = T in (20), we have

m

+Y a Iéf" / f(s,u(A1s), -+, u(Ays))ds.

u(T) — 1+2 T1 &
1’27 i=1

Using the boundary condition u(0) 4+ fu(T) = 0 with B # 0 and substituting u(T), we
finally have

- % Iiailé“"u(T) - % /OTf(S/ w(As), -+, u(Ans))ds. @

Clearly, u(0) is nonlocal.
Hence, from Equation (20) we get

1+ iitl_"‘f . (22)
i=1

(14—211 Il a,) —Io+f(t u(Agt), -, u(Ant)) +u(0) T2—a;)

Define an operator

k
P=Y (-1) (Z% ailé:"’)

k=0

RV Ko\ g gl ()bt ()
=).(-1) )3 [ S e Ui ’
k=0 ki +---+km=k 1% s vm

by using the semigroup property of the Riemann-Liouville fractional integral operator Ij, .
We shall prove that P is a well-defined operator from C([0, T]) to itself. Indeed, for any
¢ € C([0, T]) we have from (1) that

1Pplleo < l[@lleo Z )3

=0ky+--+kpn=k

1 17 m
= ”(PHOOE(lfal A—ay), (|a1|T al "'/|um|T & ) < +o0.

k |y [}1 - - - |y [ TR (A =a1) 4tk (1—am)
<k1/ k ) FA+k(1—ar)+- - +kn(l—am))

Furthermore, P is a unique inverse operator of 1 + a4 Ié:xl 4+ +ap I&;“'”. To see this, we
note that

k+1
<] m
- —lm —_ 17 i
P(1+a113+"‘1 o anll® ) = P+Ig(1)k<2ﬂilo+a>
— i=
. koo k+1
=1+) (-1 (Zﬂl Iy, “l> + Y ( 1)k<2a1 I “Z) =1 (identity operator).
k=1 k=0

Similarly,
(1 NN amlg;"m)P =1,

and the uniqueness of P follows easily.
Applying the operator P to Equation (22), we deduce that

u(t) = PI3, f(t,u(A1t),- -+, u(Aut)) +u(0) | P1 + i mai_iptl—“f : (23)
i=1

;)

Note that for p > —1,
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L o O
k=0 ky+-thp=k N1 Rm
o ky oo km gk (T—aq) -k (1—am)
k ajt e cagratita
=T(o+1)t" Y (~1)F < ) L
(p ) kgo( ) k]Jr“;km:k kl/"'/km F(P+1+k1(1_“1)++km(1_“m))
=T(o+DPEq oy, 1-an) pt1 (_“11}17“1" e _amtliam)
=T(p+ 1)8(171x1,»--,1focm),p+1(t;a1/ ).
So we have
(0)|P1+ G | (0)€ tay, -
u g m =u (1—«1,.--,1—%),1( ;a1, ,m)
m
+ M(O) Zaig(lfal,m,lfucm)lfﬂé,‘(t; ai, - /am)- (24)
i=1
In addition, we have
PIL, F(tu(At), - u(Aut)
DG VDY (k L )a? ol g T S (), (M)
k=0 kit Aky=k 1700 Rm
t
N /0 E a1 (—a1(t =), o —a(t = 5)17%) f(s,u(Mrs), -+, u(Ans))ds
t
= /0 E—ay f—ama(E 8501, am) f(s,u(A1s), -+, u(Ans))ds. (25)
Substituting (24) and (25) into (23) gives
t
u(t) = /o E—uyf—ama(E =881, am)f(s,u(A1s), -+, u(Ans))ds
Fu(0)Eq—ay, - 1-aa(Ba1, -, am)
m
+ u(O) Z5115(1,“1,...,1,am),2,ai(t;al,' o 'am)' (26)
i=1
For convenience, we let
ap=1 oy=1.
Then the above equation can be written as the following more compact form:
t
1) = [ €0y aa(t =S5 o) flsu(Ms), - u(Aas)ds
m
+u(0) Y M0 ay 1wy 2o (1 Am)
i=0
t
- /0 g(lfﬂq,"',l*am),l(t — sy, ,ﬂm)Fu(S)dS
H(t) [ 1 T
— LZ% a1} u(T) —/0 Fu(s)ds|. 27)

where
Fu(s) := f(s,u(A1s),- -+ ,u(Ays)),
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and .
H(t) := ZO {11'5(1,,11/..4/1,%1),27“1.(1}} ap, -+, am).
i=

Consequently, problems (2) and (3) is equivalent to the integral Equation (27). Indeed,
Equation (27) is obtained from (20) by applying the inverse operator P and substituting
the expression (21) for 1(0), which is determined by the nonlocal boundary condition (3).
Conversely, reversing the preceding calculations shows that every solution of (27) satisfies
Equation (2) together with the nonlocal boundary condition (3). Thus, unlike an integral
representation in which u(0) is treated as an independent quantity, Equation (27) explicitly
incorporates the boundary condition.

Clearly, Equation (27) is an implicit integral equation. It remains to be shown that the
right-hand side of (27) belongs to AC([0, T]) provided that u € C([0, T]). Since

d 1
ag(lfal,w,lflxm)&ﬂx,-(t; ap, - /am) = 8(1,0‘1,,,,11,“’”)11,&.(t;al,~ o /am) el (0, T)/

we have immediately

H(t)

Y

iailé_“’u(T) - /OT F,(s)ds

i=1

€ AC([0, T]).

The fact that

t
/0 5(1_“1,...,1_,,6,"),1“ —s;ay,-+- ,am)Fy(s)ds € AC([0, T])
follows from the fact (14) and Proposition 1.

3. Main Results
3.1. Existence and Uniqueness by the Banach Contraction Principle

We are now ready to present the following theorem regarding the existence and
uniqueness of solutions to the boundary value problems (2) and (3) in AC([0, T]).
Bear in mind that, in what follows, Y is defined by (19) and

ap=1 oay=1.

Theorem 1. Assume that f € C([0, T| x R") satisfies the Lipschitz condition for L > 0:
n
‘f(t/xlr' o rx'rl) _f(trylr' o ry}’l)| < L Z Ix] _y]|/ te [0/ T]r xj/yj € IR/ (28)
j=1

and Y # 0. Furthermore, we suppose that

K:=LnTLy+ —(Q+ LnT) < 1, (29)

¢

where

Li = gé}g[?]{] |g(1flx1,...,17am), 2—u; (t/ ai, - /am)|/ 1= O/ 1/ ceom,

and
\ﬂllTl i

Hp := Z|az|Lzr Q:= Z )

Then the boundary value problems (2) and (3) has a unique solution in AC([0, T]).
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Proof. We begin defining a nonlinear mapping ® over C([0, T]) as
t
Ddu(t) := /0 Emay a1 (E— 8501, am) Fy(s)ds
m T
+ @ Y il () —/0 Fu(s)ds]. (30)
i=1

It follows from Section 2.1 that @ : C([0, T]) — AC([0, T]). Forany u,v € C([0, T]), we have

aily ™" (= 0)(T)| < Qllu — v,

i

i=1

‘/OT F,u(s)ds — /OT Fy(s)ds

using the Lipschitz condition (28). Furthermore,

and
< LnTl||u — v|c,

t
Pu(t) — do(t) = /0 Emay, e f—am)1 (= 8;a1,- - ,am) [Fu(s) — Fy(s)] ds

+ @ [iailéai(u —o)(T) - /OT(Fu(s) — Fv(s))ds].

Therefore,

Ho

[@u — ®v[lee < LnTLollut — v||eo + Y]

(Q+LnT)|[u —vllo = Klju = vflw, ~ (31)

where K is given by (29). Since K < 1, the boundary value problems (2) and (3) has a
unique solution in C([0, T]) by the Banach contraction principle. Moreover, the mapping ®
is from C([0, T]) to AC([0, T]). Therefore, this unique solution in fact belongs to AC([0, T1]).
Our approach here is indeed much simpler than working directly with the norm |[u|| ¢,
which contains the second term |[|u/[|;1. O

Corollary 1. Let 0 < « < 1,0 < A < 1, and consider the single-order fractional pantograph
boundary value problem

w'(t) +aC Dy, u(t) = f(tu(At), tel0,T],
u(0) + Bu(T) =0,

wherea € R, B # 0, and f € C([0, T] x R). Suppose that

Fbx)— Fby)| < Lylv—yl, and Y= 241420 g
’ A= EAE Y B TQ—a)
Define
Lo = Ei_gq(—at'™)|, L; = H0E o (—at )],
0 tlgl[%‘ 1 a,l( ) 1 tg}% 1-a2 vc( )
and al )
alT+—*
= L - =Y.
HO LO+|“| 1, Q 1—-(2_“)
If
K=LTL +@(Q+L T) <1
- f 0 |Y| f ’
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then the above boundary value problem has a unique solution in AC([0, T]).

Proof. The assertion follows immediately from Theorem 1 by takingm = n =1, a; = g,
g =a,and Ay = A. O

This corollary shows explicitly how the general multi-order and multi-delay result
reduces to the single-order and single-delay setting. It is related to the classical fractional
pantograph problems discussed in Section 1, including that of Balachandran et al. [11].
The present formulation, however, contains both the first-order derivative and a Caputo
fractional derivative and is subject to a nonlocal boundary condition; hence it is not identical
to the initial value problem studied in [11].

3.2. Existence by Leray—Schauder Fixed Point Theorem

In the previous section, we have established an existence and uniqueness result based
on Banach'’s fixed point theorem by requiring that f satisfies a Lipschitz condition. Here,
we will employ the Leray—Schauder fixed point theorem to provide an existence result from
another perspective.

Theorem 2 (Leray-Schauder fixed point theorem). Let T be a continuous and compact mapping
of a Banach space X to itself, such that the set

{x € X:x=06Tx forsome € [0,1]}
is bounded. Then T has a fixed point.

Theorem 3. Assume that f € C([0, T| x R") satisfies the following linear growth condition for
nonnegative numbers cy and cy:

[Fu(B) = [f (£, u(At), - u(Ant))| < co +arllufle, u € C([0,T]), (32)

and Y # 0. Also, assume that

H
Ko = TLocy + ﬁ(Q +Tey) < 1 (33)

Then the boundary value problems (2) and (3) has a solution in AC([0, T]).

Proof. Again we use the nonlinear mapping ® over C([0, T]) defined by (30). The proof is
divided into four steps.

Step 1. The mapping ® : C([0, T]) — C([0, T]) is continuous. This follows from the
following inequalities (note that f is not a Lipschitz function here):

|Bu — D]
< T max |F,(t) — F,())|Eq_, ... 1_ T: —|ay|,---,—|a
= tE[O,T]| u() v( )| (1—aq, 1 txm),l( | 1| | ml)
H,
+ 29

U—7|eoc + T max |F,(t) — F,(t)]],
] | Qe = ol + T max [Fu(6) = Fo(0)|

which imply @ is continuous since f € C([0, T] x R").
Step 2. We show that @ is a mapping from a bounded set to a bounded set in C([0, T]).
Let Wy be a bounded set in C([0, T]), namely,

Wo := {u € C([0, T)); [[ullo < M3},
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where M is a positive number. For any u € Wy, the function t — f(t, u(A1t), -, u(Aut))
is continuous and bounded on [0, T]. Indeed,

My o= max F(t (), - u(At)| < co-+ calle < o
E

Then for any u € Wy, we have

|1Puflow < TLoMj + 2 |QM + TMf}

Y [

Therefore, ®u is uniformly bounded for all u € Wj.

Step 3. We show that ® is completely continuous as a mapping from C([0, T]) into
itself. By the Arzela—Ascoli theorem, it remains to prove that ® maps every bounded subset
Wp C C([0, T]) into a family of functions that is equicontinuous (and uniformly bounded,
which was done in Step 2). By definition of equicontinuity, we need to show that

Ve>030>0Vt,t, €[0,T|Vu € Wy: |t — ] <6 = [(Pu)(tr) — (Pu)(t1)| < e.
Observe that
ty t
Du(ty) — Du(ty) / Eo(tr — 5)Fuls )ds—/ Eo(t1 — s)Fu(s)ds
0 0

+H( H(t1) li (T /()TFM<S)d5], (34)

where we denote
ED) = € ayy ot amag (B sam) (=01, ,m)
for convenience. Since & (t) € AC([0, T]), & (t) is uniformly continuous, and thus

Ve > 036 >0Vt b € [O,T] Yu e Wy : ‘t1*t2| < = |é\i(t2)*<§'(f1)| < g,

(note that all &(t) are independent of ). Clearly,

‘H@lz B —/OTFu(s)ds]

m
<y [QM + TMf} 1;) |a;e.

Without loss of generality, let t1,t € [0, T|] satisfy t, > t; and |t; — 2| < 6. We have

’ by

tp
Eo(tr — 5)Fuls )ds—/olgo(tl —$)Fy(s)ds

ty
J

<e- TMf+ lth — t1] - Mf max ‘50 ‘
s€[0,T]

ACEDIIACIEE

oty —s) — Eo(tr — S)‘|Fu(s)

In summary, ® is completely continuous.
Step 4. Finally, we show that for some ¢ € [0, 1], the set

W ={uecC([0,T]) : u=oédu}
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is bounded. In fact,

[l oo < [|Pul[ec < TLo(co + c1|ufleo) + [QIIuHoo + T(co + c1llulle)],

[Y]
which implies that
(1= Ko)l[ulleo < Teo(Lo + Ho/[Y]).

Thus,
TCQ(L() + H0/|Y|)
[ulleo < —
1-K,

is uniformly bounded. Hence, by the Leray-Schauder fixed-point theorem, the boundary
value problems (2) and (3) has a solution in C([0, T]). By the same argument as in the proof
of Theorem 1, this solution is absolutely continuous. This completes the proof. [

Remark 1. We assume f satisfies a Lipschitz condition in Theorem 1, but only a linear growth in
Theorem 3. Clearly, if f satisfies a Lipschitz condition, then it also satisfies a linear growth condition
(see Section 3.3 in detail). However, the converse is generally false. For example, the function
f(t,y) = /Ty < 1+ |y| satisfies the linear growth condition, but is not a Lipschitz function.

3.3. Hyers-Ulam Stability
Theorem 4. Assume that f € C([0, T] x R") satisfies the Lipschitz condition (28), Y # 0, and

K= LnTLo+ 20

Q+LnT) <1
IY\( )

Then the boundary value problems (2) and (3) is Hyers—Ulam stable. In particular, a Hyers—Ulam

stability constant is
T(LQ + H0/|Y|)

A=
1-K

Proof. For each ¢ > 0, we suppose that u € C1([0, T)) satisfies
|«

0u(t) = ' (t) + a1 DL u(t) + - - + aw D7 u(t) — Fu(t),

(t) +a CDgiu(t) +-+ay CDS‘iu(t) — Fu(t) H <e.

We let

so that ||y || < e. Clearly,
W' (£) + a1 CDGLu(t) + -+ -+ am “D§Tu(t) = 0, (t) + Fu(t). (35)

Applying the same argument used to derive the equivalent integral Equation (27) to
Equation (35), and taking into account the nonlocal boundary condition u(0) + pu(T) =0,
we obtain

/51 ay, A—ap) 1 (E= 8501, am) (Fu(s) + 6 (s))ds

[2 (T /OT(pu(s) n Bu(s))ds],
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By Theorem 1, there exists a unique solution uy € AC([0, T]) of the boundary value
problems (2) and (3), which satisfies the equivalent integral equation

t
10() = [ €1 ayr it apa(E= 501, a)Fig ()4
H(t) |- 1 T
+ ~ L; a;l, Yo (T) — /0 Fy, (s)ds}.

Thus, we have

|u(t) —uo(t)| < TLoe + LnTLo|lu — 1ol
H
L Ho

|Y| [QH” —Uglleo + LT || — tup||co + TS].

Therefore,
[ —ugllo < Ae,

where

T(Lo+ Ho/|Y|)

A= ,
1-K

which is independent of u, ug and €. This completes the proof. O

3.4. An Illustrative Example

Example 1. Consider the following fractional pantograph boundary value problem:

u'(t) + €Dy 2u(t) = 0.1u(t/2) +t, t€[0,0.01],
u(0) +u(0.01) = 0.

In this case,
m=n=1 oc—1 a =1 )\—1 g=1 T=0.01
= n=1 1_2/ 1 =4 1_2/ — 4L — U.UlL,
and
f(t,x) =0.1x+t¢.
Clearly,
[f(tx) = f(ty)] = 01]x —yl,
so the Lipschitz condition (28) holds with L = 0.1. Furthermore,

(0.01)1/2

Y:2+7r<3/2)

~ 2112838 # 0.

Since Eq /p 1 (—t'/2) is nonnegative and non-increasing for t > 0, we have

Ly= max ’E _f1/2 (:1.
0= Jax 1/2,1( )

Moreover,

L, = max ‘tl/zEl/m/z(—tl/z)‘ ~ 0.103543.
+€[0,0.01] g

Therefore,
Hy = Lo+ L, ~ 1.103543
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and
(0.01)1/2

W ~ (0.112838.

Q=

Consequently,

K =0.1(0.01)Lo + Ii‘)'(Q +0.1(0.01))

~ 0.060458 < 1.

Thus, all the assumptions of Theorem 1 are satisfied, and the above boundary value problem has a
unique solution in AC([0,0.01]). In addition,

If(t,u(t/2))] <0.01+01|ullw, € [0,0.01].

Hence, the linear growth condition in Theorem 3 holds with cg = 0.01 and ¢; = 0.1. In this case,

H,
Ko = TLocy + |70|(Q +Tey)

~ 0.060458 < 1.

Therefore, Theorem 3 also guarantees the existence of a solution. Finally, by Theorem 4, the boundary
value problem is Hyers—Ulam stable. In particular, a Hyers—Ulam stability constant is

T(Lo+ Ho/|Y|)
1—-K
~ 0.01620.

A:

Thus, this example illustrates that the sufficient conditions in Theorems 1, 3 and 4 can be explicitly
verified.

4. Concluding Remarks

Employing the inverse operator method, the multivariate Mittag—Leffler function,
and several well-known fixed-point theorems, we have investigated the existence, unique-
ness, and Hyers-Ulam stability of solutions to the fractional multi-pantograph differential
Equation (2) with nonlocal boundary conditions in AC([0, T]). An illustrative example
has also been provided to demonstrate that the sufficient conditions obtained in the main
theorems can be explicitly verified.

Now a natural question arises: Is it possible to find an explicit solution to the Equation (2)
with (3)? A complete rigorous treatment of the above problem lies beyond the scope of the
present work. Here we provide a formal derivation for a particular case and subsequently
establish sufficient conditions that justify the convergence of the resulting transform-
domain series.

Consider the problem for 0 < A < 1:

u'(t) —a D& u(t) = bu(At), te[0,T], (36)
u(0) + Bu(T) =0, Pisanonzero constant. (37)

An integral representation, which can be easily obtained by specializing (26), is given by

u(t) = b/ot Ep_gi1(a(t —s)'"%)u(As)ds
+ u(O)El—tx,l (lltlilx) + M(O)l/'l . tliaEl_a,z_a (ﬂtlilx), (38)

where 1(0) is determined by the boundary condition.

https://doi.org/10.3390 /math14193610


https://doi.org/10.3390/math14193610

Mathematics 2026, 14, 3610

16 of 18

Applying the Laplace transform £ to Equation (38) and taking into account ([1] p. 50,
Equation (1.10.9))

‘C[x/g_lE,x,,g(ax“)] (s) = %,
we have 1 b s 1(0) u(0)a
Llul(s) = Xs—as“qu](X) +s—as“ +s2—"‘—as' (39)
Let F(s) := L[u](s), and define
0(s) = b o(s) = u(0) u(0)a

s —ast s2—w _gg’

Iterating this equation # times yields

F(s) = F(sA™")A™" ﬁ O(sA™)) + nf A Kp(sA™F) ﬁ O(sA ).
j=0 k=0 j=0

Letting n — 400, we (formally) obtain

F(s) = i A Kp(sAF) ]ﬁ 0(sA 7). (40)
k=0 j=0

We next give sufficient conditions for the convergence of the formal series in (40) and for
the validity of the limiting procedure leading to it. Assume that0 < A < 1and takes > 0
sufficiently large so that the denominators appearing in 6(sA /) and ¢(sA~¥) do not vanish.
Since

: b bA
1 = . =
6sA™) sA T —a(sA—)x s —gsepi(1-a)’

and 0 < a < 1, there exist a constant C > 0 and jy € N such that
(e(s)\—f)‘ <cM, =i
Consequently, after absorbing the finitely many factors corresponding to 0 < j < jo into a
constant Cy > 0, we obtain
k-1

[ToGsA™)

j=0

S Cock/\k(kfl)/z

for all sufficiently large k. Moreover, from the definition of ¢ we have

u(0) u(0)a
s — ast \k(1—a) g2—a ) —k(1-a) _ 4g”

AEp(sA™) =
and hence
A kp(sA 8y =0(1), k= oo

It follows that the absolute value of the kth term in the series (40) is bounded, for all
sufficiently large k, by
C, CkAk(=1)/2
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References

for some constant C; > 0. Since
[ee]
Ck/\k(k—l)/Z < 00
k=0

by the ratio test, the series in (40) converges absolutely.
Furthermore, if
F(r)=0(1), 7 — +oo,

then
ATPE(sA™") = 0(1), n — oo.

Combining this with the above estimate gives

n—1 )
F(sA™™MA "] 6(sA77) — 0, n— oo.
=0

Thus, under these conditions, the limiting procedure leading to (40) is justified in the
Laplace-transform domain. If the function defined by (40) admits an inverse Laplace
transform with the required regularity, then the inverse transform provides a solution of
the integral Equation (38), and hence of Equation (36). A detailed study of the inversion
and regularity of this representation is beyond the scope of the present paper.

In particular, when a = 0, the series (40) becomes

F(s) = u(0) }_ s~ 1pkak=1)/2)
k=0

and thus

[e) 3 tk
u(t) = u(0) Y bFAkk WZF
k=0 :

This matches the form of solution (5) in Section 1.

Author Contributions: Methodology, C.L. and M.-].L.; validation, C.L., W.L., ].H. and M.-].L.; formal
analysis, C.L., W.L. and J.H.; investigation, W.L.; resources, ]. H. and M.-].L.; writing—original draft,
C.L. and M.-].L,; writing—review & editing, C.L., W.L. and J.H. All authors have read and agreed to
the published version of the manuscript.

Funding: This research is supported by the Natural Sciences and Engineering Research Council of
Canada (Grant numbers 2019-03907 and 2025-05401).

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Acknowledgments: The authors are thankful to the two reviewers and editor for giving valuable

comments and suggestions.

Conflicts of Interest: The authors declare no conflicts of interest.

1. Kilbas, A.A,; Srivastava, HM.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; Elsevier: Amsterdam,

The Netherlands, 2006.

Li, C. Several results of fractional derivatives in D’(R..). Fract. Calc. Appl. Anal. 2015, 18, 192-207. [CrossRef]

Gel’fand, I.M.; Shilov, G.E. Generalized Functions; Academic Press: New York, NY, USA, 1964; Volume I.

Webb, J.R.L. Inequalities for fractional derivatives via the Marchaud derivative. Electron. ]. Differ. Equ. 2025, 2025, 1-26. [CrossRef]
Heard, M. A family of solutions of the IVP for the equation x'(t) = ax(At), A > 1. Aeq. Math. 1973, 9, 273-280. [CrossRef]

AN

https://doi.org/10.3390 /math14193610


http://doi.org/10.1515/fca-2015-0013
http://dx.doi.org/10.58997/ejde.2025.20
http://dx.doi.org/10.1007/bf01832636
https://doi.org/10.3390/math14193610

Mathematics 2026, 14, 3610 18 of 18

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Morris, G.R.; Feldstein, A.; Bowen, E.W. The Phragmen-Lindeldf principle and a class of functional differential equations. In
Ordinary Differential Equations; Academic Press: San Diego, CA, USA, 1972; pp. 513-540.

Kato, T.; Mcleod, J.B. The functional-differential equation y'(x) = ay(Ax) + by(x). Bull. Amer. Math. Soc. 1971, 77, 891-937.
[CrossRef]

Liu, M.Z,; Li, D. Properties of analytic solution and numerical solution of multi-pantograph equation. Appl. Math. Comput. 2004,
155, 853-871. [CrossRef]

Lim, E.-B. Asymptotic bounds of solutions of the functional differential equation x'(t) = ax(At) + bx(t) + f(t),0 < A < 1. SIAM
J. Math. Anal. 1978, 9, 915-920. [CrossRef]

Wisniewolski, M. On the probabilistic representations of solutions of pantograph equations and triangle coefficients. J. Differ. Equ.
2024, 379, 600-625. [CrossRef]

Balachandran, K.; Kiruthika, S.; Trujillo, ].J. Existence of solutions of nonlinear fractional pantograph equations. Acta Math. Sci.
Ser. B Engl. Ed. 2013, 33, 712-720. [CrossRef]

Jalilian, Y. Fractional integral inequalities and their applications to fractional differential equations. Acta Math. Sci. Ser. B Engl. Ed.
2016, 36, 1317-1330. [CrossRef]

Duan, L.; Duan, J. New Mittag-Leffler type functions from solving fractional pantograph differential equations. Integral Transforms
Spec. Funct. 2026, 37, 51-61. [CrossRef]

Hafeez, F,; Jeelani, M.B.; Alhamzi, G. Fractional-order delay differential equations: Existence, uniqueness, and Ulam-Hyers
stability. Axioms 2025, 14, 817. [CrossRef]

Hashim, I.; Sharadga, M.; Syam, M.L; Al-Refai, M. A reliable approach for solving delay fractional differential equations. Fractal
Fract. 2022, 6, 124. [CrossRef]

Hadid, S.-B.; Luchko, Y.-F. An operational method for solving fractional differential equations of an arbitrary real order. Panamer.
Math. J. 1996, 6, 57-73.

Jiang, X.; Li, Z. Unique inversion of orders and potential for multi-term time fractional wave equations. Appl. Math. Lett. 2025,
160, 109319. [CrossRef]

Luo, M.-J.; Raina, RK.; Zhou, X.-L. Applications of Babenko’s method to a class of integral equations. Frac. Calc. Appl. Anal. 2025,
28, 2748-2773. [CrossRef]

Maes, E.; Bockstal, K.V. Existence and uniqueness of a weak solution to fractional single-phase-lag heat equation. Fract. Calc. Appl.
Anal. 2023, 26, 1663-1690. [CrossRef]

Bazhlekova, E. Completely monotone multinomial Mittag-Leffler type functions and diffusion equations with multiple time-
derivatives. Fract. Calc. Appl. Anal. 2021, 24, 88-111. [CrossRef]

Chidouh, A.; Atmania, R.; Torres, D.EM. Study of a fractional creep problem with multiple delays in terms of Boltzmann’s
superposition principle. Fractal Fract. 2022, 6, 434. [CrossRef]

Li, C,; Liao, W. Applications of inverse operators to a fractional partial integro-differential equation and several well-known
differential equations. Fractal Fract. 2025, 9, 200. [CrossRef]

Li, C.; Saadati, R.; Eidinejad, Z. Fixed point results for the fractional nonlinear problem with integral boundary condition. Mediterr.
J. Math. 2023, 20, 298. [CrossRef]

Podlubny, 1. Fractional Differential Equations: An Introduction to Fractional Derivatives, Fractional Differential Equations, to Methods of
Their Solution and Some of Their Applications; Academic Press: San Diego, CA, USA, 1999.

Samko, S.G; Kilbas, A.A.; Marichev, O.1. Fractional Integrals and Derivatives: Theory and Applications; Gordon and Breach: New
York, NY, USA, 1993.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390 /math14193610


http://dx.doi.org/10.1090/s0002-9904-1971-12805-7
http://dx.doi.org/10.1016/j.amc.2003.07.017
http://dx.doi.org/10.1137/0509073
http://dx.doi.org/10.1016/j.jde.2023.10.041
http://dx.doi.org/10.1016/s0252-9602(13)60032-6
http://dx.doi.org/10.1016/s0252-9602(16)30071-6
http://dx.doi.org/10.1080/10652469.2025.2495727
http://dx.doi.org/10.3390/axioms14110817
http://dx.doi.org/10.3390/fractalfract6020124
http://dx.doi.org/10.1016/j.aml.2024.109319
http://dx.doi.org/10.1007/s13540-025-00454-w
http://dx.doi.org/10.1007/s13540-023-00177-w
http://dx.doi.org/10.1515/fca-2021-0005
http://dx.doi.org/10.3390/fractalfract6080434
http://dx.doi.org/10.3390/fractalfract9040200
http://dx.doi.org/10.1007/s00009-023-02498-9
https://doi.org/10.3390/math14193610

	Introduction
	Preliminaries and Auxiliary Results
	The Multivariate Mittag-Leffler Function
	Construction of an Equivalent Integral Equation: An Inverse Operator Method

	Main Results
	Existence and Uniqueness by the Banach Contraction Principle
	Existence by Leray–Schauder Fixed Point Theorem
	Hyers-Ulam Stability
	An Illustrative Example

	Concluding Remarks
	References

